
1 FAST MULTI-DIMENSIONAL SCATTERED DATAAPPROXIMATION WITH NEUMANN BOUNDARY CONDITIONSDENIS GRISHIN AND THOMAS STROHMERyAbstra
t. An important problem in appli
ations is the approximation of a fun
tion f froma �nite set of randomly s
attered data f(xj). A 
ommon and powerful approa
h is to 
onstru
ta trigonometri
 least squares approximation based on the set of exponentials fe2�ikxg. This leadsto fast numeri
al algorithms, but su�ers from disturbing boundary e�e
ts due to the underlyingperiodi
ity assumption on the data, an assumption that is rarely satis�ed in pra
ti
e. To over
omethis drawba
k we impose Neumann boundary 
onditions on the data. This implies the use of 
o-sine polynomials 
os(�kx) as basis fun
tions. We show that s
attered data approximation using
osine polynomials leads to a least squares problem involving 
ertain Toeplitz+Hankel matri
es. Wederive estimates on the 
ondition number of these matri
es. Unlike other Toeplitz+Hankel matri-
es, the Toeplitz+Hankel matri
es arising in our 
ontext 
annot be diagonalized by the dis
rete
osine transform, but they still allow a fast matrix-ve
tor multipli
ation via DCT whi
h gives riseto fast 
onjugate gradient type algorithms. We show how the results 
an be generalized to higherdimensions. Finally we demonstrate the performan
e of the proposed method by applying it to atwo-dimensional geophysi
al s
attered data problem.Key words. Trigonometri
 approximation, nonuniform sampling, dis
rete 
osine transform,Toeplitz+Hankel matrix, blo
k Toeplitz+Hankel matrix, 
onjugate gradient method.AMS subje
t 
lassi�
ations. 65T40, 42A10, 65D15, 65F10, 68U10.1. Introdu
tion. An ubiquitous problem in mathemati
s and in appli
ations is the re
on-stru
tion or approximation of a fun
tion f from its non-uniformly spa
ed sampling values sj = f(xj).Without further knowledge about f this is an ill-posed problem, sin
e the subspa
e of fun
tions hwith h(xj) = sj has always in�nite dimension. Moreover in pra
ti
e we are given only a �nitenumber of samples fsjgrj=1, whi
h makes a 
omplete re
onstru
tion of f in general impossible, sothe best we 
an hope for is to 
ompute a good approximation to f . Fortunately in many pra
ti
alsituations the fun
tions under 
onsideration are not arbitrary, but possess some smoothness proper-ties. For instan
e physi
s often implies that f is bandlimited. In this and many other 
ases a linear
ombination of trigonometri
 basis fun
tions fe2�ikxgk2Zoften provides a good approximation to f .Other powerful models for s
attered data approximation are based on radial basis fun
tions and onshift-invraint systems [19℄.Least squares approximation using exponentials as basis fun
tions provides a tool that is generalenough to be useful in a variety of situations where smooth fun
tions are involved, while the algebrai
stru
ture of the fun
tions e2�ikx is ri
h enough to give rise to fast and robust numeri
al algorithmsto 
ompute the approximation, 
f. e.g. [17, 4, 3℄.Arguably the main drawba
k of approximation by exponentials is the underlying periodi
ityassumption about the fun
tion to be approximated. To be more pre
ise, let f be a smooth 
ontinuousfun
tion and let ff(xj)grj=1 be samples of f taken at the points x1 < � � � < xr. Without lossof generality we assume that x1 = 0 and xr = 1. We want to approximate f on the samplinginterval [x1; xr) = [0; 1) by a trigonometri
 polynomial p(x) = PMk=�M 
ke2�ikx with M < r=2. If�The se
ond author has been supported in part by NSF grant 9973373.yDepartment of Mathemati
s, University of California, Davis, CA 95616-8633, USA; Correspon-den
e: strohmer�math.u
davis.edu. 1



2f(0) = f(1) we 
an safely 
on
lude from Weierstrass' theorem that a trigonometri
 polynomial oflow degree will give a good approximation to f on the interval [0; 1). However if f(0) 6= f(1) thenthis di�eren
e is felt as dis
ontinuity by the approximating polynomial p. In fa
t standard Fourieranalysis tells us that the 
oeÆ
ients f
kgk2Zof p will at best de
ay like o(1=k), thus a large degreeM is required to obtain a reasonable approximation to f on [0; 1). However sin
e in pra
ti
e only a�nite number of samples is available we may not be able to 
hoose M suÆ
iently large to obtain asatisfa
tory approximation to f .A standard method to enfor
e periodi
ity of f on [0; 1) is to multiply f with a smooth \windowfun
tion" w whi
h de
ays rapidly to zero at the boundaries of the sampling interval. However su
ha pro
edure 
an 
onsiderably redu
e the interval in whi
h the approximation is in agreement withthe \non-windowed" sampling values f(xj). We 
ould also try to redu
e the unpleasant behavior
aused by the boundary e�e
ts by 
hoosing the period N of p slightly larger than the length of thesampling interval. Nevertheless, if jf(0)� f(1)j is large we still need a polynomial of large degree toobtain a reasonable approximation to f on [0; 1). We also note that boundary e�e
ts be
ome worsewith in
reasing dimension.Instead of extending f (respe
tively its samples f(xj)) periodi
ally a
ross the boundaries of thesampling interval, we 
an apply Neumann boundary 
onditions, i.e., a symmetri
 extension a
rossthe end points of the sampling interval. This has the big advantage that we avoid the dis
ontinuityat the boundaries. The Fourier 
oeÆ
ients of a 
ontinuous (periodi
) fun
tion de
ay at least likeo1=k and at best like o1=k2. Thus loosely spoken, the de
ay is one order of magnitude faster than
ompared to a periodi
 extension. This faster de
ay implies that a lower polynomial degree shouldsuÆ
e to obtain a good trigonometri
 approximation.1If we extend the sampling values f(xj)rj=1 symmetri
ally a
ross the boundaries we obtain asampling sequen
e that is periodi
 on the interval [0; 2) and symmetri
 with respe
t to the midpoint1. To adapt the trigonometri
 basis fun
tions to this situation we have to repla
e the exponentialsfe2�ikxgk2Zby the basis fun
tions f
os(�kx)gk2N. The fun
tions 
os(�kx) are symmetri
 around 1and periodi
 with respe
t to the interval [0; 2). The advantage when using 
osine polynomials insteadof exponentials is obvious from the dis
ussion above: we redu
e disturbing boundary e�e
ts, whi
hresults in a better approximation of the original fun
tion.In the 
ase of trigonometri
 approximation based on exponentials it has been shown that theleast squares approximation 
an be formulated as hermitian positive de�nite Toeplitz system [4℄.Gr�o
henig has derived expli
it bounds for the 
ondition number of the Toeplitz matrix that allow toestimate the stability and 
onvergen
e of the involved numeri
al algorithms [7, 4℄. Moreover all stepsto 
ompute and solve the Toeplitz system 
an be done qui
kly by (nonuniform) FFT-based methods.The 
ru
ial questions that we will investigate in this paper are: Does the least squares approx-imation problem using 
osine polynomials also give rise to a linear system of equation whose matrixhas a ni
e stru
ture? Can we �nd fast and robust numeri
al algorithms to solve the least squaresproblem? Can we give a priori estimates on the 
ondition number of the matrix? Can we generalizethe algorithm easily to higher dimensions? How does our approa
h perform for real world problems?This paper is devoted to 
larify these questions.The rest of the paper is organized as follows. In Se
tion 2 we analyze the least squares ap-proximation problem using 
osine polynomials. We show that the resulting matrix has a 
ertainToeplitz+Hankel stru
ture and derive estimates on the 
ondition number of this matrix. In Se
-tion 3 we present a fast algorithm to solve the least squares problem using the 
onjugate gradientmethod and the dis
rete 
osine transform (DCT). The generalization to the multi-dimensional 
ase isdes
ribed in Se
tion 4. Finally in Se
tion 5 we demonstrate the performan
e of the proposed methodby applying it to a s
attered data problem arising in geophysi
s.The idea of using Neumann boundary 
onditions instead of periodi
 boundary 
onditions hasturned out to be very fruitful in the 
ontext of image deblurring problems. In fa
t, the resear
h1This is exa
tly the reason why the (old) JPEG image 
ompression algorithm uses the DCTinstead of the DFT.



3presented in this paper was inspired by the arti
le A fast algorithm for deblurring models withNeumann boundary 
onditions by Mi
hael Ng, Raymond Chan, and W.C. Tang [13℄.2. Nonuniform sampling, 
osine polynomials, and Toeplitz+Hankel ma-tri
es. We start by de�ning the spa
e PM of 
osine polynomials of maximal degree M asPM = (p : p(x) = 
0p2 + MXk=1 
k 
os(�kx); 
 = f
kgMk=0 2 RM+1) : (2.1)There are two reasons for the introdu
tion of the 1=p2-s
aling fa
tor of the 
oeÆ
ient 
0 in (2.1).The �rst reason is that we have the Parseval type identitykpk22 = +1Z�1 jp(x)j2dx = 
202 + 12 MXk=1 
2k = 12k
k22: (2.2)The se
ond reason is in
reased stability of the numeri
al algorithms we are going to derive, as wewill explain in the remark after Theorem 2.1.Let us return to the approximation problem. Given sampling points2 fxjgrj=1 and samplingvalues fsjgrj=1, we want to solve the least squares problemminp2PM rXj=1 jp(xj)� sj j2wj : (2.3)Here the wj > 0 are weights whi
h the user may 
hoose at her 
onvenien
e. Often the trivial 
hoi
ewj = 1 is suÆ
ient. In other 
ases it is useful to 
hoose the weights su
h that they 
ompensate forirregularities in the sampling set, i.e., smaller weights are used in regions with high sampling densityand larger weights in regions with few sampling points. In (2.3) we have assumed that the polynomialdegreeM is �xed. We will dis
uss the important question of how to determine the appropriate degreeof the approximating polynomial in Se
tion 3.By de�ning the r � (M + 1) Vandermonde-like matrix V viaVj;k = 8<: 1p2pwj ; for k = 0; j = 1; : : : ; r;pwj 
os(�kxj); for k = 1; : : :M ; j = 1; : : : ; r; (2.4)and setting s(w) = fpwjsjgrj=1 we 
an reformulate the least squares problem (2.3) asmin
2RM+1kV 
� s(w)k22: (2.5)It is well-known that the solution of (2.5) 
an be 
omputed by solving the normal equationsV T V 
 = V T s(w): (2.6)Swit
hing to the normal equations 
an lead to problems of numeri
al instability due to the squaringof the 
ondition number of V . However, as we will see, the system matrix of the normal equationshas a very ni
e algebrai
 stru
ture that paves the way to fast numeri
al algorithms for solving (2.3).Thus to handle the trade-o� between numeri
al stability and 
omputational eÆ
ien
y it is importantto have an a priori estimate of the 
ondition number of the matrix V . Su
h an estimate will aidus in the de
ision if we shall 
ompute the least squares solution by a dire
t solution of the systemV 
 = s(w) or by swit
hing to the system V TV 
 = V T s(w).The following theorem provides both insight in the algebrai
 stru
ture of V T V and an upperbound of the 
ondition number of V T V .Theorem 2.1. Assume we are given nonuniformly spa
ed sampling points fxjgrj=1 2 [0; 1℄,sampling values s = fsjgrj=1 and positive weights fwjgrj=1. De�ne A := V TV , where V is asin (2.4), and set b = V T s(w). There holds:(i) The matrix A is a s
aled Toeplitz+Hankel matrix of the formA = D(T +H)D; (2.7)2Throughout the paper we will always assume that the sampling lo
ations xj are pairwise distin
t.



4whereT = 266666666664 a0 a1 : : : aM�1 aMa1 a0 . . . aM�1... . . . . . . . . . ...aM�1 . . . . . . a1aM aM�1 : : : a1 a0
377777777775 ; H = 266666666664 a0 a1 : : : aM�1 aMa1 a2 . . . aM aM+1... . . . . . . . . . ...aM�1 . . . . . . a2MaM aM+1 : : : a2M a2M+1

377777777775 ;(2.8)with ak = 12 rXj=1wj 
os(�kxj); k = 0; : : : ; 2M + 1; (2.9)and D = diag( 1p2 ; 1; : : : ; 1).(ii) If M < r then A is invertible and the 
oeÆ
ient ve
tor 
 = f
kgMk=0 of the 
osine polynomialp 2 PM that solves (2.3) is given by 
 = A�1b: (2.10)(iii) De�ne the weights wj by wj = xj+1 � xj�12 ; j = 1; : : : ; r; (2.11)where we set x0 := �x1; xr+1 := 2� xr. IfÆ := maxj jxj+1 � xj j < 1M (2.12)then the 
ondition number �(A) is bounded by�(A) � (1 + ÆM)2(1 � ÆM)2 : (2.13)Proof. (i) Note thatAk;l = (V TV )k;l = "k;l rXj=1wj 
os(�lxj) 
os(�kxj); k; l = 0; : : : ;M; (2.14)where "k;l = 8>><>>: 12 if k = 0 and l = 0;1p2 if k = 0 or l = 0, k 6= l;1 if k > 0 and l > 0. (2.15)The result follows now readily from a simple 
al
ulation by applying the formula
os(�) 
os(�) = 
os(�+ �) + 
os(�� �); (2.16)to (2.14) and using the fa
t that the entries of T and H satisfy Tk;l = ak�l and Hk;l = ak+lrespe
tively.(ii) The invertibility of A follows from the well-known fa
t that the Vandermonde-like matrixV has rank M + 1 for mutually di�erent points xj (assuming wj 6= 0). The rest follows from (2.6).(iii) With the ex
eption of a few minor modi�
ations the proof of this part is similar toGr�o
henig's elegant proof on the upper bound of the 
ondition number of 
ertain Toeplitz ma-tri
es, see [7℄. However instead of 
onfronting the reader with a pat
hwork of required modi�
ationsof Gr�o
henig's proof we prefer to present a 
omplete proof.



5The proof makes use of Wirtinger's inequality [9℄: If f 2 L2(a; b) and either f(a) = 0 orf(b) = 0, then bZa ��f(x)��2 dx � 4�2 (b� a)2 bZa ��f 0(x)��2 dx: (2.17)We pro
eed with the proof of (iii). Let P be the orthogonal proje
tion of L2([0; 1℄) onto PM .De�ne the operator S by Sp = P� rXj=1 p(xj)�j�: (2.18)Here �j(x) denotes the 
hara
teristi
 fun
tion of the interval [yj�1; yj ℄, where yj = xj+1�xj2 ; j =1; : : : ; r with x0 = �x1; xr+1 = 1� xr.We 
ompute kp� Spk22 = kP � rXj=1(p� p(xj))�j�k22 � k rXj=1(p� p(xj))�jk22 =1Z0 �� rXj=1(p� p(xj))�j ��2dx = rXj=1 yjZyj�1 jp� p(xj)j2dx: (2.19)We write yjZyj�1 jp� p(xj)j2dx = xjZyj�1 jp� p(xj)j2dx+ yjZxj jp� p(xj)j2dx;and apply Wirtinger's inequality (2.17) to ea
h of the integrals on the left-hand side. Sin
e jyj�xj j �Æ=2 and jxj � yj�1j � Æ=2 we obtainrXj=1 yjZyj�1 jp� p(xj)jdx � Æ2�2 rXj=1 1Z0 jp0(x)jdx = Æ2�2 kp0k22: (2.20)Note that p0(x) = MXk=0 
k�k sin(�kx);= MXk=1 
k�k sin(�kx): (2.21)Hen
e we have the Bernstein type inequalitykp0k22 = 1Z0 j MXk=1 
k�k sin(�kx)j2dx� (�M)2 1Z0 j MXk=1 
k sin(�kx)j2dx � (�M)2kpk22: (2.22)Thus by 
ombining (2.19), (2.20) and (2.22) we getkp� Spk22 � Æ2M2kpk22: (2.23)Hen
e kI � Skop � ÆM; (2.24)and sin
e Æ < 1=M by assumption, we 
on
lude that S is invertible andkS�1kop � (1� ÆM)�1: (2.25)



6There holds (1 � ÆM)2kpk22 = (1� ÆM)2kS�1Spk2op �� (1 � ÆM)2kS�1k2opkSpk22 � kSpk22 � rXj=1 jp(xj)j2wj : (2.26)Also rXj=1 jp(xj)j2wj � kp� p+ rXj=1 p(xj)�jk22 � �kpk+ kp� rXj=1 p(xj)�jk2�2� �kpk2 + ÆMkpk2�2 � (1 + ÆM)2kpk22: (2.27)Thus (1� ÆM)2kpk22 � rXj=1 jp(xj)j2wj � (1 + ÆM)2kpk22: (2.28)By de�nition we have for any p 2 PM with 
oeÆ
ient ve
tor ahAa; ai = hV T V a; ai = hV a; V ai = rXj=1 jp(xj)j2wj : (2.29)Using the relation kpk22 = 12 kak22 we obtain12 (1 � ÆM)2kak22 � hAa; ai � 12 (1 + ÆM)2kak22; (2.30)and therefore �(A) � (1 + ÆM)2(1 � ÆM)2 :Remark: We brie
y analyze the least squares problem (2.5) when using non-s
aled 
osine poly-nomials ~p(x) =PMk=0 
k 
os(�kx). It is easy to see that the 
orresponding Vandermonde-like matrix~V satis�es ~V D = V; (2.31)with D as in part (i) of Theorem 2.1 and V as in (2.4). Hen
e~A := ~V T ~V = D�1V TV D�1: (2.32)The estimates k ~Axk2 � kD�1k2opkAkopkxk2 � 2kAkopkxk2; (2.33)and k ~A�1xk2 � kDk2opkAkopkxk2 � kAkopkxk2; (2.34)imply that 
ond( ~A) � 2 
ond(A): (2.35)Thus the 
ondition number of ~A 
an be twi
e as large as the 
ondition number of A. This is why weprefer to use s
aled 
osine polynomials as de�ned in (2.1). The inequality (2.35) is sharp as 
an beseen from the following simple example. Let the sampling points xj be equally spa
ed, and 
hoosethe weights wj as in Theorem 2.1. In this 
ase it is not diÆ
ult to see thatA = 12 IM+1; (2.36)where IM+1 denotes the (M + 1)� (M + 1) identity matrix, whereas~A = 12 2666642 0 : : : 00 1 : : : 0... . . . ...0 1377775 : (2.37)Thus obviously 
ond( ~A) = 2 
ond(A) in this 
ase.



73. Fast 
omputation of the least squares approximation. In this se
tion wepresent a fast algorithm for solving the least squares problem (2.3). Our algorithm is based on the
onjugate gradient method in 
onne
tion with a fast matrix-ve
tor multipli
ation involving the DCT.Before we pro
eed we brie
y review some properties of the DCT-I. There are four types of the DCT,
f. [22℄. For our purposes we will use the (s
aled) DCT-I.Definition 3.1. The Type-I Dis
rete Cosine Transform matrix (DCT-I for short) of size n�nis de�ned by [Cn℄k;l = 8<: 1p2n�2 
os(� kln�1 ) if k = 0 or k = n� 1;2p2n�2 
os(� kln�1 ) if k = 1; : : : ; n� 2: (3.1)If the dimension of the matrix Cn is 
lear from the 
ontext we drop the subs
ript and simply writeC instead.The DCT-I matrix C satis�es CC = I. It is not unitary, but 
an be easily made unitaryby appropriate s
aling. For de�ne the diagonal matrix ~D = diag([1;p2; : : : ;p2; 1℄) and set ~C =~D�1C ~D. Then it is easy to see that ~C ~CT = I. In some 
ases it is more 
onvenient to work with ~Cinstead of C [11℄. However the results presented in this paper 
an be more elegantly expressed whenusing the de�nition (3.1) of the DCT-I. Fast algorithms for 
omputing Cx require 2.5 O(n log n)operations if x is a ve
tor of length n+ 1 and n is a power of two [25℄, 
f. also [21, 1℄.It is well-known that the DCT-I matrix diagonalizes 
ertain Toeplitz+Hankel matri
es [18, 11℄.For let T = toep(a) be a symmetri
 Toeplitz matrix with �rst 
olumn a = [a0; a1; : : : ; an℄T . Wede�ne the 
ounter-identity matrix J by J = 26640 1.. .1 03775 : (3.2)If B = toep(a) + J toep(Ja) := T +H (3.3)(note that J toep(Ja) is a Hankel matrix that is symmetri
 with respe
t to the 
ounter diagonal)then CTBC = �; where � is a diagonal matrix. (3.4)An important 
onsequen
e of this diagonalization property is that the multipli
ation of a matrixB of the form (3.3) with a ve
tor x 
an be 
arried out in O(n log n) operations via DCT-I [1℄, similarto the multipli
ation of a ve
tor by a Toeplitz matrix whi
h 
an be 
omputed via FFT by embeddingthe Toeplitz matrix into a 
ir
ulant matrix.To be pre
ise, assume we want to 
ompute y = Bx where CTBC = �. There holdsy = Bx = CTCTBCCx = CT�Cx: (3.5)Of 
ourse in a numeri
al implementation we would not 
ompute the diagonal matrix � expli
itly.Instead we pro
eed as follows. Let b be the �rst 
olumn of B, de�ne the s
aling matrix D1 =diag(2; 1; : : : ; 1; 2) and observe that C = D�11 CTD1. A simple 
al
ulation shows that D�11 � =qn�12 diag(CT b). Hen
ey = Bx = CTD1D�11 �Cx =rn� 12 CT diag(D1CT b)D�11 CTD1x;and therefore y =rn� 12 CT �(CT b) Æ (CTD1x℄)�; (3.6)where the operation \Æ" denotes the pointwise produ
t between ve
tors. Hen
e the produ
t Bx 
anbe 
omputed by three DCT-I's in O(n log n) operations.



8 Observe that the Toeplitz+Hankel part of the matrix A = D(T +H)D in (2.7) of Theorem 2.1is not of the form (3.3), sin
e the �rst row and the last 
olumn of the Hankel matrix H in (2.8)have di�erent entries. Thus A is not diagonalized by the DCT-I (or any other DCT). But we 
anembed the Toeplitz+Hankel part of A in a Toeplitz+Hankel matrix of the form (3.3), similar to theembedding of a Toeplitz matrix in a 
ir
ulant matrix. To see this, let T and H be de�ned as in (2.8).We embed T + H in the (2M + 1) � (2M + 1) augmented Toeplitz+Hankel matrix Taug + Haug,where Taug = 266666666666664
a0 : : : aM aM+1 : : : a2M... . . . . . . . . . . . . ...aM . . . . . . . . . . . . aMaM+1 . . . . . . . . . . . . aM�1... . . . . . . . . . . . . ...a2M : : : aM+1 aM : : : a0

377777777777775 ; (3.7)
Haug = 266666666666664

a0 : : : aM aM+1 : : : a2M... . . . . . . . . . . . . ...aM . . . . . . . . . . . . aMaM+1 . . . . . . . . . . . . aM�1... . . . . . . . . . . . . ...a2M : : : aM+1 aM : : : a0
377777777777775 : (3.8)The matrix T +H is the (M + 1) � (M + 1) prin
ipal leading submatrix of Taug +Haug.Thus for a DCT-I based fast implementation of the matrix ve
tor produ
t Ax we pro
eedas follows. We write y = Ax = D(T + H)Dx and de�ne xaug := [(Dx)T ; 0; : : : ; 0℄T . Computeyaug = Aaugxaug a

ording to (3.6). The ve
tor y is then given by the �rst M + 1 entries of yaugmultiplied by D.In order to obtain augmented matri
es whose size is 2n + 1 we 
an always insert as many zerosas ne
essary after a2M in the �rst row of Taug and Haug without destroying the algebrai
 stru
tureof the matri
es. Thus the matrix ve
tor multipli
ation Ax 
an always be 
arried out in O(M logM).This zero-padding is similar to the zero-padding of the Toeplitz 
ase (where the zeros are added inthe middle of the �rst row).Note that a dire
t 
omputation of the entries of the matrix A and of the right hand sideb will take O(Mr) operations. Thus, although we 
an solve the system Ax = b in O(M logM)operations, the 
omputation of the entries of A and b will soon be
ome the bottlene
k for large s
aleproblems. Fortunately there exist fast algorithms for 
omputing sums of the form (2.9). In [14℄Daniel Potts has developed fast algorithms for 
omputing the DCT for nonuniformly spa
ed points.Like nonuniform FFT algorithms [15℄ a nonuniform DCT-I (NDCT for short) 
an be 
omputed inO(�M log(�M) +mr) operations, where � and m are 
onstants. See [14℄ for details.Based on the observations above, we propose the following fast algorithm for solving the leastsquares problem (2.3).Algorithm 1 (Fast s
attered data approximation using 
osine polynomials).Input: Nonuniformly spa
ed sampling points fxjgrj=1 2 [0; 1℄, sampling values fsjgrj=1, weightsfwjgrj=1 and user-de�ned points ftlgLl=0 2 [0; 1℄.Task: Compute the 
oeÆ
ients of the 
osine polynomial of degree M that solves (2.3) and evaluatethe polynomial at the points ftlgLl=1.Step 1: Compute the �rst 
olumn of A in (2.7) and the right hand side b = V T s(w) via NDCT.This takes O(�M log(�M) +mr) operations, where � and m are (small) 
onstants.Step 2: Solve A
 = b iteratively by the 
onjugate gradient method. Using fast matrix-ve
tor multi-pli
ation this 
an be done in O(M logM) operations per iteration.



9Step 3: Evaluate p(x) = 
0p2 +PMk=1 
k 
os(�kx) at the points ftlgLl=0. If tl = l=L and L = 2n forsome n 2 N, then this 
an be done by a DCT in O(L logL) operations. If L 6= 2n we 
an use a fastradix-p DCT, see [21℄. If the tl are nonuniformly spa
ed we use a NDCT to 
ompute fp(tl)gLl=1.Output: Least squares approximating polynomial p of degree M , evaluated at the points ftlgLl=1.Remark: If the sampling set satis�es the maximal gap 
ondition (2.12) and the weights are
hosen a

ording to (2.11) we 
an utilize the bound on �(A) in (2.13) of Theorem 2.1 to estimatethe rate of CG using the standard formula [5℄k
(n) � 
k2 � 2�(A) p�(A)� 1p�(A) + 1!k k
(0) � 
k2; (3.9)where 
(n) denotes the solution after the n-th iteration of CG applied to A
 = b.If the 
ondition number of A is large (whether or not the maximal gap 
ondition is satis�ed)it may be better to solve the least squares problem (2.3) V 
 = b without expli
itly establishing thenormal equations. One 
an resort to \non-symmetri
" versions of CG su
h as GMRES or LSQR,
f. [5℄. Sin
e the NDCT provides a fast way to 
arry out the multipli
ation of the matrix V witha ve
tor we still obtain a fast algorithm. However the 
omputational 
osts are in general largerthan those for Algorithm 1 sin
e a NDCT is more expensive than a DCT and the NDCT has to beapplied in ea
h iteration, whereas in Algorithm 1 it has to be applied only in the initial stage of thealgorithm.If the matrix A is ill-
onditioned due to large gaps in the sampling set one might be tempted toapply one of the 
osine-transform based pre
onditioners to improve the situation. However pre
on-ditioners 
annot signi�
antly improve the stability in this 
ase. This 
an be shown in a similar wayas it is done in Se
tion 4.2 of [24℄ for trigonometri
 approximation using exponentials.There exist fast dire
t methods to solve Toeplitz+Hankel systems (not all of them apply toour situation though), see [12℄ and in parti
ular the work of Heinig [11, 10℄ . But many of thesesolvers require that the matrix dimension is a power of two. It is possible to over
ome this severe
onstraint, however at the 
ost of a more involved algorithm. As we have seen for the 
onjugategradient iterations the initial size of the matrix does not play a major role, sin
e when 
onstru
tingthe augmented matrix we 
an always insert the appropriate number of zeros to get a size of a powerof two. Furthermore, if the set of sampling points is a jittered version of a set of regularly spa
edpoints, standard perturbation theory implies that the eigenvalues of A will be 
lustered around 1.Thus CG will 
onverge in very few iterations. Dire
t solvers 
annot take advantake of su
h sitations.3.1. Multilevel s
attered data approximation. The reader may have noti
edthat we have ta
itly assumed that the polynomial degree M is given a priori. Although this is a
ommon assumption in polynomial approximation it is not justi�ed in many appli
ations. In fa
t,the appropriate 
hoi
e of M has a major in
uen
e on the usefulness of the resulting approximatingpolynomial, 
f. [23℄. In [20℄ Otmar S
herzer and the se
ond author have developed a multilevel s
hemethat automati
ally adapts to the solution of the optimal \level", i.e., the optimal polynomial degreein our 
ase. This multilevel algorithm applies to our approximation method without modi�
ation.In a nutshell the multilevel version of Algorithm 1 works as follows, for details we refer to [20, 8℄.We start at the �rst level with an initial 
hoi
e for the approximating polynomial (e.g., M0 = 1)and apply Algorithm 1. We stop the CG iterations when a spe
i�
 stopping 
riterion is satis�ed andobtain the approximation p1, say. Then we pro
eed to the next level by 
hoosing a degree M1 > M0(e.g., M1 = M0 + 1). We use the approximation p1 from the previous level as initial guess for thesolution at the new level and apply Algorithm 1. We pro
eed through in
reasing levels until at thek-th level the approximating polynomial pk satis�es the dis
repan
y prin
iplerXj=1 jpk(xj)� sj jwj � " rXj=1 jsj j2wj ; (3.10)where " is a parameter related to the a

ura
y of the given data sj .A fast O(M logM) implementation of the multi-level s
heme for 
osine polynomials 
an bederived in a similar way as it is done for the exponentials, see Algorithm 2 in Se
tion 5.1 of [8℄. An
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ru
ial observation thereby is that the s
aled Toeplitz+Hankel matrix AM asso
iated with the leastsquares problem (2.5) for degree M is related to the matrix AM+1 asso
iated with the least squaresproblem (2.5) in a ni
e way. Namely, AM is the prin
ipal leading submatrix of AM+1.Remark: Finding the optimal level for the approximating fun
tion is a 
ommon and importantproblem in s
attered data approximation. When using radial basis fun
tions or shift-invariant sys-tems as model one has to deal with the trade-o� between a

ura
y and stability when determiningthe width of the basis fun
tions, 
f. e.g.[19℄. The multi-level idea provides a natural framework tohandle this trade-o�.4. Two-dimensional s
attered data approximation. Many of the results of theprevious se
tions 
an be extended to arbitrary dimensions. For the sake of simpli
ity of notation wewill fo
us mainly on the two-dimensional 
ase.We are given sampling values s = fsjgrj=1 and randomly spa
ed sampling points f(xj ; yj)grj=1.Without loss of generality we assume that (xj ; yj) 2 [0; 1℄�[0;1℄, otherwise we 
an always renormalizethe sampling points a

ordingly.The spa
e PMxMy 
onsists of two-dimensional 
osine polynomials p of degree MxMy de�nedby p(x; y) = 
0;0p2 + MxXk=0MyXl=0maxfk;lg>0
k;l 
os(�kx) 
os(�ly); (4.1)with real-valued 
oeÆ
ients 
k;l.Analogous to the one-dimensional s
attered data problem we want to �nd the p 2 PMxMy thatsolves min rXj=1 jp(xj ; yj)� sj j2wj : (4.2)We de�ne the blo
k matrix V byV = hV (0) V (1) : : : V (My)i ; (4.3)with V (l)j;k = "k;lpwj 
os(�kxj) 
os(�lyj); j = 1; : : : ; r; (4.4)where "k;l = 8<: 1p2 if k = 0 and l = 0,1 if k = 0; : : : ;Mx; l = 0; : : : ;My;maxfk; lg > 0. (4.5)By sta
king the 
olumns of 
 and with a slight abuse of notation we 
an rewrite (4.2) asminkV 
� s(w)k; (4.6)where s(w) = fpwjsjgrj=1.Similar to the 1-D 
ase, we 
an solve (4.6) by swit
hing to the normal equations. The nexttheorem des
ribes the algebrai
 stru
ture of the system matrix of the normal equations.Theorem 4.1. Let V be as de�ned in (4.3)-(4.4). Then the matrix A := V T V is a s
aled blo
k



11Toeplitz+Hankel matrix of the form A = D(T +H)D withT = 266666666664 A(0) A(1) : : : A(My�1) A(My)A(1) A(0) . . . A(My�1)... . . . . . . . . . ...... . . . . . . . . . ...A(My) : : : : : : : : : A(0)
377777777775 ; (4.7)

H = 266666666664 A(0) A(1) : : : A(My�1) A(My)A(1) A(2) . . . . . . A(My+1)... . . . . . . . . . ...... . . . . . . A(2My�1)A(My) : : : : : : A(2My�1) A(2My)
377777777775 ; (4.8)where ea
h blo
k A(k); k = 0; : : : ; 2My is an (Mx+1)�(Mx+1) matrix of the form A(k) = T (k)+H(k)with T (k) and H(k) as in (2.8) and D = diag( 1p2 ; 1; : : : ; 1).Proof. It follows from (4.3) and (4.4) thatAl;l0;k;k0 = "k;l"k0;l0 rXj=1wj� 
os(�(l + l0)xj) 
os(�(k + k0)yj) + 
os(�(l � l0)xj) 
os(�(k + k0)yj)++
os(�(l + l0)xj) 
os(�(k � k0)yj) + 
os(�(l � l0)xj) 
os(�(k � k0)yj)�: (4.9)Here the indi
es l; l0 refer to the (l; l0)-th blo
k of A and the indi
es k; k0 refer to the element in thek-th row and k0-th 
olumn in a 
ertain blo
k.Now we 
onsider the entries of A for �xed l and l0. Using formula (2.16) we 
al
ulateAl;l0;k;k0 = "k;l"k0;l0 rXj=1wj�
1[
os(�(k + k0)yj) + 
os(�(k � k0)yj)℄++
2[
os(�(k + k0)yj) + 
os(�(k � k0)yj)℄�; k; k0 = 0; : : : ;Mx;(4.10)where the 
onstants 
1 and 
2 are given by 
1 := 
os(�(l + l0)xj), 
2 := 
os(�(l � l0)xj). Thus the(l; l0)-th blo
k of A is indeed of the form (2.7).By repeating this step with reversed roles for k; k0 and l; l0 we see that the \global" stru
tureof A is of the form (4.8).In order to utilize the blo
k Toeplitz+Hankel stru
ture of the normal equations we have toextend the fa
t that the DCT-I diagonalizes 
ertain Toeplitz+Hankel matri
es to the 
ase of blo
kToeplitz+Hankel matri
es.We need some preparation before we pro
eed. Let B be a blo
k matrix of the formB = 2664 B(0;0) : : : B(0;n�1)... ...B(n�1;0) : : : B(n�1;n�1)3775 (4.11)where the blo
ks B(k;l) are matri
es of size m �m. For su
h blo
k matri
es we de�ne the mod-mpermutation matrix �m;n via[�m;nB�Tm;n ℄i;j;k;l = Bk;l;i;j ; 0 � i; j � m � 1; 0 � k; l � n� 1: (4.12)In words, the (i; j)-th entry of the (k; l)-th blo
k of B is permuted to the (k; l)-th entry of the (i; j)-thblo
k. We have �m;n = �Tn;m, see [25℄.



12 Definition 4.2. The two-dimensional type-I Dis
rete Cosine Transform of an m � n signal xis given by(Cx)i;j = "i;jp2m� 2p2n� 2 m�1Xk=0 n�1Xl=0 xk;l 
os �� ikm� 1 � 
os �� jln� 1 �; (4.13)i = 0; : : : ;m� 1; j = 0; : : : ; n� 1; (4.14)where "i;j = 8>>>>><>>>>>:1 if i 2 f0;m � 1g and j 2 f0; n� 1g,2 if i 2 f0;m � 1g and j =2 f0; n� 1g,2 if i =2 f0;m � 1g and j 2 f0; n� 1g,4 if i = 1; : : : ;m � 2 and j = 1; : : : ; n� 2.The two-dimensional DCT-I 
an be represented by the mn�mn matrix Cm
Cn where the matri
esCm and Cn represent one-dimensional DCT-I's as in de�nition 3.1 and 
 denotes the usual Krone
kerprodu
t.Similar to the 1-D DCT-I the 2-D DCT-I diagonalizes 
ertain blo
k Toeplitz+Hankel matri
es.Theorem 4.3. A matrix B is diagonalized by a two-dimensional DCT-I if and only if B is ofthe formB = 266666666664 B(0) B(1) : : : B(n�2) B(n�1)B(1) B(0) . . . B(n�2)... . . . . . . . . . ...... . . . . . . . . . ...B(n�1) : : : : : : : : : B(0)
377777777775+

266666666664 B(0) B(1) : : : B(n�2) B(n�1)B(1) B(2) . . . . . . B(n�2)... . . . . . . . . . ...... . . . . . . ...B(n�1) : : : : : : : : : B(0)
377777777775 ;(4.16)where ea
h blo
k B(k); k = 0; : : : ; n� 1 is a m�m Toeplitz+Hankel matrix of the form (3.3).Proof. The proof is similar to the proof of Theorem 3.3 in [13℄ and uses basi
 properties of theKrone
ker produ
t 
. Let B be a blo
k Toeplitz+Hankel matrix as in the assumption of the theorem.We have to show that B is diagonalized by the two-dimensional DCT-I C = Cn
Cm. Note thatea
h blo
k B(k) of B 
an be diagonalized by a one-dimensional DCT-I Cm, i.e., CTmB(k)Cm = �(k),k = 0; : : : n� 1, where the �(k) are m �m diagonal matri
es. Sin
e Cn
Cm = (Cn
Im)(In
Cm)it follows that(Cn
Cm)TB(Cn
Cm) = (CTn
Im)(In
CTm)B(In
Cm)(Cn
Im) = (CTn
Im)�(Cn
Im); (4.17)where� = 266666666664 �(0) �(1) : : : �(n�2) �(n�1)�(1) �(0) . . . �(n�2)... . . . . . . . . . ...... . . . . . . . . . ...�(n�1) : : : : : : : : : �(0)

377777777775+
266666666664 �(0) �(1) : : : �(n�2) �(n�1)�(1) �(2) . . . . . . �(n�2)... . . . . . . . . . ...... . . . . . . ...�(n�1) : : : : : : : : : �(0)

377777777775 :(4.18)We 
ompute �m;n��Tm;n = ~B = 26666664 ~B(0) 0 : : : 00 ~B(1) ...... . . . 00 : : : 0 ~B(m�1)37777775 ; (4.19)



13where 0 is an n� n zero matrix. It follows from (4.18) that ea
h ~B(k); k = 0; : : : ;m� 1 is an n� nToeplitz+Hankel matrix of the form (3.3). Therefore CTn ~B(k)Cn = ~�(k); k = 0; : : : ;m� 1.Sin
e �m;n(CTn
Im)�Tm;n = Im
CTn (e.g., see [25℄) we have(CTn
Im)�(Cn
Im) =�m;n�Tm;n(CTn
Im)�Tm;n�m;n��Tm;n�m;n(Cn
Im)�m;n�Tm;n=�Tm;n(Im
CTn ) ~B(Im
CTn )�m;n=�Tm;n ~��m;n; (4.20)where ~� is a blo
k diagonal matrix with diagonal blo
ks ~�(k). Thus ~� is a diagonal matrix. It followsfrom the de�nition of �m;n that �Tm;n ~��m;n is then also a diagonal matrix.The opposite dire
tion follows from the fa
t that CC = I.The matrix A asso
iated with the least squares problem (4.6) is not diagonalized by the 2-DDCT-I. But analogous to the 1-D 
ase, A 
an be embedded into a blo
k Toeplitz+Hankel matrixthat is diagonalized by the 2-D DCT-I. Thus similar to the 1-D 
ase the matrix-ve
tor multipli
ationAx 
an be 
arried out in O(MxMy logMxMy) operations.We leave it to the reader to extend Theorems 4.1 and 4.3 and the fast matrix-ve
tor multipli-
ation to dimensions larger than two. Sin
e the NDCT 
an also be generalized to two and higherdimensions we have a fast numeri
al algorithm for 
omputing the least squares approximation using
osine polynomials in multiple dimensions in the same way as it is outlined in Algorithm 1.Remark: There is one notable diÆ
ulty that arises when 
onsidering the s
attered data ap-proximation problem in higher dimensions. In the 1-D 
ase a suÆ
ient 
ondition for invertibilityof the matrix A is that the polynomial degree M is smaller than the number of samples r. This isan immediate 
onsequen
e of the fundamental theorem of algebra. Unfortunately the fundamentaltheorem of algebra does not extend to the multi-dimensional 
ase. It is obvious that a ne
essary
ondition for the existen
e of A�1 is M < r. However this 
ondition is no longer suÆ
ient, sin
ethe sampling points need not be appropriately distributed. In higher dimensions, the zero set of apolynomial is an algebrai
 
urve or an algebrai
 surfa
e. For A to be invertible, the samples must notbe 
ontained in any algebrai
 surfa
e. It is an open problem to eÆ
iently 
hara
terize all samplingsets that yield an invertible matrix A.It is still possible to obtain 
onditions that guarantee the existen
e of A�1 as well as to deriveestimates for the 
ondition number of A in the multi-dimensional 
ase. This 
an be done for instan
eby adapting the approa
h in Se
tion 4.3 of [6℄ to our situation. However the estimates are no longersharp and get worse with in
reasing dimension. We do not pursue this dire
tion here.5. Numeri
al experiments: An example from geophysi
s. We demonstratethe performan
e of the proposed algorithm by applying it to a s
attered data problem from geo-physi
s. Exploration geophysi
s relies on measurements of the Earth's physi
al properties like themagneti
 or gravitational �eld, with the goal of dete
ting anomalies whi
h reveal underlying geo-logi
al features. In geophysi
al pra
ti
e, it is essentially impossible to gather data in a form thatallows dire
t interpretation. Geos
ientists, used to look at their measurements on maps or pro�lesand aim at further pro
essing, need a representation of the originally irregularly spa
ed (s
attered)data points on a regular grid. The re
onstru
tion or approximation of potential �elds on regulargrids from s
attered data is thus one of the �rst and 
ru
ial steps in the analysis of geophysi
al data.As test example we use a syntheti
 anomaly f that represents the gravitational a

eleration
aused by an ensemble of buried re
tangular boxes of di�erent size, depth, and density 
ontrast,see Fig. 5(a). This example has also been used in [16℄. We sample this fun
tion at 496 randomlyspa
ed points (xj ; yj) in the interval [0; 1℄ � [0; 1℄. Sin
e in pra
ti
e measurements are always 
on-taminated by noise we add white Gaussian noise in the amount of 5% of the `2-norm of the samplesf(xj ; yj). We want to re
onstru
t the fun
tion on a regular grid � 
onsisting of the grid pointsf(k=150; l=150)g150k;l=0.In order to demonstrate the advantage of using Neumann boundary 
onditions over periodi
boundary 
onditions we 
ompare the proposed algorithm to the so-
alled ACT method [4, 8℄. Thelatter has be
ome a main ingredient for several approximation methods in geophysi
s [16, 2℄. We



14also in
lude in the 
omparison the approximation obtained by 
ubi
 spline interpolation, whi
h we
omputed via the MATLAB fun
tion griddata using the option '
ubi
'.For the two methods using trigonometri
 approximation we use the same number of 
oeÆ
ientsfor the approximating polynomial. We use a total of 11 
oeÆ
ients in the x-
oordinate and the samenumber in the y-
oordinate, resulting in approximating polynomials of degree 121 for both methods.Sin
e we know the original anomaly f we 
an 
ompute the error between the approximationfa and f via e(fa) = kf(�) � fa(�)k2=kf(�)k on the grid �. The proposed method gives an errorof 0:029, the ACT method yields approximation error 0:072, and the approximation 
omputed via
ubi
 splines returns an error of 0:045. The approximation 
omputed by the proposed method isappealing both from a visual and from an approximation error viewpoint.The signi�
antly larger error of ACT is only due to boundary e�e
ts. We note that thereare several ways to improve the performan
e of the ACT method, see [16℄, whi
h makes it indeed apowerful approximation method in geophysi
s [16, 2℄. Sin
e all these modi�
ations 
an also be appliedto the proposed method we expe
t that the proposed (modi�ed) algorithm will still be signi�
antlybetter than the modi�ed ACT method.The results of this experiment do not mean that the proposed method always performs betterthan the other two methods. Furthermore, a detailed 
omparison of various s
attered data approx-imation methods would have to in
lude other standard methods su
h as approximation by radialbasis fun
tions. Su
h a 
omparison is beyond the s
ope of this paper.A
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 splines, error = 0.045
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(e) Proposed method, error = 0.029Fig. 5.1. Approximation of gravitational anomaly from noisy s
attered data (5% noise) byproposed method and 
omparison to standard algorithms.
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