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.atABSTRACTThis paper presents a method for the re
onstru
tionof bandlimited fun
tions from non-uniform samples bymeans of synthesis fun
tions. We state expli
it worst-
ase estimates whi
h depend on the bandwidth and thesampling density. The proposed re
onstru
tion methoduses oversampling to dedu
e well-lo
alized synthesisfun
tions whi
h improve the lo
ality properties of there
onstru
tion. As a 
onsequen
e, the resulting algo-rithm is suitable for lo
al re
overy of bandlimited sig-nals from suÆ
iently dense lo
al sampling information.The theoreti
al results are 
on�rmed by numeri
al ex-amples based on a �nite-dimensional model des
ribedin the se
ond part of this note.1. INTRODUCTIONIn the irregular sampling problem we ask under whi
h
onditions and how a bandlimited fun
tion f 
an be re-
overed from its values at irregularly distributed sam-pling points ftngn2Z. In the 
ase of equally spa
edsamples, the 
lassi
al sampling theorem by Shannon,Whittaker and Kotel'nikov provides an expli
it re
on-stru
tion. Given a bandlimited fun
tion f 2 L2(R)with spe
trum in [�!0; !0℄, f 
an be represented as a
ardinal seriesf(t) =Xn2Zf( n2!0 )sin
!0(t� n2!0 );where sin
!0(t) = (�t)�1sin(2�!0t) for t 6= 0 andsin
!0(0) = 1, 
f. [3℄, [10℄. The series 
onverges uni-formly and in the L2-sense. In the 
ase of oversampling,i.e., if sampling values ff(�n)gn2Z for some � < 1=2!0are known, the SINC-fun
tion 
an be repla
ed by sam-pling fun
tions with better de
ay, 
f. [2℄. Su
h well-lo
alized sampling fun
tions improve the lo
al behav-ior of the re
onstru
tion in the sense that the value of�Partial support by FWF-proje
t S-7001-MAT of the Aus-trian S
ien
e Foundation is gratefully a
knowledged.

a bandlimited fun
tion is essentially determined by theadja
ent sampling values, and more distant samplingvalues have no in
uen
e.The irregular sampling problem is more diÆ
ult. Ithas given rise to some deep theoreti
al but not 
on-stru
tive results, 
f. [1℄. On the other hand, severalre
onstru
tion algorithm have been developed [6℄, [8℄,[9℄. Unfortunately, all of them la
k lo
ality sin
e evenfor the 
ase of regular sampling the poorly de
ayingSINC-fun
tion arises as building blo
k.In the late 80's and early 90's Fei
htinger and Gr�o
henigdeveloped a new approa
h using approximation oper-ators in 
ombination with 
onvolution operators. Oneof the main results of their methods is that every band-limited fun
tion f has a stable series expansion of theform f =Xn2Zf(tn)en;where ftngn2Z is a suÆ
iently dense sampling set andthe en are the 
orresponding sampling atoms of rapidde
ay [4℄,[5℄. The de
ay is measured in form of weightedL1-norms. The results hold true for a large 
lass of ban-dlimited fun
tions and are essentially based on norm-estimates of suitable operators. Be
ause of the gener-ality of the approa
h these estimates are not expli
itbut given as 
onstants depending on the sampling rateand the bandwidth. It is the aim of this work to de-du
e expli
it L2-estimates and to establish an imple-mentable re
onstru
tion algorithm. The use of well-lo
alized sampling atoms improves the lo
ality proper-ties of the proposed re
onstru
tion method and pro-vides well-
onvergent lo
al solutions of the irregularsampling problems. For more details we refer to [11℄.A di�erent approa
h to lo
alization in the irregularsampling problem is given in the re
ent paper [7℄.



2. AN OPERATOR APPROACHMost of the re
onstru
tion methods make use of the or-thogonal proje
tion of approximations onto the start-ing spa
e of bandlimited fun
tions. High frequen
iesare dis
arded by applying the ideal low-pass �lter, i.e.,by using the 
onvolution with the sin
-fun
tion. Un-der 
ertain 
onditions on the sampling set we obtainapproximation operators that are 
lose to the iden-tity operator on the Paley-Wiener spa
e. Then, theinversion in sense of the Neumann series leads to a re-
onstru
tion method whose eÆ
ien
y depends mainlyon the sampling approximation. However, su
h re
on-stru
tions possess a bad lo
alization due to the useof the sin
-fun
tion. Repla
ing the sin
-fun
tion bya rapidly de
reasing reprodu
ing fun
tion h whi
h sat-is�es f � h = f for all f of bandwidth 2!0, requires adi�erent approa
h.As usually, we present the approa
h for the 
ontin-uous 
ase and with respe
t to numeri
al experiments.We use the following notation. Let B2!0(R) be thePaley-Wiener spa
e of real-valued L2-fun
tions withspe
(f) � [�!0; !0℄. We denote by Ch the 
onvolu-tion operator of h 2 L1(R) de�ned on L2. The 
on
eptof the presented method is based on the de�nition ofan approximation operator of Ch. Fa
torizing the 
on-volution yields a 
ontinuous left inverse of this approx-imation operator restri
ted to B2!0(R) whi
h is used tode�ne the 
on
entrated sampling atoms.Given g 2 L1� = ff : f(1 + jtj)� 2 L1(R)g bandlim-ited we 
hoose a bandlimited fun
tion h 2 L1� with
h = spe
(h) � spe
(g) and ĥ(!) = 1 on spe
(g). Thisentails the relation CgCh = Cg . Let A be a linearbounded operator su
h that kCh�Ak < 1 on B2
h(R).Then D =P1k=0(Ch �A)k is well de�ned on B2
h(R).Lemma 1 [5℄ Under the assumptions stated above, Cgfa
torizes as Cg = DACg on all of L2.Even though the proof of Lemma 1 is rather simple, it
ontains the basi
 idea of the presented algorithm.3. METHOD OF ADAPTIVE WEIGHTSWe de�ne a suitable approximation operator in theform of the sum of weighted translates of a reprodu
-ing fun
tion. For !1 > !0 > 0, we 
all h!1 2 L1� a!0-reprodu
ing fun
tion if jĥ!1(!)j � 1, ĥ!1 = 1 on[�!0; !0℄, and h!1 2 B2!1 .Let ftngn2Zbe a stri
tly in
reasing sampling set ofdensity � = supn(tn+1 � tn). Setting wn = (tn+1 �tn�1)=2 for all n 2 Z, we de�ne the adaptive weights

operator Aw for all f 2 L2 byAwf(t) = 
Xn2Zf(tn)wnh!1(t� tn);where 
 = (1 + 4�2!21)�1. Aw is a bounded linearoperator on L2. Note that Aw depends on the samplingset and on the 
hoi
e of the !0-reprodu
ing fun
tion.Lemma 2 Assume that 2�!1 < 1. Then, the followingholds true for all f 2 B2!1(R).k(Ch!1 �Aw)fk2 � 4�!11 + 4�2!21 kfk2 < kfk2At this point it 
an be easily seen that for 2�!1 < 1D = P1k=0(Ch!1 � Aw)k is a 
ontinuous linear oper-ator. Combining the norm estimate of Lemma 2 withthe fa
torization of 
onvolution we arrive at the maintheorem.Theorem 3 Let !1; !0 be 
onstants with !1 > !0 > 0.Choose � > 0 su
h that 2�!1 < 1. Then, any f 2B2!0(R) 
an be 
ompletely re
onstru
ted from its sam-pled values on any �-dense sequen
e ftngn2Z and thereare fun
tions en 2 L2(R) with supp(ên) � [�!1; !1℄,su
h that f =Xn2Zf(tn)en ; (1)where the sum 
onverges uniformly and in L2.In the proof of Theorem 3 we obtain the samplingatoms en by 
hoosing a !0-reprodu
ing fun
tion h!1and by setting en(t) = D(h!1(t � tn)), for all n 2 Z.Following the de�nition of the operator D, we presentthe Aw-algorithm for iterative approximation of thesampling atoms.Theorem 4 (The Aw-Algorithm)Choose a !0-reprodu
ing fun
tion h!1 and let ftngn2Zbe a �-dense sampling sequen
e . If � < (2!1)�1, thesampling atoms en, n 2 Z 
an be 
omputed by the fol-lowing algorithm.e(0)n (t) = wnh!1(t� tn)e(m)n = e(0)n + (Ch!1 �Aw)e(m�1)nwith en = limm!1 e(m)n uniformly and in L2. More-over, ken � e(m)n k2 � � 4�!11 + 4�2!21�m+1 kenk2 :In 
ontrast to the general approa
h of [4℄ and [5℄, wehave expli
it norm estimates but no statement 
on�rm-ing the rapid de
ay of the sampling atoms. However,the use of a rapid de
reasing reprodu
ing fun
tion andthe de�nition of both Aw and D en
ourage the assump-tion that the en are well-lo
alized as we 
on�rm by thenumeri
al examples given below.



4. NUMERICAL RESULTSFor pra
ti
al purposes we have to establish a �nite-dimensional model for the problem to be a

essible fornumeri
al solutions.We identify the index set f0; 1; : : : ; N � 1g with the
y
li
 group ZN, and all signals de�ned on ZN are un-derstood as periodi
 sequen
es with period N . The l2-norm kfk2 = (PN�1n=0 jf(n)j2)1=2 represents the energyof the signal f . On ZN the dis
rete Fourier transformis given by f̂(k) = (N)�1=2PN�1n=0 f(n)e�2�ikn=N . Wede�ne the spa
e of dis
rete bandlimited fun
tions ofbandwidth M0 < N=2 byBM0 = ff(n) 2 l2(ZN) : f̂(k) = 0 for jkj > M0g:The sampling set fnigri=1 is an arbitrary sequen
e of in-tegers satisfying 0 � n1 < n2 < � � � < nr � N � 1. Thesampling density d is given by the maximal gap lengthd = maxi=1 ; ::: ; r(ni+1 � ni), where nr+1 = n1 +N byperiodi
ity.De�nition 5 Given 0 < M0 < M1 < N=2, the fun
-tion hM1 2 l2(Z) is 
alled a dis
rete M0-reprodu
ingfun
tion if hM1 is in BM1 and has the following prop-erties.(a) 0 � jĥM1 j � 1 and ĥM1 � 1 on [�M0;M0℄,(b) h is �-
on
entrated on an interval I, i.e.,kh� h�Ik2 � � for a small threshold � > 0.Given a sampling set fnigri=1 we denote the mid-points of the sampling points by li = [(ni + ni+1)=2℄for i = 1; : : : ; r, where [q℄ is the largest integer � q 2 R.Choosing a M0-reprodu
ing fun
tion hM1 and setting�i = li+1�li, we de�ne the Aw-operator for f 2 l2(ZN)by Awf(n) = 11 + 
2 rXi=1 f(ni)�ihM1(n� ni);where 
 = (sin �M1N )=(sin �4[d=2℄+2).For suÆ
iently dense sampling sets the Aw-operator is
lose to the 
onvolution operator ChM1 on BM1 , whereChM1 f(k) = N�1Xn=0 f(n)hM1(k � n); k = 1; : : : ; N � 1:In the same way as in the previous se
tion we 
annow proof a similar result.Theorem 6 Let 0 � n1 < n2 < � � � < nr � N � 1 be asampling sequen
e of density d and M1;M0 be integers

with 0 < M0 < M1 < N=2. If 2M1(2[d=2℄ + 1) < N ,then there exist dis
rete sampling atoms ei 2 BM1 su
hthat every f 2 BM0 has a series representation of theformf(n) = rXi=0 f(ni)ei(n) ; n = 0; 1 : : : ; N � 1:The sampling atoms 
an be approximated iteratively bythe Aw-algorithm.e(0)i (n) = �ihM1(n� ni); n = 0; : : : ; N � 1e(m)i = e(0)i + (ChM1 �Aw)e(m�1)iThe algorithm 
onverges to ei geometri
ally with therate � = 2
(1 + 
2)�1.The Aw-algorithm 
an be implemented in the sameform as it appears in Theorem 6. It shows good per-forman
e also for sampling sets that do not satisfy theworst-
ase 
ondition 2M1(2[d=2℄ + 1) < N .In the sequel we use the Aw-algorithm to 
omputethe sampling atoms asso
iated with a lo
al set of sam-pling points in order to demonstrate lo
al re
onstru
-tion of bandlimited signals from lo
al samples by meansof well-lo
alized sampling atoms.The starting point is a normalized dis
rete fun
tionof length N = 512 and bandwidth M0 = 10 sampledat a random sequen
e of points between 150 and 350with maximal gapsize d = 10.
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Figure 1: Examples of sampling atoms asso
iated withthe 2nd, the 15th, and the 29th sampling point.



0 100 200 300 400 500

−0.1

−0.05

0

0.05

local reconstruction

Figure 2: Example of lo
al re
onstru
tion using well-lo
alized sampling atoms.
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Figure 3: Error of re
onstru
tion from lo
al samplinginformation using well-lo
alized sampling atoms.Figure 3 shows the behavior of the lo
al approximationon the sele
ted interval. The best approximation is ob-tained in the middle of the interval. The lo
al error 
anbe improved by �lling up the lo
al sampling informa-tion in order to de
rease the maximal gapsize as well asby adding random sampling points outside the intervalwithout 
hanging the sampling density.5. SUMMARYIn Theorem 3 we show that the expli
it worst-
ase esti-mate for the re
onstru
tion of bandlimited L2-fun
tionsfrom non-uniform samples by means of synthesis fun
-tions depends on the sampling density and the band-width of the auxiliary reprodu
ing fun
tion. The re-sults 
oin
ide qualitatively with the regular 
ase.

For pra
ti
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