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ABSTRACT

This paper presents a method for the reconstruction
of bandlimited functions from non-uniform samples by
means of synthesis functions. We state explicit worst-
case estimates which depend on the bandwidth and the
sampling density. The proposed reconstruction method
uses oversampling to deduce well-localized synthesis
functions which improve the locality properties of the
reconstruction. As a consequence, the resulting algo-
rithm is suitable for local recovery of bandlimited sig-
nals from sufficiently dense local sampling information.
The theoretical results are confirmed by numerical ex-
amples based on a finite-dimensional model described
in the second part of this note.

1. INTRODUCTION

In the irregular sampling problem we ask under which
conditions and how a bandlimited function f can be re-
covered from its values at irregularly distributed sam-
pling points {t,}nez. In the case of equally spaced
samples, the classical sampling theorem by Shannon,
Whittaker and Kotel’'nikov provides an explicit recon-
struction. Given a bandlimited function f € L*(R)
with spectrum in [—wg,wp], f can be represented as a
cardinal series
n

£) = 3 £ Jsine (b= 5-),

ne? 2&)0
where sincy,,(t) = (7t)~!sin(2rwot) for t # 0 and
8incy, (0) = 1, cf. [3], [10]. The series converges uni-
formly and in the L2-sense. In the case of oversampling,
i.e., if sampling values {f(vn)},ez for some v < 1/2wq
are known, the SINC-function can be replaced by sam-
pling functions with better decay, cf. [2]. Such well-
localized sampling functions improve the local behav-
ior of the reconstruction in the sense that the value of
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a bandlimited function is essentially determined by the
adjacent sampling values, and more distant sampling
values have no influence.

The irregular sampling problem is more difficult. It

has given rise to some deep theoretical but not con-
structive results, cf. [1]. On the other hand, several
reconstruction algorithm have been developed [6], [8],
[9]. Unfortunately, all of them lack locality since even
for the case of regular sampling the poorly decaying
SINC-function arises as building block.
In the late 80’s and early 90’s Feichtinger and Grochenig
developed a new approach using approximation oper-
ators in combination with convolution operators. One
of the main results of their methods is that every band-
limited function f has a stable series expansion of the
form

f= Z f(tn)en,

neZ

where {t,}nez is a sufficiently dense sampling set and
the e, are the corresponding sampling atoms of rapid
decay [4],[5]. The decay is measured in form of weighted
L'-norms. The results hold true for a large class of ban-
dlimited functions and are essentially based on norm-
estimates of suitable operators. Because of the gener-
ality of the approach these estimates are not explicit
but given as constants depending on the sampling rate
and the bandwidth. It is the aim of this work to de-
duce explicit L2-estimates and to establish an imple-
mentable reconstruction algorithm. The use of well-
localized sampling atoms improves the locality proper-
ties of the proposed reconstruction method and pro-
vides well-convergent, local solutions of the irregular
sampling problems. For more details we refer to [11].

A different approach to localization in the irregular
sampling problem is given in the recent paper [7].



2. AN OPERATOR APPROACH

Most of the reconstruction methods make use of the or-
thogonal projection of approximations onto the start-
ing space of bandlimited functions. High frequencies
are discarded by applying the ideal low-pass filter, i.e.,
by using the convolution with the sinc-function. Un-
der certain conditions on the sampling set we obtain
approximation operators that are close to the iden-
tity operator on the Paley-Wiener space. Then, the
inversion in sense of the Neumann series leads to a re-
construction method whose efficiency depends mainly
on the sampling approximation. However, such recon-
structions possess a bad localization due to the use
of the sinc-function. Replacing the sinc-function by
a rapidly decreasing reproducing function A which sat-
isfies f * h = f for all f of bandwidth 2wy, requires a
different approach.

As usually, we present the approach for the contin-
uous case and with respect to numerical experiments.

We use the following notation. Let B2 (R) be the
Paley-Wiener space of real-valued L2-functions with
spec(f) C [—wo,wp]. We denote by Cj, the convolu-
tion operator of h € L'(R) defined on L?. The concept
of the presented method is based on the definition of
an approximation operator of C}. Factorizing the con-
volution yields a continuous left inverse of this approx-
imation operator restricted to B2 (R) which is used to
define the concentrated sampling atoms.

Given g € L}, = {f : f(1 +|t))* € L'(R)} bandlim-
ited we choose a bandlimited function h € L} with
Qn = spec(h) D spec(g) and h(w) = 1 on spec(g). This
entails the relation CyC, = C;. Let A be a linear
bounded operator such that [|C, — A|| <1 on B (R).
Then D =377 ((Ch — A)* is well defined on B3 (R).

Lemma 1 [5] Under the assumptions stated above, C,
factorizes as C; = DAC, on all of L?.

Even though the proof of Lemma, 1 is rather simple, it
contains the basic idea of the presented algorithm.

3. METHOD OF ADAPTIVE WEIGHTS

We define a suitable approximation operator in the
form of the sum of weighted translates of a reproduc-
ing function. For w; > wp > 0, we call h,, € L! a
wo-reproducing function if |hy, (w)| < 1, hy, = 1 on
[—wo,wo], and h,, € B2, .

Let {t,}nez be a strictly increasing sampling set of
density v = sup,,(tn+1 — tn). Setting w, = (t,41 —
tn—1)/2 for all n € Z, we define the adaptive weights

operator A,, for all f € L? by
Awf(t) =7 Z f(tn)wnhw1 (t - tn)a

neEZ

where v = (1 + 4v%w?)"1. A, is a bounded linear
operator on L2. Note that A,, depends on the sampling
set and on the choice of the wp-reproducing function.

Lemma 2 Assume that 2vw; < 1. Then, the following
holds true for all f € B2 (R).

41/&)1
— A, < —
1Ch, = Au) Il < 1z 11k < 1112

At this point it can be easily seen that for 2vw; < 1
D = Y 12,(Ch,, — Ay)* is a continuous linear oper-
ator. Combining the norm estimate of Lemma 2 with
the factorization of convolution we arrive at the main
theorem.

Theorem 3 Let wyi,wqy be constants with wy > wy > 0.
Choose v > 0 such that 2vwy; < 1. Then, any f €
ijo (R) can be completely reconstructed from its sam-
pled values on any v-dense sequence {t, }nez and there
are functions e, € L*(R) with supp(é,) C [—wi,w1],

such that
f = Z f(tn)ena (1)

neEZ
where the sum converges uniformly and in L.

In the proof of Theorem 3 we obtain the sampling
atoms e, by choosing a wg-reproducing function h,,
and by setting e, (t) = D(hy, (t —t,)), for all n € Z.
Following the definition of the operator D, we present
the A,-algorithm for iterative approximation of the
sampling atoms.

Theorem 4 (The A,-Algorithm)

Choose a wo-reproducing function hy,, and let {t,}nez
be a v-dense sampling sequence . If v < (2w;)™*, the
sampling atoms e,, n € Z can be computed by the fol-
lowing algorithm.

el (t) = wnhy, (t — tn)
) = 9 4 (Ch, — Al
)

uniformly and in L?. More-

4vwy mtl
m llenlls -

. . m
with e, = lim,;,_ o 67(1
over,

len =€l < (

In contrast to the general approach of [4] and [5], we
have explicit norm estimates but no statement confirm-
ing the rapid decay of the sampling atoms. However,
the use of a rapid decreasing reproducing function and
the definition of both A,, and D encourage the assump-
tion that the e, are well-localized as we confirm by the
numerical examples given below.



4. NUMERICAL RESULTS

For practical purposes we have to establish a finite-
dimensional model for the problem to be accessible for
numerical solutions.

We identify the index set {0,1,..., N — 1} with the
cyclic group Zy, and all signals defined on Z  are un-
derstood as periodic sequences with period N. The I%-
norm ||fl|s = (Zg;ol |f(n)[>)'/? represents the energy
of the signal f. On Zy the discrete Fourier transform
is given by f(k) = (N)"'/2 N2 f(n)e=2mikn/N  We
define the space of discrete bandlimited functions of
bandwidth My < N/2 by

By, = {f(n) € P(Zn) : f(k) =0 for [k| > Mo}.

The sampling set {n;}}_, is an arbitrary sequence of in-
tegers satisfying 0 <ny <ns < -+ <n, <N —1. The
sampling density d is given by the maximal gap length
d = max;=1 ... r(Niy1 —n;), where n,; 1 =n; + N by
periodicity.

Definition 5 Given 0 < My < M; < N/2, the func-
tion hy, € 12(Z) is called a discrete Mo-reproducing
function if har, is in By, and has the following prop-
erties.

(a) 0 < |ha| <1 and har, =1 on [— Mg, My,

(b) h is e-concentrated on an interval I, i.e.,
[|h — hxrlle < € for a small threshold € > 0.

Given a sampling set {n;}]_, we denote the mid-
points of the sampling points by l; = [(n; + niy1)/2)
fori=1,...,r, where [¢] is the largest integer < g € R.
Choosing a My-reproducing function hps, and setting
A; = l;41—1;, we define the A,,-operator for f € I12(Z y)
by

Ay f(n) : > Fi)Aihag, (n = ns),

T 1442
where v = (sin Tt /(sin m).

For sufficiently dense sampling sets the A, -operator is
close to the convolution operator Cy,,, on B, where

N-1

Chory f(B) = > f()has, (k—n), k=1,...,N - 1.

n=0

In the same way as in the previous section we can
now proof a similar result.

Theorem 6 Let0<ny <no <---<n.<N—1bea
sampling sequence of density d and My, My be integers

with 0 < Mo < My < N/2. If 2M,(2[d/2] + 1) < N,
then there exist discrete sampling atoms e; € By, such
that every f € Bar, has a series representation of the
form

f(n)sz(ni)ei(n), n=0,1...,N—1.
i=0

The sampling atoms can be approximated iteratively by
the A, -algorithm.

950)(71) :AihMl(n—ni), TLZO,...,N—].

e = el + (Chy, — Auw)ei™

K3

The algorithm converges to e; geometrically with the
rate A = 2y(1 4+ v?)~ L.

The A, -algorithm can be implemented in the same
form as it appears in Theorem 6. It shows good per-
formance also for sampling sets that do not satisfy the
worst-case condition 2M; (2[d/2] + 1) < N.

In the sequel we use the A, -algorithm to compute
the sampling atoms associated with a local set of sam-
pling points in order to demonstrate local reconstruc-
tion of bandlimited signals from local samples by means
of well-localized sampling atoms.

The starting point is a normalized discrete function
of length N = 512 and bandwidth My = 10 sampled
at a random sequence of points between 150 and 350
with maximal gapsize d = 10.
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Figure 1: Examples of sampling atoms associated with
the 2nd, the 15th, and the 29th sampling point.



local reconstruction
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Figure 2: Example of local reconstruction using well-

localized sampling atoms.
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Figure 3: Error of reconstruction from local sampling
information using well-localized sampling atoms.

Figure 3 shows the behavior of the local approximation
on the selected interval. The best approximation is ob-
tained in the middle of the interval. The local error can
be improved by filling up the local sampling informa-
tion in order to decrease the maximal gapsize as well as
by adding random sampling points outside the interval
without changing the sampling density.

5. SUMMARY

In Theorem 3 we show that the explicit worst-case esti-
mate for the reconstruction of bandlimited L2-functions
from non-uniform samples by means of synthesis func-
tions depends on the sampling density and the band-
width of the auxiliary reproducing function. The re-
sults coincide qualitatively with the regular case.

For practical purposes it will be interesting to ex-
tend the presented results to higher dimensions.
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