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Abstract

The theme of this work is that the theory of charged particles in a uni-
form magnetic field can be generalized to a large class of operators if one
uses an extended class of Weyl operators which we call ” Landau—Weyl pseu-
dodifferential operators”. The link between standard Weyl calculus and
Landau—Weyl calculus is made explicit by the use of an infinite family of
intertwining ”windowed wavepacket transforms”; this makes possible the
use of the theory of modulation spaces to study various regularity proper-
ties. Our techniques allow us not only to recover easily the eigenvalues and
eigenfunctions of the Hamiltonian operator of a charged particle in a uni-
form magnetic field, but also to prove global hypoellipticity results and to
study the regularity of the solutions to Schrédinger equations.
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1 Introduction

The aim of this Communication is to compare the properties of a partial
differential operator (or, more generally, a Weyl pseudodifferential operator)



A = a¥(z, —ihd,) with those of the operator A = a(X7*,Y"*) obtained by
replacing formally x and —ihd, by the vector fields

0 ih 7 ih
X’%/J' — L 78 , Y’Yv“ — L 78 1

where « and p are real scalars such that v % 0. A typical situation of phys-
ical interest is the following: choose for A the harmonic oscillator Hamilto-
nian - .

he 0 mw
5331t o 2 (2)

2m Ox 2
and v = 1, u = mw; defining the Larmor frequency wy = w/2 we obtain
Hypop (X b0 YEm@) = Hoo where

Hhar =

R? 0 0 mw?
Hypm = — DNy y —iliwp (y=— — 2o | + —L(2® + 42 3
om =gty —itr (g —a )+ TR ) @)
is the Hamiltonian operator in the symmetric gauge of a charged particle
moving in the x,y plane under the influence of constant magnetic field or-
thogonal to the z,y plane. Another interesting situation occurs if one takes
v =2, p=1. In this case

Hpor (X* V2N = Hypy 5, U

where p is the Moyal product familiar from deformation quantization.

Of course these observations are not of earthshaking importance unless
we can find a procedure for comparing the properties of both operators A
and A. In fact, as a rule, the initial operator A is less complicated that its
counterpart A so one would like to deduce the properties of the second from
those of the first. For this we first have to find a procedure allowing us to
associate to a function ¢ € L?(R™) a function ¥ € L*(R*"); that correspon-
dence should be linear, and intertwine in some way the operators A and A;
notice that the request for linearity excludes the choice ¥ = W1 (W the
Wigner transform). It turns out that there exist many procedures for trans-
forming a function of, say, x into a function of twice as many variables; the
Bargmann transform is an archetypical (and probably the oldest) example
of such a procedure. However, the Bargmann transform (and its variants) is
not sufficient to recover all the spectral properties of A from those of A. For
example, it is well known that the “Landau levels” of the magnetic operator
Hgyp are infinitely degenerate, so it is illusory to attempt to recover the
corresponding eigenvectors from those of Hy,, (the rescaled Hermite func-
tions) using one single transform! This difficulty is of course related to the



fact that no isometry from L?(R") to L?(R?>") can take a basis of the first
space to a basis of the other, (intuitively L?(R") is “much smaller” than
L?(R?")). We will overcome this difficulty by constructing an infinity of
isometries U, parametrized by the Schwartz space S(R™); these isometries
are defined in terms of the cross-Wigner transform, or equivalently, in terms
of the windowed Fourier transform familiar from time-frequency and Ga-
bor analysis. We will therefore call them windowed wavepacket transforms.
For instance, in the case v = 2, u = 1 corresponding to the Moyal prod-
uct, these isometries are (up to a normalization factor) just the mappings
Y — U =W(1,p) where W (1, ¢) is the cross-Wigner transform.

One of the goals of this paper is to emphasize the great potential of a
particular class of function spaces, namely Feichtinger’s modulation spaces,
whose elements can be defined in terms of decay properties of their win-
dowed Wigner transform; these spaces have turned out to be the proper
setting for the discussion of pseudodifferential operators in the last decade,
and have allowed to prove (or to recover) in an elementary way many re-
sults which would otherwise requires the use of “hard analysis”. Although
modulation spaces and their usefulness is well-known in time-frequency an
Gabor analysis they have not received a lot of attention in quantum mechan-
ics (they have however found some applications in the study of Schrodinger
operators).

This article is structured as follows: in Sections 2—6 we develop the
theory in the case A = p = 1, that is we work with the quantization rules

1 1
X =_-x+iho, ,Y = -y—iho,
2 2
and their higher-dimensional generalizations
1 _ 1 .
X; = 5%i +1hdy, ,Y; = SYi — ihOy;.

Furthermore we introduce the class of modulation spaces and recall some
of their basic properties that are of relevance in the present investigation.
In Section 7 we show how the general case (1) and its multi-dimensional
generalization

v ih v _ B0
Xt = grd 0 Y5 = Qs = 0

can be reduced to this one. We thereafter apply the previous study to
deformation quantization.



Notation

Functions (or distributions) on R™ will usually be denoted by lower-case
Greek letters 1, ¢... while functions (or distributions) on R?" will be de-
noted by upper-case Greek letters ¥, @, ...). We denote the inner product
on L%(R™) by (3|¢) and the inner product on L?(R?") by ((¥|®)); the as-
sociated norms are denoted by ||¢|| and |||¥|||, respectively. Distributional
brackets are denoted (-,-) in every dimension.

The standard symplectic form on the vector space R” x R® = R?" igs
denoted by o7 it is given, for z = (z,y), 2/ = (2/,y'), by the formula o(z, 2') =

Jz -z where J = < 0 I

7 O)' The symplectic group of (R??, o) is denoted by
Sp(2n,R).

2 Modulation Spaces: A Short Review

For a rather compete treatment of the theory of modulation spaces we refer
to Grochenig’s book [26]. The main point want to do in this section is that,
in contrast to the standard treatment of Weyl calculus, one can use with
profit Feichtinger’s algebra M'(R™) and its weighted variants M, (R™) as
spaces of test functions instead of the Schwartz class S(R™). We also remark
that a good class of pseudodifferential symbols is provided by the modulation
spaces Mq};oo(RQ”); it has recently been proved that they coincide with the
so-called Sjostrand classes. In particular they contain the Hormander class
SRo(R?").

2.1 Main definitions

Roughly speaking, modulation spaces are characterized by the matrix coeffi-
cients of the Schrodinger representation of the Heisenberg group. Recall that
the Heisenberg-Weyl operators T(zg) are defined, for zg = (xg,po) € R?*"
by: ,

T(20)¢(x) = er = 300) g (2 — aq). (4)
We have ,

T(z21 + 2) = e 2OV ()T () 21, 29 € R?" (5)
hence z —— T(z) is a projective representation of R?", it is called the
Schrédinger representation of the Heisenberg group. Let 1), g be in L?(R™).
Then the matrix coefficient of the Schrodinger representation is given by

VIap(20) = (0, T(z0)) = e2n¥0s0 / R0 (2)g(x — xo)da.  (6)

n
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When i = 1/27 it is, up to the exponential in front of the integral, the short-
time Fourier transform (STFT) Vgt familiar from time-frequency analysis:

Vebleo) = [ e (a)ile — mu)de (7

(Vp1p is also called the “voice transform” or “sliding transform” in signal
theory).

In what follows p is a non-negative real number and m a real weight
function on R?". By definition a distribution ¢ € S’(R") is in the modulation
space Mb,(R™) if there exists ¢ € S(R™), ¢ # 0, such that Vyy € LE, (R?"),
that is if

1/p

Wl = [ Wevpms) < . 0
The essential point is that that the definition above is independent of the
choice of the window ¢: if it holds for one such window, it holds for all.
Formula (8) defines a norm on M}, (R™) and the replacement of ¢ by another
window leads to an equivalent norm. Modulation spaces are Banach spaces
for the topology defined by (8). (See [13, 26] for the general theory).
2.2 Two examples
In what follows (-)* denotes the weight function defined by

(2)° = (1+ [z (9)
e The modulation spaces M, (R").

They are defined as follows: for s > 0 we consider the weighted L!(R?")
space
Ly, (R*") = {¥ € S'(R*") « |||, < oo} (10)

where || - ||z1 is the norm given by
1918, = [ %) )" d. (11)
The corresponding modulation space is

My, (R") = {¢ € S'(R") : Vg € Ly, (R™)} (12)

where Vy is the STFT (7) and ¢ is an arbitrary element of the Schwartz
space S(R"); the formula

1115 = Vil s, (13)



defines a norm on M} (R™) and if we change ¢ into another element of S(R")
we obtain an equivalent norm (Proposition 12.1.2 (p.246) in [26]). The space
M;_(R™) can also be very simply described in terms of the Wigner transform:
we have

My, (R") = {4 € S'(R") : Wy € Ly, (R*")}. (14)
In the case s = 0 we obtain the Feichtinger algebra M (R"™) = M} (R™). We
have the inclusions

S(R") ¢ MY(R™) c CO(R™) N LY (R™) N L*(R™). (15)

The Feichtinger algebra can be used with profit as a space of test functions;
its dual Banach space

M>(R") = {4 € S'(R") : sup <<Z>N |V¢¢\) <ooforall N} (16)
z€R2n

contains the Dirac distribution §. Furthermore M!(R™) is the smallest Ba-
nach space invariant under Heisenberg—Weyl operators (it is the space of
integrable vectors of the Heisenberg—Weyl representation). Note that step
functions are not in M*(R™) but triangle functions (which are the convolu-
tions of two step functions) are. For these reasons the modulation spaces
M; (R™) are considerably larger classes of test functions than the Schwartz
space S(R").

The spaces MZ}S (R™), besides other properties, are invariant under Fourier
transform and more generally, under the action of the metaplectic group.
They are also preserved by rescalings:

Lemma 1 Let \ be a real number different from zero and set ¥y(x) =
Y(Az). We have ¢y € ME (R™) if and only if ¢ € MY, (R™).

Proof. It immediately follows from definition (7) of the STFT that we have

Voa(z) = A7"Vg, , 0(2/X) (17)

hence, performing a simple change of variable,

[ Wan@P ey = [ Vo, 06 () de
R2n R2n

Since (A\z)® < (1 + X2)%/2 (2)® it follows that there exists a constant C > 0
such that

/|%%@mwwsa/|wwwwwwz
R2n R2n
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the integral in the right hand side is convergent if and only if ¢ € M} (R™),
proving the necessity of the condition. That the condition is sufficient follows
replacing ¥, by ¥ in the argument above. m

e The modulation spaces M,; SO (R,

They are defined by the condition a € Ml};oo(R%) if and only if we have

lall g = [ sup Voa(z, 0] ()" d¢ < oc
R2n zcR2n

for one (and hence all) ® € S(R*"); here Vg is the STFT of functions on
R2". The use of the letter a for the elements of M:*° (R2") suggests that this
space could be used as a symbol class. This is indeed the case; we mention
that when s = 0 one recovers the so-called “Sjostrand classes” [44, 45] which
have been studied and developed by Grochenig [27, 28] from the point of
view of modulation space theory. As a symbol class is rather large; for
instance

CQnJrl(RZn) C MLOO(RZ’H,) — M&,OO(RQH) (18)

The following result, follows from Theorem 4.1 and its Corollary 4.2 in
[28]; it clearly demonstrates the usefulness of the spaces M, *°(R2") in the
theory of pseudodifferential operators:

Proposition 2 (i) An operator A with Weyl symbol a € My (R?") is
bounded on every modulation space My (R™); (i) If a € M1 " (R?™) then A
maps L' (R™) into Feichtinger’s algebra M3 (R™).

(It is actually proven in [28] that A is bounded on any modulation space
MEY(R™) when m is an arbitrary moderate weight).

2.3 Duality and kernel theorems

The dual of M (R™) is the Banach space M7, (R™) with the norm

[llags, = sup.egren (Votb(2)] (2)°) < oo. (19)

1/vs

Note that the Schwartz space S(R™) is the projective limit of the spaces
{M; (R") : s > 0} and consequently S'(R") has a description as inductive
limit of the spaces {M°° J(R") s >0}, ie

SR") = [ M,,(R") and S'(R") =[] MY, ( (20)

s>0 s>0



with (H-||M$S>SZO and (H~HM{’7U5)SZO as family of seminorms for S(R™) and
S'(R™), respectively.

Therefore results about the class of modulation spaces M; (R") and
its dual Mf?vs (R™) translate into corresponding results about the Schwartz
class S(R™) and the tempered distributions S’(R™). The great relevance of
the pair S(R™) and §’(R™) comes from the kernel theorem and Feichtinger
showed that for the pair of modulation spaces M, (R") and M s (R™) there
also exists a kernel theorem (see [26], §14.4, for a short proof):

Theorem 3 (Kernel theorem) Let A be a continuous operator M, (R") —
Mf;’vs (R™). There exists a distribution K4 € Mlo7v5 (R?™) such that

(A, ¢) = (Ka, b @ @) for ¢, € M} (R™). (21)

As a consequence, using the intersections (20) we get the following ver-
sion of the Schwartz kernel theorem.

Theorem 4 Let A be a continuous linear operator from S(R™) to S8'(R™).
Then A extends to a bounded operator from M, (R™) to M7, (R™) for some
s> 0.

Therefore our framework covers the traditional setting of pseudo-differential
calculus.

3 Landau—Weyl Calculus

For the reader’s convenience we begin by quickly reviewing the basics of
standard Weyl calculus. See for instance [36, 46] for details and proofs.

3.1 Review of standard Weyl calculus

In view of the kernel theorem above, there exists, for every linear continuous
operator A : M} (R") — MY, (R™), a distribution K4 € My, (R™ x R™)
such that Ay(z) = (Ka(z,-),v) for every ¢ € M, (R™).

By definition the contravariant symbol of A is the distribution a defined
by the Fourier transform

a(x,y) = / eHINCA(x + S, — Ln)dy (22)



(the integral is interpreted in the distributional sense) and we can thus write
formally

@) = ()" [ el alhe ) o)y (29

strictly speaking this formula only makes sense when a € Ml}s (R?"); when
this is not the case the double integral has to be reinterpreted in some way,
for instance as a repeated or “oscillatory” integral; see for instance Treves’
book [50] for an exposition of various techniques which are useful in this
context.

By definition the covariant symbol a, of A is the symplectic Fourier

transform
a5(2) = Fya(z) = ()" <e ro(=) a(.)> . (24)

Using the covariant symbol we can rewrite (23) as an operator-valued (Bochner)
integral

A= ()" [ | )T (25)

where T'(z) is the Heisenberg—Weyl operator (4).

Note that Weyl operators are composed in the following way. Assume
that A and B are mappings on M} _(R™); then C' = BA is defined and its
contravariant and covariant symbolb are given by the formulae

e2ro(v) g (5 u — Ly)dudv
o) = ()™ [[[, | BT ale  fub(s — Joyduds (26)
co(2) = (375)" /R e 7 ay (z = 2 )b (')d2', (27)

The last two equations have a natural interpretation in terms of involu-
tive representations of the twisted group algebra L'(R?", x) for the 2-cocycle
x(z,2") = ear (%) Namely, the unitary representation of the Heisenberg
group by the Heisenberg—Weyl operators T'(z) gives an involutive faithful
representation of L'(R?", y) via

Tt (@) = /R 02T (2)d (28)

for a € L'(R?"). In representation theory 7y is called the integrated rep-
resentation of the representation T'(z). The product of iy (a) and 7y (b)



for a,b € L'(R?") yields another element iy (c) of L'(R?", ), where c is
obtained from a and b by twisted convolution:

c(z) = agb(z) = (QTIFH)R/RQ” efﬁa(z’zl)ag(z — 2")by(2')d7’ (29)

(see for instance [51]). Consequently, the composition of two operators in the
Weyl calculus is actually the twisted convolution of their covariant symbols
in the twisted group algebra L!(R?", y).

Two particularly nice features of the Weyl pseudodifferential calculus are

the following:

e Assume that A : M} (R") — My, (R™). Then the contravariant
symbol of A* is complex conjugate to that of A. In particular, the
Weyl operator A is self-adjoint if and only if its contravariant symbol
a is real;

e For every s € Sp(2n,R) there exists a unitary operator S, uniquely
defined up to a complex factor, such that the Weyl operator B with
contravariant symbol b = a o s~! is given by the formula

B=SAS™! (30)

S can be chosen as a multiple of any of the two metaplectic operators
covering s.

We recall that the metaplectic group Mp(2n,R) is a faithful unitary
representation of the twofold connected covering of Sp(2n,R); for a detailed
account of the well-known (and less well-known) properties of Mp(2n, R) see
[20], Chapter 7.

3.2 Landau—Weyl operators

In our discussion of the Weyl calculus we stressed its interpretation in terms
of the integrated representation of the Heisenberg—Weyl operators. A ba-
sic result about the representation theory of groups says that there is a
one-to-one correspondence between projective representations of a group
and integrated representations of the twisted group algebra of the group.
Therefore a new representation of the Heisenberg group yields a new kind
of calculus for pseudo-differential operators. In a series of papers on phase
space Schrodinger equations the first author has implicitly made use of this
fact. In the following we want to present these results in terms of integrated
representation of a representation of the Heisenberg group on L?(R?*").

10



We define unitary operators T(z) on L2(R2") by the formula

T(20)U(2) = e 3ROz — z). (31)

We point out that these operators satisfy the relation

T(z0+ 21) = e 37T ()T (1)

which is formally similar to the relation (5) for the Heisenberg—Weyl op-
erators (4). In fact, in [20], Chapter 10, one of us has shown that these
operators can be used to construct an unitary irreducible representation of
the Heisenberg group H,, on (infinitely many) closed subspace(s) of L?(R?").
This is achieved using the wavepacket transforms we define in Section 4.

We now define the operator A : S(R*") — S'(R*") by replacing T'(z)
with T'(z) in formula (25):

A= ()" [ | en)T ), (32)

i.e. as integrated representation of T'(z).

Definition 5 We will call the operator A defined by (32) the Landau—Weyl
(for short: LW) operator with symbol a (or: associated with the Weyl oper-
ator A).

This terminology is motivated by the fact that the magnetic operator (3)
appears as a particular case of these operators, choosing for a the harmonic
oscillator Hamiltonian. Let us in fact determine the contravariant symbol
of A, viewed as Weyl operator M, (R**) — My, (R2"). Because of the
importance of this result for the rest of this paper we give it the status of a
theorem:

Theorem 6 Let a be the contravariant symbol of the Weyl operator A. Let
(2,¢) € R? x R*™ and 2z = (z,y), ¢ = (ps,py). The contravariant symbol
of A, viewed as a Weyl operator M; (R*™) — M7, (R?™) is given by the
formula

a(z,¢) = a(3z = JO) = a(57 — py, 5y + Pa)- (33)

Proof. The kernel of A is given by the formula
K;(z,u) = (ﬁi)n/2 e%"(z’“)ag(z —u) (34)

11



as is easily seen by performing the change of variables u = z— z( in definition
(32) and noting that o(z,z —u) = —o(z,u). We have (cf. formula (22))

a(z,0) = /R2 e RO 1 (2 + g1, 2 — g)dn
hence, using the identity o(z + %77, z— %77) = —o(z,1m),

0es) = (5ha)" [, KBty (35)

where a, is the covariant symbol of A. By definition (24) of the symplectic
Fourier transform we have

i

o) = (k)" [ o0 z)a:
R2n
hence, observing that o(n,z) +(-n=0o(n,z+ J(C),

e, () = (271rh)n/R2 e 17T ca(z)dz
where Tjca(z) = a(z — J(¢), that is

e #$Ma, (1) = Fy(Tyca)(n).

Formula (35) can thus be rewritten as

(22,0) = ()" /R e RN (Tyca) (n)dn
hence a(2z,¢) = Tyca(z) (the symplectic Fourier transform is involutive);
formula (33) follows. m

Here are two immediate consequences of the result above. The first says
that A is self-adjoint if and only A is; the second says that the LW operators
compose as the usual Weyl operators.

Corollary 7 (i) The operator gjiself-adjoint if and only a is real; (ii)
The contravariant symbol of C = AB s given by ¢(z) = c(%z — J(¢) where ¢
is the contravariant symbol of C = AB.

Proof. To prove property (i) it suffices to note that a is real if and only a
is. Property (ii) immediately follows from (26) and (33). =

12



Another consequence of these results is a statement about Landau—
Weyl operators on M, (R™). A well-known result due to Feichtinger (see
Grochenig [24] for a proof) asserts that a Weyl pseudodifferential operator
bounded on M (R") is of trace-class. Consequently the same results holds
for operators in the Landau—Weyl calculus. Therefore we can compute the
trace of these operators by integrating their kernel along the diagonal

Corollary 8 Let A be a bounded selfadjoint operator on Mjs (R™) with ker-
nel Kz. The trace of A is given by

Tr(A) = K z(z,2)dz. (36)
RQn
Remark 9 We emphasize that trace formulas of the type (36) are usually

not true for arbitrary trace-class operators (see the very relevant discussion
of “trace formulas” in Reed and Simon [40].)

3.3 Symplectic covariance and metaplectic operators

The symplectic covariance property (30) carries over to the LW calculus: for
every S € Mp(4n,R) with projection s we have

ST(2)S™ ' =T(sz) , SAS™' =B (37)
where B corresponds to b = a o s~ 1.
Metaplectic operators are Weyl operators in their own right (see [19, 20]).
Let us determine the corresponding LW operators.

Proposition 10 Let S € Mp(2n,R) have projection s € Sp(2n,R). If
det(s —I) # 0 then

S = (271rh)n/R2n as(2)T(2)dz (38)

where the function a3 is given by

Z‘y(S) i

S
a(z) = ——exp | —M;z -z 39
26 = e (M) 39
with Mg = $J(s+ I)(s — I)"'MZT. The integer v(S) is the class modulo 4
of the Conley—Zehnder index [21, 22]of a path joining the identity to S in
Sp(2n,R).

13



Proof. In [19] one of us showed that every S € Mp(2n,R) with det(s—1) # 0
can be written in the form

S = (271rh)n/Rzn a(2)T(2)dz

where a3 is given by (39). Property (i) follows. m

The operators S are metaplectic operators belonging to Mp(4n,R); we
will not prove this fact here, but rather focus on a class of elementary oper-
ators which will be very useful for defining the general parameter dependent
LW calculus in Section T7:

Lemma 11 For (y,u) € R?, ypu # 0, let STE be the unitary operator on
L2(R?") defined by

STRW(x,y) = [yl (e, py). (40)
1
L

We have STH € Mp(4n,R), (5’7’“)_1 =S5 ’i, and the projection of Sm
onto Sp(4n,R) is the diagonal matrix

SV = diag(y I, U, I, uI) (41)
(I the nxn identity).

Proof. That S7* € Mp(4n, R) and formula (41) are standard results from
the theory of metaplectic operators [20, 32, 33]. =

4 Windowed Wavepacket Transforms

In this section we treat resolutions of identity from a representation theo-
retic point of view. This approach has been of great relevance in various
works in mathematics and physics (see e.g. [15, 43] for a very general dis-
cussion of the topic). In the terminology of [43] we investigate in the present
section coherent vectors and coherent projections generated by the square
integrable representations T(z) and T(z). The square-integrability of the
representation T(z) of the Heisenberg group on L?(R"™) is the Moyal iden-
tity:

(Vo 1l Vi,102)) = (U1 |12)(1162) (42)

for ¢1, g2, 1,10 in L2(R™). Note that Moyal’s identity is equivalent to the
equality:

i)l = ([ [ (£ T@uT el (43)

14



Setting ¢¥1 = 1 and assuming that (¢1]|d2) # 0 this equality becomes a
resolution of the identity:

v=@lo) ™ [[ | @TEeTE sz (14)

In the language of frames in Hilbert spaces, this resolution of the identity
amounts to the statement that the set {T(2)y : z € R?"} is a tight frame
for L2(R™) (see [26] for a thorough discussion of frames in time-frequency
analysis). In the present setting we can always find ¢; in M (R") or in
S(R™), i.e. there exist tight frames {T(z)y1 : z € R*"} for L?(R") with
good phase space localization. The main purpose of this section is to discuss
the consequences of the square-integrability of T'(z) on L?(R?").

Unless otherwise specified ¢ will denote a function in S(R™) such that
l|¢]| = 1; we will call ¢ a “window”.

4.1 Definition and functional properties

By definition the wavepacket transform Uy on L?*(R™) with window ¢ is
defined by

wh\"/2 n
Ush(2) = ()" Wb, 0)(32) , v € S'(R"); (45)
here W (1), ¢) is the cross-Wigner distribution, defined for 1, ¢ € L?(R™) by

W) = ()" [ T+ dnole— fmdn. (10)
We observe for further use that Uy can be written

Uph(2) = (55)"7 [(32)0]0) (47)

where TI(zg) is the Grossmann-Royer operator [31, 41] defined by

~

Ti(z20)0(z) = en W@ 20)gh(2z) — z). (48)

It is useful to have a result showing how the windowed wavepacket trans-
form behaves under the action of symplectic linear automorphisms.

Proposition 12 Let s € Sp(2n,R) and ¢ € L*(R™). We have

Ut (s~ 2) = Usp(SV)(2) (49)

where S is any of the two operators in the metaplectic group Mp(2n,R)
covering S.
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Proof. It immediately follows from the well-known covariance formula

W(,¢) 0 s~ = W (S, S¢)

satisfied by the cross-Wigner distribution (see for instance de Gosson [20],
Proposition 7.14, p.207). =

The following theorem, part of which was proven in [20, 22], summarizes
the main functional analytical properties of the wavepacket transform.

Theorem 13 The wavepacket transform Uy is a partial isometry from L*(R")
into L2(R?™). More explicitly, the wavepacket transform has the following
properties: (i) Uy is a linear isometry of L*(R™) onto a closed subspace Hy
of L*(R®"); (ii) Let U : L*(R*") — L*(R"™) be the adjoint of Uy. We have
Z/{(;Ugg = I on L*(R™) and the operator Py = u¢u; is the orthogonal projec-
tion in L*(R*") onto the space Hg; (iii) The inverse Z/l(;l : Hy — LA(R™)

s given by the formula
n/2 ~
v) = B [ tputafithanalazo (50)

where v € L?(R™) is such that (v|¢) # 0; (iv) The adjoint Uy of Uy is given
by
Ui (z) = ()2 7P g2y — 2)U(y, p)dpd 51
5V (2) = (5) e & ¢(2y —x)¥(y,p)dpdy.  (51)
n>< n
Proof. Properties (i) and (ii) were proven in [22] and [20], Chapter 10, §2;

note that the fact that Uy is an isometry immediately follows from Moyal’s
identity (42):

(W (%, @)W (¥, <z>>)> <m) (W1¥")(91¢). (52)
Let us prove the inversion formula (50). Set
=, / zo )y (z)dzg

where C is a constant. For every 6 ¢ LQ(R”) we have, using successively
(47) and the Moyal identity (52),

W) =, / Ut (20)(TL(L20)16)do

= 072—71/2 (Wﬁ)3n/2 o W(¢, gf))(%Zo)W(’y, 0)(%Zo)d20

= C, (2mh)™/? |, W 0) ()W (7,0) (0)dzo

= ¢, (27h)"? (410)(4]7).
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It follows that 9" = 1) if we choose the constant C., so that C. 27h)"? (g]y) =
1, which proves (50). Formula (51) for /] is obtained by a straightforward
calculation using the identity (Upt)|¥)p2geny = (Y[UZY)2(rny and the def-
inition of Uy in terms of the cross-Wigner distribution. m

4.2 The intertwining property

Here is the key result which shows how the operators A and A are linked by
the wavepacket transforms:

Proposition 14 Let Uy be an arbitrary wavepacket transform. The follow-
ing intertwining formula hold:

T(2)Us = UsT(z) and AUy =UsA (53)
UT(2)Uy =T(2) and UjAU, = A. (54)

Proof. The proof of formulae (53) is purely computational (see [20], The-
orem 10.10, p.317, where T" and A are denoted there by T, and Ay, re-
spectively). Formulae (54) immediately follow since UjlUy = I on L%(R™).
[ ]
For instance, if

2 0% mw?
Tomo? 2
is the harmonic oscillator operator and

Hhar =

h? . 0 0 mw?
Hsym = _%Azp,y - Zm‘)L (yaw - :an> + 5 L(l'Q + y2)

is the magnetic operator considered in the introduction we have
Hsymu¢> = U¢Hhar (55)

as an immediate consequence of the second formula (53). We will use this
intertwining relation in Section 5 to recover the Landau levels and the cor-
responding Landau eigenfunctions.

4.3 WPT and modulation spaces
The cross- Wigner transform (46) is related to the STFT by the formula

W0 = (3)" RV o () (60
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where we set as usual ¥)(z) = ¥(\z) for a non-zero A € R, ¢V(z) =
¢(—x). It follows that there is a simple relationship between the windowed
wavepacket transform U, and the short-time Fourier transform V. In fact,
using formula (56) relating V; to the cross-Wigner transform together with
definition (45) of U, we have:

Usth(2) = €3V Vo _th <z/2\/27rh> (57)
and hence also
__—4miy-x
Vab(s) = e Uy ) o (2\/27rhz) : (58)

Proposition 15 (i) We have ¢ € M} (R™) if and only if Ugp € L, (R*")
for one (and hence for all) window(s) ¢ € S(R™). (i) For ¢ € S(R"),
¢ # 0, the formula

Wl o = sl (59)
defines a family of norms on M&S (R™) which are equivalent to the norms
Hzpﬂfﬁs defined by (13). (iii) The operator Uj; maps L. (R®™) into M, (R™)

and the inversion formula (50) in Theorem 13 holds in M; (R"). (iv)
M, (R") is invariant under the action of the metaplectic group Mp(2n,R).

Proof. (i) Immediately follows from formula (57) using Lemma 1. The
statement (ii) follows from Proposition 11.3.2 in [26]; (iii) follows from
Corollary 11.3.4 in [26]. Properties (iv) and (v) have been established in
Proposition 11.3.2 of [26]. =

5 Spectral Properties

We are going to use the results above to compare the spectral properties of
A and A. We assume throughout that the operators A and A are defined
on some dense subspace of L2(R") and L?(R?"), respectively.

5.1 General results

The following result is very useful for the study of the eigenvectors of the
LW operators:

Lemma 16 Let (¢j)jer be an arbitrary orthonormal basis of L*(R™); set-
ting @ = Uy, @1 the family {®; . : (j,k) € F x F'} forms an orthonormal
basis of L*(R?"), i.e. L?>(R?") = @D, Hy, (Hilbert sum).
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Proof. It is sufficient to prove the result for Uy, . Since the Uy, are isometries
the vectors ®;; form an orthonormal system. Let us show that if ¥ €
L%(R?") is orthogonal to the family (®;);x (and hence to all the spaces
Hg,;) then it is the zero vector; it will follow that (®;);x is a basis. Assume
that ((U|®;1)) = 0 for all j, k. Since we have

(W) = (Vs 0k)) = U, ¥ o%)

this means that L{(Zj\ll = 0 for all j since (¢;); is a basis. In view of Theorem
13(ii) we thus have Py, ¥ =0 for all j so that ¥ is orthogonal to all Hys . m

Theorem 17 (i) The eigenvalues of the operators A and A are the same;
(i1) Let 1 be an eigenvector of A: A = Xp. Then W = Uy is an eigenvec-
tor of A corresponding to the same eigenvalue: AU = \U. (i) Conversely, if
U s an eigenvector of A then ) = LI;;\II is an eigenvector of A corresponding
to the same eigenvalue.

Proof. (i) That every eigenvalue of A also is an eigenvalue of A is clear: if
A = M for some ¢ # 0 then

AUp) = Us Ay = Nyt

and ¥ = Uy1p # 0 ; this proves at the same time that Uy is an eigenvector
of A because Uy has kernel {0}. (ii) Assume conversely that AV = AW for
U € L2(R?"), ¥ # 0, and A € R. For every ¢ we have

AU = USAT = XU

hence A is an eigenvalue of A and @ an eigenvector if ¢ = U # 0. We
have Uyp = L[¢Ll;§\11 = P4V where P, is the orthogonal projection on the
range Hy of Uy. Assume that 1) = 0; then Py¥ = 0 for every ¢ € S(R"),
and hence ¥ = 0 in view of Lemma 16. =

The reader is urged to remark that the result above is quite general: it
doses not make any particular assumptions on the operator A (in partic-
ular it is not assumed that A is self-adjoint), and the multiplicity of the
eigenvalues can be arbitrary. B

Let us specialize the results above to the case where A is (essentially)
self-adjoint:

Corollary 18 Suppose that A is a self-adjoint operator on L?(R™) and that
each of the eigenvalues Ao, A1, ..., Aj, ... has multiplicity one. Let g, 1, ..., 105, ...
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be a corresponding sequence of orthonormal eigenvectors. Let V; be an eigen-
vector of H corresponding to the eigenvalue \j. There exists a sequence
(ajk)k of complex numbers such that

v, = ZOA]’,Z‘P]‘I with Wi =Uyp,v; € HjNHy. (60)
y4

Proof. We know from Theorem 17 above that A and A have same eigenval-
ues and that V; . = Wy, 1; satisfies fI\IIjJC = A\;¥; . Since A is self-adjoint
its eigenvectors 1p; form an orthonormal basis of L*(R™); it follows from
Lemma 16 that the ¥, form an orthonormal basis of L?(R?"), hence there
exist non-zero scalars ;¢ such that ¥; = Zk,é ok e¥re. We have, by

linearity and using the fact that X\IJM = AV,

A\Ifj = Zaj,k,ZA\IJk,Z = Zaj,k,ékk\pk,é-
k¢ k.

On the other hand we also have E\I'j =\ V5,

fI\IJj =\V; = Z ke Nj Vi o
j?k
and this is only possible if a; ;. = 0 for k # j; setting o, = a; j» formula
(60) follows. (That ¥;, € H; NHy is clear using the definition of H, and
the sesquilinearity of the cross-Wigner transform.) m

5.2 Shubin classes

Shubin has introduced in [46] very convenient symbol classes for studying
global hypoellipticity. These “Shubin classes” are defined as follows: let
HT™ (R?™) (mg,m; € R and 0 < p < 1) be the complex vector space of
all functions a € C°°(R?") for which there exists a number R > 0 such that
for |z| > R we have

Col=[™ < la(2)] < Calz™ , |02a(z)| < Calalz)]]z| 71 (61)

for some constants Cy, Cy,C, > 0; we are using here multi-index notation
a = (ay,..,00) €N, |a| = a1 +-+ag,, and % = 991099y - 952,
We notice that the Shubin classes are invariant under linear changes of vari-
ables: if f € GL(2n,R) and @ € HT;""™°(R?*") then ao f € HL'p'W™ (R?").
In particular they are invariant under linear symplectic transformations.
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We denote by HG,'""™°(R"™) the class of operators A with 7-symbols a,
mi,mo

belonging to HI', (R?"); this means that for every 7 € R there exists
a; € HT'M"™(R?™) such that

Aule) = ()" [ 601 = e+ 7y Quty)dyde

choosing 7 = % this means, in particular, that every operator with Weyl
symbol a € HI"™"™(R?") is in HG,'™""™° (R?"). Conversely, the condition
a € HT"W™(R?) is also sufficient, because if a, € HI'p'""™ (R?") is true
for some 7 then it is true for all 7.

Shubin [46] (Chapter 4) proves the following result:

Proposition 19 (Shubin) Let A € HG,™"™ (R?™) with mg > 0. If A is
formally self-adjoint, that is if (AY|p) = (Y|Ap) for all Y,¢ € CF(R™),
then: (i) A is essentially self-adjoint and has discrete spectrum in L*(R™);
(1t) There exists an orthonormal basis of eigenfunctions ¢; € S(R™) (j =
1,2,...) with eigenvalues \j € R such that lim;_,o | ;| = 0.

This result has the following consequence for LW operators:

Corollary 20 Let A € HG,""(R?") be formally self-adjoint. Then the
LW operator A has discrete spectrum (Aj)jen and limj_.o |Aj| = 0o and the
etgenfunctions of;[ are in this case given by @i = Uy, ¢ where the ¢; are
the eigenfunctions of A; (iv) We have ®;, € S(R*) and the ®jj form an
orthonormal basis of ¢; € S(R™).

Proof. It is an immediate consequence of Theorem 17 using the proposition
above. m

5.3 Gelfand triples

Dirac already emphasized in his fundamental work [9] the relevance of rigged
Hilbert spaces for quantum mechanics. Later Schwartz provided an instance
of rigged Hilbert spaces based on his class of test functions and on tem-
pered distributions. Later Gelfand and Shilov formalized the construction
of Schwartz and Dirac and introduced what is nowadays known as Gelfand
triples The prototypical example of a Gelfand triple is (S(R", L?(R", S’ (R")).
In the last decade Feichtinger and some of his collaborators (see [16, 10, 5])
emphasized the relevance of the Gelfand triple (M} (R™), L*(R"), M, (R™))

1/vs
in time-frequency analysis. An important feature of Gelfand triples is the
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existence of a kernel theorem, as we explained in Subsection 2.3. In the
present investigation these classes of Gelfand triples will allow us to treat
the case of the continuous spectrum of selfadjoint operators.

The main idea underlying the notion of Gelfand triple is the observation,
that a triple of spaces — consisting of the Hilbert space itself, a small (topo-
logical vector) space contained in the Hilbert space, and its dual — allows a
much better description of the spectrum. The main appeal of the notion of
Banach triple is, in our context, the fact that we can even take a Banach
space, namely the modulation space Mq}s (R™).

Definition 21 A (Banach) Gelfand triple (B, H,B') consists of a Banach
space B which is continuously and densely embedded into a Hilbert space 'H,
which in turn is w*-continuously and densely embedded into the dual Banach
space B'.

In this setting the inner product on H extends in a natural way to a
pairing between B and B’ producing an anti-linear functional F' of the same
norm. The framework of the Gelfand triple (S(R", L?(R"),S’(R™)) or more
generally of (M, (R™), L*(R™), M v (R™)) allows one to formulate a spectral
theorem for selfadjoint operators on S(R™) or M, (R"). If F(A¢) = AF(¢)
holds for all ¥ € M; (R") or in S(R™) in the distributional sense, then
A is called a generalized eigenvalue to the generalized eigenvector of the
selfadjoint operator A. For a given generalized eigenvalue A € C we denote
by Ej be the set of all generalized eigenvectors F' in M) (R™) or S(R™),
respectively. The set of all generalized eigenvalues Uy E), is called complete, if
for any 1, ¢ in My, (R™) or S(R™) such that F'(¢) = F(¢) for all F' € UEj,

then ¢ = ¢.

Theorem 22 Let T be a selfadjoint operator on M, (R™) or S(R™). Then
all generalized eigenvalues X are real numbers and L?(R™) can be written
as a direct sum of Hilbert spaces H(\) such that Ex C Hy, and such that
the X-component of Tf is given by (Af)x = Af for all M} (R") or S(R™).
Moreover, the set of generalized eigenvectors UyE) is complete.

As an illustration we treat generalized eigenvectors of the translation
operator T, f(y) = f(y — x). We interpret the characters y, (z) = e 2™w®
as generalized eigenvectors for the translation operator T, on Mgs (R™). Fur-
thermore the set of generalized eigenvectors {y, : w € R"} is complete by
Plancherel’s theorem, i.e., if the Fourier transform f(w) = (x,, f) vanishes
for all w € R™ implies f = 0. This suggests to think of the Fourier transform
of f at frequency w as the evaluation of the linear functional (x., f).
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Therefore the preceding theorem allows us to deal with the continuous
spectrum as treated in Theorem 17 for the discrete spectrum.

5.4 Application to the Landau levels

As an illustration consider the harmonic oscillator Hamiltonian (2) of the
Introduction. To simplify notation we take m = w = 1 (this corresponds to
the choice v = p =1 for AW‘); in addition we choose units in which A =1 In
view of the results above the spectra of the harmonic oscillator Hamiltonian
(2) and of the magnetic operator (3) are identical. The eigenvalues of the
first are the numbers Ay = k + % (k an integer). These are the well-known
Landau energy levels [38]. The harmonic oscillator operator (2) satisfies the
assumptions of Corollary 18. The normalized eigenvectors are the rescaled

Hermite functions
2

on(x) = (2°kI/m) "2e 3 Hy (x).
where
km_z? ([ d\k —a?
Hi(z) = (=1)"e™ () e

is the k-th Hermite polynomial. Using definition (45) of the wavepacket
transform together with known formulae for the cross-Wigner transform
of Hermite functions (Thangavelu [48], Chapter 1, Wong [51], Chapter 24,
Theorem 24.1) one finds that the eigenvectors of the magnetic operator are
linear superpositions of the functions

1 2
j it \2o0-% kpk — =2
®;ap(2) = (1Y 7= ()" 2725 Lh (B P)e
and ®; ;1 = Py for k= 0,1,2,...; in the right-hand side z is interpreted
as z + 1y and

E;C(ac) = %aj_kex (d%)j (e_z:vj+k) ,r>0

is the Laguerre polynomial of degree j and order k. In particular we recover
the textbook result that the eigenspace of the ground state is spanned by
the functions

D oz, y) = (K126 m) 12 (2 — iy)ke—a (@07,

notice that this eigenspace is just Hgy,. Finally we want to mention that
the intertwining between the Weyl calculus and the Landau—Weyl calculus
allows one to define annihilation and creation operators as in the case of
the harmonic oscillator. Therefore our calculus provides us with natural
operators that allow us to “move” between the eigenvectors of the Landau
levels. We will come back to this issue in a forthcoming work.
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6 Regularity and Hypoellipticity Results

We begin by stating a few boundedness results for Weyl and Landau—Weyl
operators in modulation spaces. The main result of this section is Theorem
28 where we prove a global hypoellipticity result for Landau—Weyl operators
whose symbol belong to the Shubin class HI',""™(R*").

6.1 Global hypoellipticity

In [46] (Corollary 25.1, p. 186) Shubin has introduced the notion of global
hypoellipticity (also see Boggiatto et al. [3], p. 70). This notion is more
useful in quantum mechanics than the usual hypoellipticity because it in-
corporates the decay at infinity of the involved distributions.

Definition 23 We will say that a linear operator A : 8'(R") — S’(R") is
“globally hypoelliptic” if we have

Y € S8'(R") and Ay € S(R™) = ¢ € S(R™). (62)

Our discussion of pseudodifferential operators suggests the following re-
finement of the notion of global hypoellipticity to the setting of modulation
spaces:

Definition 24 If A : Mf7vs (R™) — Mf;)vs (R™) is a linear mapping, then
it is “s-hypoelliptic” if we have

Y € Myj, (R") and Ay € My, (R") = € My (R"). (63)

That this definition really provides us with a refinement of Definition 23
follows from the following observation:

Lemma 25 If A is s-hypoelliptic for every s > 0 then it is globally hypoel-
liptic.

Proof. Let ¢ € §'(R™); in view of the second equality (20) there exists sg

such that ¢ € Mf;’vso (R™). The condition Ay € M, (R") for every s then

implies that 1 € Ml}s (R™) for every s > 0 hence our claim in view of the
first equality (20). m

Let us return to the Shubin classes we used in Section 5 when we studied
spectral properties of Landau—Weyl operators. Using the properties of these
classes Shubin ([46], Chapter IV, §23) constructs a (left) parametrix of A.
i.e. a Weyl operator B € GI',™" " (R") such that BA = I + R where the
kernel of R is in S(R™ x R"™); from the existence of such a parametrix follows
readily that:
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Proposition 26 Any Weyl operator A € HG,"™"™°(R?") is globally hypoel-
liptic.

Note that the previous proposition of Shubin remains true for the case
of modulation spaces, because all the arguments of his proof remain valid
for this more general class of function spaces.

In [6] Fredholm properties of (localization) pseudodifferential operators
on modulation spaces have been proved by Cordero and Groéchenig. These
results provide natural generalizations of well-known results due to Shu-
bin on global hypoellipticity. We invoke their results to get some classes
of pseudodifferential operators that are s-hypoelliptic. We will use the fol-
lowing refinement of Proposition 26, also due to Shubin ([46], Chapter IV,
§25):

Proposition 27 A € HG,""™°(R?*") be such that Ker A = Ker A* = {0}.
Then there exists B € HG, ™" ™°(R*") such that BA= AB =1 (i.e. B is
the inverse of A).

In [6] a class of symbol classes M, is introduced, which for the weight v
contains the classes HG)'""" (R?"). Therefore by Theorem 7.1 in [6] we get
a result about the s-hypoellipticity for Landau—Weyl operators. The main
result of this section is the following global hypoellipticity result:

Theorem 28 The Landau—Weyl operator A associated to an operator A €
GL'V ™ (R?) such that Ker A = Ker A* = {0} is s-hypoelliptic for each
s > 0 and hence also globally hypoelliptic.

Proof. In view of Proposition 27 the operator A has an inverse B belong-
ing to HG,™" ™ (R?"). In view of Corollary 7 the LW operator B is then
an inverse of A. Assume now that AU = ® € S(R?"); then ¥ = B®. The
classes of symbols studied in Theorem 7.1 and Corollary 7.2 in [6] contain the
Shubin classes GT',""""""?(R™) as one sees by an elementary argument. There-
fore it follows that any Weyl operator A € HI',""™°(R?") is s-hypoelliptic
for every s > 0, and thus globally hypoelliptic in view of Lemma 25. =

Consequently, the Landau—Weyl operator A associated to an operator
A € GT""™(R™) such that Ker A = A* = {0} is s-hypoelliptic for every
s >0, i.e. it is globally hypoelliptic.

Remark 29 The condition A € GI)""™ (R2") does not imply that A €
GL'V™ (R as is seen by inspection of formula (33) for the symbol @.
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Let us illustrate this when the symbol a is a non-degenerate quadratic
form:

Example 30 Let a be a positive-definite quadratic form on R?": a(z) =
%Mz -z with M = MT > 0. Then A is globally hypoelliptic; in fact a €
HF?’Q(RQ”) as is seen using an adequate diagonalization of M. The operator

A s globally hypoelliptic. In particular the magnetic operator (3) is globally
hypoelliptic.

Notice that in this example we have recovered the global hypoellipticity
of the magnetic operator obtained by Wong [52] using very different methods
(the theory of special functions).

6.2 Regularity results for the Schrodinger equation

Let us apply some of the previous results to the study of regularity properties
of the Schrodinger equations

L0 0 ~
ihg b= HY , iho U= HU.

Let the Hamiltonian function be a quadratic form:

H(z)=iMz-z , M=M".
The corresponding Hamiltonian flow consists of the linear symplectic map-
pings s; = e/M and is hence a one-parameter subgroup of Sp(2n,R). It
follows from the theory of covering spaces that there is a bijective corre-
spondence between the one-parameter subgroups of the symplectic group
Sp(2n,R) and those of the metaplectic group Mp(2n,R); let us denote this
correspondence by p. Thus

p(st) = St

means that if (s;) is a one-parameter subgroup of Sp(2n,R) then (S;) is
the only one-parameter subgroup of Mp(2n,R) whose projection is precisely
(s¢). We will similarly write

fi(st) = Sy

where S; € Mp(4n, R) is defined by formula (38).
The first part of following result is well-known:
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Proposition 31 Let (s;) be the Hamiltonian flow determined by the Hamil-
ton equations z = JO,H(z) = Mz. The one parameter groups (S;) and (St)
defined by S; = p(s¢) and Sy = [i(s¢) satisfy the Schrédinger equations
inls —nms, , nls =g (64)
g0t T Hor s o = o
where H(x,—ihd,) and H are the Weyl and LW operators determined by
the Hamiltonian function H.

Proof. That S; satisfies the first equation (64) is a classical result (see for
instance [20, 32, 33], for detailed accounts). That S, satisfies the second
equation immediately follows. m

We next show that the spreading of wavefunction ¥ and its evolution in
time can be controlled in terms of the spaces L} (R?").

Proposition 32 Let U € S'(R?") is a solution of the Schrédinger equation

m%\f = HU , ¥(-,0) =, (65)

If ¥o € Hy N LE_(R?™) for some ¢ then ¥(-,t) € L} (R*") for every t € R.

Proof. Since ¥y € Hy we have Wy = Uytpg for some 1)y € L?(R™); the
condition ¥y € L} (R?") implies that ¢o € M, (R™). Let ¢ be the unique
solution of the Cauchy problem

o0y

Zha = HQ/} ) 1/}(70) = 1/}0;

that solution is 1 = St} in view of Proposition 31, hence (-, t) € Mjs (R™)
for every ¢ € R. We claim that the (unique) solution of (65) with ¥y €
He N L})S (R?") is ¥ = Uyy; the proposition will follows in view of the
definition of M, (R™). Set W' = Uyyp. Since HUy = UyH (z, —ihd,) in view
of the second equality (53) in Proposition 14, we have

L ov
ih 5

Now ¥/'(-,0) = ¥y hence V' =VU. =m

= u¢(m§t¢) = Huyp = HY'.
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7 Generalization; Application to Deformation Quan-
tization

7.1 The operators Avn

Let us show how to generalize the constructions above to the operators A
corresponding to the more general quantization rule (1).
We begin by noting that the operators X]’“ and Yj%” are obtained from

)Afj and }~’j by conjugation with the metaplectic rescalings S7# defined in
Lemma 11:

X’j%u - §%ujfj(§%u)fl 7 f/jwt - §%uf/j(§%u)*1_ (66)

(the proof is purely computational and is therefore omiﬁted). These formulae
suggest the following definition: for any LW operator A and (v, ) € R? such
that vyu # 0 we set B o

AVH = STHA(STH) L (67)

We have:
Proposition 33 (i) The contravariant symbol of A7 : S(R2") — S'(R?")
1s the function

V(@ s ey py) = alFx — Spy, 5y + 1ps) (68)

where a is the contravariant symbol of A. (ii) We have

D= ()" [ T s (69)

(Bochner integral) where ay* = SV a, and TV (z) is the unitary operator

defined by ‘
ivp

T (20)W(2) = e~ 3 TE20)P (2 — 2). (70)

Proof. Formula (68) follows from the symplectic covariance (30) of Weyl
calculus taking (41) into account. Formula (69) follows, by a change of
variables in definition (32) of A. m

The following intertwining result is a straightforward consequence of
Proposition 14:

Corollary 34 (i) The mapping Uy" = STHUYy is an isometry of L*(R™)
onto the closed subspace ’H;’” = ;SNW’“’Hqg of L*(R?™); explicitly

n/
Utz = ()" W (. 0) (b, ). (71)
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1) The operator AVH satisfies the intertwining formula
(it) 9
APt = UM A with U = STHUL, (72)

Proof. (i) L{(Z’“ is the compose of two isometries hence an isometry. H;’“ is
closed because Hy is, and S7# is an isomorphism L2(R™) — L2(R™). (ii)
Formula (72) immediately follows from the definitions of A7# and LI(Z’“ and
the second intertwining formula (53). =

7.2 The Moyal product and Deformation Quantization

The Moyal product plays a central role in deformation quantization of Flato
and Sternheimer [1]. Let H be a Hamiltonian function and assume that
U € S(R™); the Moyal product [1] H %5 ¥ is defined by

(H 1 ¥)(2) = (z35) " / / e U H (2 + §u) (= — Jo)dudv;  (73)
R xR"™

when h = 1/27 it reduces to the twisted product # familiar from standard
Weyl calculus: H /o, ¥ = H#V.
We claim that
H4p U = H*Y0 = H(x — Lihdy, p + Liho, ) V. (74)
The proof is similar to that of Theorem 6. Let us view ¥ —— H x5 ¥ as

a Weyl operator, denoted by Hxp. Using formula (73) the distributional
kernel of Hxp is given by

Ktto () = (50) " /R ) 7w (2~ Lu)du (75)

hence, using (22) and the Fourier inversion formula, the contravariant sym-
bol of Hxp is given by

H(z,¢) = /2 € F N b, (2 + §m, 2 — m)dn.
R n
Using (75) and performing the change of variables u = 2z +n — 2’ we get

Kt (2 + 31,2 = In)dn = (555) ™" R o) /Ran eF O H (3 d
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setting H(12') = H /5(2') the integral is (277)" times the symplectic Fourier
transform F"Hy jo(—n) = (Hy2)o(—n) so that

St

H(lz ) = (2;)”/]% e FEMeE N (H )0 (—m)dn
= (

)n/ eféa(wjg’n)(Hl/Q)a(??)d??

RQn

Since the second equality is the inverse symplectic Fourier transform of
(Hy/2)s calculated at z + J¢ we finally get

=

)
St

T

H(z, ) = H(z + 3600 — 5C2) (76)

with ¢ = (G, Gp)-

An immediate consequence of these results is:

Proposition 35 The isometries Z/Ii’l defined by the formula

U p(2) = (eh)" 2 W (1, 6)(2) (77)
satisfy the intertwining relation
(H >n OUS" = U H.

Proof. Formula (77) is just (71) withy=2,u=1. =

8 Concluding Remarks

Due to limitations of length and time we have only been able to give a
few applications of the theory of modulation spaces to the Landau—Weyl
calculus. Modulation spaces and related topics shave turned out to be the
proper setting for the discussion of pseudodifferential operators in the last
decade, see for instance the papers [25, 30] and the references therein; for
related topics such as the spaces ¢4(LP) see for instance the work of Birman
and Solomjak [2], Christ and Kiselev [4] or Simon [42]. Recently modula-
tion spaces have also found various applications in the study of Schrédinger
operators (see Cordero and Nicola [7, 8]).
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