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Abstract

We study a class of pseudodifferential operators known as time—frequency localization
operators, Anti-Wick operators, Gabor-Toeplitz operators or wave packets. Given a symbol a
and two windows ¢,, ¢,, we investigate the multilinear mapping from (a, @,, @,) € & (R*) x
P (R x #(R?) to the localization operator AJ"" and we give sufficient and necessary
conditions for AJ"%> to be bounded or to belong to a Schatten class. Our results are
formulated in terms of time—frequency analysis, in particular we use modulation spaces as
appropriate classes for symbols and windows.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Time—frequency localization operators are a mathematical tool to define a
restriction of functions to a region in time—frequency plane that is compatible with
the uncertainty principle and to extract time—frequency features. In this sense they
have been introduced and studied by Daubechies [10] and Ramanathan and
Topiwala [29], and they are now extensively investigated as an important
mathematical tool in signal analysis and other applications [17,35,37]. In other
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mathematical contexts, time—frequency localization operators have already been
used as a quantization procedure (““Anti-Wick operators’’) by Berezin [1,30] or as an
approximation of pseudodifferential operators (““‘wave packets”) by Cordoba and
Fefferman [8,9].

While the investigation of this particular class of pseudodifferential operators is
usually carried out within “hard analysis™, we will study localization operators as a
part of time—frequency analysis. The very definition of a localization operator by
means of the Schrodinger representation and the short-time Fourier transform
suggests such an approach. Using function spaces associated to the short-time
Fourier transform, the so-called modulation spaces, we will obtain the sharpest
results for boundedness and Schatten class properties that are known so far.
Furthermore, we will show that these results are in some sense optimal [11]. This is
yet another example where modulation spaces are the appropriate function spaces.

To be more specific, we define the operators of translation and modulation by

Tof()=f(t—x) and M,f(1) = ™f (1) (1)

For a fixed non-zero ge % (R?) the short-time Fourier transform of /'€ %’(R?) with
respect to the window g is given by

Vof(x0) = (f\ MoTogy = /R (@)l 2)

Then the time—frequency localization operator A35"?* with symbol @ and windows
@1, ¢, 1s defined to be

Az = |

’ a(x,w) Ve, f(x,0)M,Txp,y(t) dx do. (3)
R

If a = y, for some compact set Q< R> and ¢, = ¢,, then AJ"?* is interpreted as the
part of f that “lives on the set Q” in the time—frequency plane. This is why 45" is
called a time—frequency localization operator. If ae.%”’(R*) and ¢, p,e S (R?),
then (3) is a well-defined continuous operator from .#(RY) to .&/(RY). If ¢,(t) =
0, (1) = e~™  then A, = AJ""* is the classical Anti-Wick operator and the mapping
a— A$"? is interpreted as a quantization rule [1,30,37].

Note that the time-frequency shifts (x, w, 1)~ tT M,,, (x,0)eR* |t| =1, define
the Schrodinger representation of the Heisenberg group; for a deeper understanding
of localization operators it is therefore natural to use the mathematical tools
associated to time—frequency shifts (see [19,23]).

Often it is more convenient to interpret the definition of 45""* in a weak sense,
then (3) can be recast as

<A§f"¢2f7g> = <th/)]fa Vrng> = <a, Vrplerng>a f’ge(V([Rd). (4)
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Here we will study localization operators as a multilinear mapping (a, @, @,)—
AY"?. Our main interest focusses on the interplay between the roughness of the
symbol a and the time-frequency concentration of the windows ¢; (j = 1,2).

To measure the time—frequency concentration of functions and distributions, we
use norms and function spaces that are associated to the short-time Fourier
transform, namely the class of modulation spaces. As special case we mention
Feichtinger’s algebra M'(RY) defined by the norm

1/ e = Vo f M|y goay < 0

for some (hence all) non-zero ge.%(RY) [12,23]. Its dual space M * (R*?) is a very
useful subspace of tempered distributions [30] and possesses the norm

1/ ag= = sup Vo f(x, )< 0.

(x,0)eR*

Integrability conditions and decay estimates of the short-time Fourier transform
occur naturally and inevitably in the study of localization operators and we will use
the associated function spaces as symbol classes. While not as well known as the
classical Hormander classes or Shubin classes [30], modulation spaces appear to be
the appropriate spaces for understanding time—frequency localization operators.

To give a flavor of the type of results, we formulate a simple sufficient condition
for the L?-boundedness of a localization operator.

Theorem 1.1. If ae M™ (R*), and ¢, p,€ M (R?), then A" is bounded on L*(R?),
with operator norm at most

14277 lop < Cllallar= @1 [ar [|@2] a1 -

Since M * contains L and measures of the form a = )", _ 2 axdi with (ax) e/ ™,
Theorem 1.1 is a considerable improvement of the results in [3,17,36,37].

While it seems hopeless to find a characterization for the boundedness of 4
for a fixed pair of windows, the condition ae M* is optimal in the following
sense.

P1,92
a

Theorem 1.2. If A" is bounded on Lz([Rd) uniformly with respect to all windows
¢1, €M, ie., if there exists a constant C >0 depending only on the symbol a such
that, for all ¢, p,e ¥ (R),

14275, <Clloillanll@allan (5)

then ac M.

In Section 3 we will derive a host of sufficient conditions for the boundedness and
Schatten class of localization operators in terms of properties of the symbol a and
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Table 1

Symbol Windows Operator

2 ¢ ) AQ2

L (RY) M'(RY) M'(R) B(L(RY))
M7 (R¥) M (RY) M; (RY) B(M(R"))
H(R¥), M2 (RY) M2 (RY) S>

My (R), M} (RY) M, (R’) Sp

&' (R Z(RY) (R S

the windows ¢, ,. In most cases we use modulation spaces (defined in Section 2.2)
as the appropriate classes of symbols and windows. Some known results and our new
results are summarized in Table 1. The first line with anti-Wick symbol ae L* = M *
is well known, see, e.g. [17,37]. The second line is the general version of Theorem 1.1
and will be proved in Section 3.1. The Hilbert—Schmidt result of line 3 was obtained
in [4], the general condition for membership in the Schatten class S, will be proved in
Section 3.2, the trace class result in Section 3.3.

Our analysis of localization operators will heavily use the interplay between time—
frequency methods and the Weyl calculus. The techniques used to prove the optimal
results will combine the following ingredients.

(a) Representation of the localization operator Ay""> as a Weyl transform. Let
W(g,f ) be the cross-Wigner distribution as defined in (8). Then the Weyl transform
L, of 6e.%'(R*) is defined by

(Lof,g)> = <o, W(g.f)>, [f.geF(R?). (6)

Every continuous operator from .#(RY) to .#/(RY) can be representated as a Weyl
transform, and a calculation in [4,19,30] reveals that 45"" = L. (4,4, SO the
(Weyl) symbol of A45"% is given by

o=axW(p,, ). (7)

(b) Boundedness of pseudodifferential operators. Formula (7) allows us to apply
known results about pseudodifferential operators to investigate time—frequency
localization operators. To obtain sharp results, we will use the improvement of the
Calderon—Vaillancourt Theorem in [24] which uses modulation spaces instead of the
Hoérmander classes as symbols.

(c) Convolution relations of modulation spaces. In view of (7) we need to understand
convolution relations between modulation spaces and properties of the Wigner
distribution. While there is now a large body of literature on modulation spaces and
their applications, the analysis of localization operators poses new questions and
requires new properties of these spaces. A large part of Section 2 is therefore devoted
to the study of modulation spaces.
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(d) 4 new characterization of M'. The statement about necessity of Theorem 4.3 is
related to a new representation theorem for Feichtinger’s algebra M in Section 5.
This representation resembles the characterization of the Hardy space H' as the
projective tensor product H2® H?* and seems to be of independent interest.

Notation. We define 12 = ¢ - ¢, for teR?, and xy = x - y is the scalar product on RY.

The Schwartz class is denoted by % (IR"’), the space of tempered distributions by
Z'(R%). We use the brackets ¢ f,g)> to denote the extension to & (RY) x .#'(R?) of
the inner product {f,g> = [f(t)g(t)dt on L*(R?). The Fourier transform is
normalized to be f () = Zf(w) = [f(t)e > dt, the involution g* is g¢*(¢) =
g(=1).

The singular values {s;(L)};”, of a compact operator LeB(L*(R?)) are the
eigenvalues of the positive self-adjoint operator v/L*L. For 1 <p< oo, the Schatten
class S, is the space of all compact operators whose singular values lie in /. For
consistency, we define S., = B(L*(RY)) to be the space of bounded operators on
L*(RY). In particular, S, is the space of Hilbert-Schmidt operators, and S is the
space of trace class operators.

Throughout the paper, we shall use the notation 4 < B to indicate A<cB for a
suitable constant ¢>0, whereas A =< B if A<cB and B<kA, for suitable ¢, k>0.

2. Time—Frequency methods
First we summarize some concepts and tools of time—frequency analysis. Since

these methods are now available in textbooks [19,23], we will make free use of those
results and not strive to make the paper self-contained.

2.1. Short-time fourier transform (STFT) and wigner distribution

The time—frequency representations needed for the Weyl calculus and for
localization operators are the short-time Fourier transform and the Wigner
distribution.

The short-time Fourier transform (STFT) of a distribution f € & (Rd) with respect
to a non-zero window ge.#(RY) is

Vof(x,0) =< f,M,Txg) = /Rd F(O)g(t = x)e2m! g,
whereas the cross-Wigner distribution W(f,g) of f,ge L*(R?) is defined to be

W(r0o) = [ £(x+3)o(x—3)e > dr C

s
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The quadratic expression Wf = W(f,f ) is usually called the Wigner distribution

of f.
Both the STFT V,f and the Wigner distribution W(f,g) are defined on many

pairs of Banach spaces. For instance, they both map L*(R?) x L*(R?) into L*(R*)
and Z(R?) x #(R?) into % (R*?). Furthermore, they can be extended to a map from
S (RY) x #'(RY) into ' (R*).

We first list some crucial properties of the STFT (for proofs, see [23, Chapter 3]
and [25]).

Lemma 2.1. Letf',g,ﬁ,g,eLz(Rd), j=1,2, then we have

() Vyf(x,0) = (f - T:§)" (0) = e 7 (f * (Mog)") (x).
(i) (STFT of time—frequency shifts) For y,éeR?, we have

Vo(M:Ty f ) (x,0) = e (1, f ) (x — y,0 = &) 9)
V<M5Tyy)(Mé T,f)(x o) = ezm(gx—wy)(ng )(x, ) (10)

(iii) (Fourier transform of a product of STFTs),

(Vgl h ngfz)/\ (x,w) = (szﬁm)(fwa X).

Note that (9) and (10) can be read backwards and yield a formula for the 2d-
dimensional time-frequency shift M;T.(V,f ), z,{eR*.

To investigate the local properties of the STFT, we will need to compute the
STFT of a STFT. Since the STFT of a function on R* is a function on R*, we
distinguish between the STFT V,f(x,o),(x,0)eR*, of fes'(R?) and the
STFT 7 '4F(z,0),(z,{)eR* of Fes'(R*). We write z = (z,20)eR*® and { =
(¢1,¢,) R when necessary.

Lemma 2.2. Fix a nonzero p€.%(RY) and let f,ge & (RY).
(a) Set @ = V,pe S (R*). Then the STFT of V,f with respect to the window @ is
given by

Vo(Vyf )(z,0) = e ™20V g(—z1 — 00, () Vo f(—(az2 + (). (11)

(b) Let @ = W(¢p,p)e S (R*). Then the STFT of W(g,,®,) with respect to the
window @ is given by

VoW (92, 0))(2,0) = e 222V, 0, (Zl - % 27 Cz_l) Vo) (Zl - % o+ Cz_l) (12)
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Proof. Before we calculate ¥ ¢ (V, f )(z,0) = KV, f , M;T.®> = (V,f T.®)" ({), we

rewrite the time—frequency shift M;T.®. We use Lemma 2.1(ii) to evaluate 7.9 and
find that

T-P(x,0) = Vyop(x,0)(x —z1,0 — 22) = eFri(0=22) 2 Vo(M_, T, 0)(x, ®).

Now we substitute this expression into the formula for ¥7¢(V,f ), and after
rearranging some terms we apply Lemma 2.1(iii):

Vd‘(ng)(Za C) = < ngaMCTz¢>

// 1% f X, CL) (Mzz Tzl (P)(x, w)e—2ni[(xg’1+(u§2)+(w—22):]] dx do
R

22 hl

27{12123// fo w (M T, )(x,w)g*Zni[Cer(szz)w] dx dw
2nlz]:2 V f V. (M72T21 )) (C],Zl +§2)
=2 (Vo 1o f - Vod) (=21 = 0,01)

=e M2l (Y (=l 2+ ) Veg(—21 — 0, 0)).

This proves (a).
(b) was proved in [23, Lemma 14.5.1], related versions occur in [27,28]. [

2.2. Modulation spaces and other function spaces

Modulation spaces. The modulation space norms are a measure of the joint time—
frequency distribution of /'€ %’. For their basic properties we refer, for instance, to
[23, Chapters 11-13] and the original literature quoted there.

For the quantitative description of decay properties, we use weight functions on
the time—frequency plane. In the sequel v will always be a continuous, positive, even,
submultiplicative weight function (in short, a submultiplicative weight), i.e., v(0) =
1, v(z) = v(—z), and v(z; 4 22) <v(z1)v(z3), for all z,z),z,eR*. A positive, even
weight function m on R*? is called v-moderate if m(z) + z;) < Co(z1)m(z3) for all
Z1,22€ RZd.

For our investigation of localization operators we will mostly use the polynomial
weights defined by

vy(2) = vg(x,0) = (2> = (1 + x? —|—w2)s/2, z= (x,a))elRZd, (13)

7(2) = 1(x,0) = ()" = (1 + 0?). (14)
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Note that on R* we have
15(z,0) = v5(0) =z, (eR™.

Given a non-zero window ge&”(le), a v-moderate weight function m on R* of
polynomial growth, and 1<p, ¢< o, the modulation space M?:4 (R?) consists of all
tempered distributions /'€ ¢/ (R?) such that V, f e 19(R*) (weighted mixed-norm
spaces). The norm on M7 is

q/p
S Magze =WV S Mpe = (/Rd (/Rd |V, f (x,0)["m(x, ) dx) dw>

If p = g, we write M?, instead of M?? and if m(z) = 1 on R*, then we write M?4
and M? for M?4 and M??P.
Then M?4(R?) is a Banach space whose definition is independent of the choice of

the window g. Moreover, if m is v-moderate and ge M\{0}, then ||V, f ||z is an

1/p

equivalent norm for Mg;‘l([RRd) (see [23, Theorem 11.3.7]). We always measure the
M#4-norm with a fixed non-zero window ge ¥ (R‘l) and repeatedly use the fact that
for any g, e M (R?) the norm equivalence

1S Wagge =11V, f {1z

m

holds. For technicalities when v grows faster than a polynomial we refer to [23,
Chapter 11.4].

Among the modulation spaces the following well-known function spaces
occur:

(i) M*(RY) = L*(RY).

(ii) Weighted L?-spaces: if u (x,w) = {x)*, then

M; (RY) = LI(RY) = {/:/(x)<x) e (R},
(iii) Sobolev spaces: if 7,(x,w) = (w)>*, then
M} (RY) = H'(R) = {f :f(0){w) e L’ (R)}.
(iv) Shubin-Sobolev spaces [4,30]: if v5(x,®) = {(x, ) )", then
M (RY) = (R A HY(RY) = O,(RY)

(V) Feichtinger’s algebra: M'(RY) = Sy(R).
(Vi) The Schwartz class [25]: #(RY) = ,»o M (RY).

s>0 Vg

(Vi) The space of tempered distributions [25]: &/(R?) = ;5o M 1°/°vx([Rd ).

Roughly speaking, a weight in o regulates the smoothness of /'€ M?:¢, whereas a
weight in x regulates the decay of f'e M7,
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A comparison of modulation spaces with Fourier—Lebesgue spaces and
embedding theorems are contained in [21].
Potential spaces. For seR the Bessel kernel is

Go=7 H(L+]-P)"", (15)

N

and the potential space [2,32] is defined by
Wl =G+ (R ={fed" f=Gy+g,gel’}

with norm || f[[ y» = [Igll,-
For comparison we list the following embeddings between potential and
modulation spaces.

Lemma 2.3. We have

(i) If p1<p> and q1<q2, then M} & M.
(i1) For 1<p< o0 and seR

WP (RY) & M2 * (R?).

Proof. (i) See [23, Theorem 12.2.2].
(i1) Assume s = 0 first. Using Lemma 2.1(i) and Young’s inequality, we find that

/p
1l = 1 Wi = s ([ 1Vt )

weR?

= sup [[(f * Mog")ll, < sup (IS 1l,[[Mog"lli SIS -

weR weR

Consequently I/ < M?*. For arbitrary seR we observe that W? = G, * L” by
definition and M?* = G, M?™ by [14]. So the embedding follows for all
seR. O

Wiener amalgam spaces ([13,15,18,20]). Let ge Z(R*/) be a test function that
satisfies > ez Tk, ng = 1. Let X (R*) be a Banach space of functions invariant
under translations and with the property that 2 - X < X, e.g., I?, # I?, or L”4. Then
the Wiener amalgam space W(X,LP7) with local component X and global
component [/:¢ is defined as the space of all functions or distributions for which
the norm

P q/p Va
W ez = (L (L1 Tesaall ) mierzap ) i
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is finite. Equivalently, f'e W (X, L:?) if and only if

1/q

q/p
(i russttmrr) )<
lezd \kez?

It can be shown that different choices of ge 2 generate the same space and yield
equivalent norms. If the local component is # L', then we can express this norm by

means of the STFT as follows:

L Tz i)

_ (/Ri </R[ 1S Ty eyl (e, 22 dzl>q/p dzz>
- ( LUL 0 Tty @1c) e zp e ) de> ’
_ (/Rd (/R (/R |ng(zl,zz,C)|dC>pm(zl,Zz)p dz1>q/p dzz) " (16)

Remarks. 1. If X is a Banach algebra, then Holder’s inequality for amalgam spaces
reads as follows [13]:

1/q

17~ allwer,n ST g 19l e (17)

2. Certain modulation spaces coincide with Wiener amalgam spaces, in particular,
(16) implies that

MY (R = w(FL' LY (18)
with equivalent norms (see also [12]).
2.3. Convolution relations for modulation spaces

In view of the relation between the multiplier a and the Weyl symbol (7), we need
to understand the convolution relations between modulation spaces and some
properties of the Wigner distribution.

We first show a convolution relation for modulation spaces in the style of Young’s
theorem. For further reference we formulate it for arbitrary submultiplicative
weights v on R*? and v-moderate weights m. We write 1 (x) = m(x,0) and m,(w) =
m(0, w) for the restrictions to R? x {0} and {0} x R?, and likewise for v.
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Proposition 2.4. Ler v(w)>0 be an arbitrary weight function on R and
1<p,q,r,s, 1< 0. If

1 1
i 1= and —4-=1,
P q ¥ 14
then
ME (RY) MO (RS M7 (R) (19)
with norm inequality || f * h|| ;s <||f ||Mp..w® Al gasr
" mey v ®@uvyv]

Proof. We measure the modulation space norm with respect to the Gaussian

windows go(x) = ¢™ and g(x) = 27"4e /2 = (go % go)(x) € #(RY). Recall that
different windows yield equivalent norms for the modulation spaces, specifically,

S Maze =WV S Mz =11V S| pa-

m

Using Lemma 2.1(i) and the identity M,,(g; * g5) = Mwg; * Mg, we express the
STFT of f x h as follows:

Vo(f xh)(x,0) = e ZO((f % h) * Mug")(x) = e 2 ((f + Mugy) * (h* Mougy))(x).
To estimate the M?7-norm of f * h, we first majorize m by m(x, w) <m(x,0)v(0,w) =

mi(x)va(w) and then we use Young’s inequality with 1/p+1/¢—1=1/r in the
x-variable and Hoélder’s inequality in the w-variable. We obtain that

1 * Al
= Vo f * Bl

1/s

N

s/r
(/Rd( RY |(f * ngg) * (h X ngs)(x)r'ml (x); d_x> Uz(w)x dw)
1/s
B (/Rd 10/ Mogs) * (hx Magg)llp;, va(w)’ dco>
1/s
s </R" 11 % Mogslzg, 11+ Magllzg, v2() dw>

1 , /
st » st st
< ([ s Mty vorao )" [ 1 gl 20 do
R4 1 RY 1 v(w)

x”f||M51"]"®v||h||Mq.xt’ . I:\

v} ®vzv’l
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Remarks. 1. Despite the large number of indices, the statement of this proposition
has some intuitive meaning: a function '€ M? behaves like f € L” and fe L7; so the
parameters related to the x-variable behave like those in Young’s theorem for
convolution, whereas the parameters related to w behave like Holder’s inequality for
pointwise multiplication.

2. A special case of Proposition 2.4 with a different and longer proof is contained
in [33].

2.4. An estimate for the Wigner distribution

We next calculate the modulation space norm of a cross-Wigner distribution.

Proposition 2.5. If 1<p< o, 5=0, ¢, e M. (R)) and @,eMI(RY), then
W(py, 01)e My P (R*), and

W (2,00l 1.0 < 01l agy 0l - (20)

Proof. As usual, we prove (20) for ¢, ¢, €% first and then obtain the full result by
an approximation argument.

Let ge (RY) and set & = W(g,g)e S (R*). If { = ({;,() eR*, we write { =
({5,—{;). Then Lemma 2.2(b) says that

Vo (W(p2,01))(z,0)| = ‘I/g€01(2+%)||Va€D2(Z_%)|~

Consequently

> 5 ) 1/17
WGl =( [ ([ 170141 Woate =Dl ) covmac)

After the change of variables zz — {/2, the integral over z becomes the convolu-
tion (|V,¢,]*|V,0,")(E), and observing that 7,(z,{) = <{>* = v,(() = v5({), we
obtain
N 1/p
W@l ([ [ (Vs Vi @oom ac)
— 11Vyeil * Vo3l 1y

S ||Vg(Pl||Ll,_\_ ||Vg§02||Lﬁ‘ XHQDIHMJA”QDZ”MZJ

where we have used Young’s convolution inequality in the last step. [
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3. Sufficient conditions for boundedness and Schatten class

Using the tools of time—frequency analysis developed in the previous section, we
now analyze the properties of localization operators with symbols in a modulation
space. We will reduce this problem to the corresponding problem for the Weyl
calculus, and so we first recall a boundedness and trace class result for the Weyl
calculus in terms of modulation spaces.

Theorem 3.1. (i) If 6 M "' (R*?), then L, is bounded on MP4(R?), 1<p,q< oo, with
a uniform estimate ||Lq||o, <||0||pr=1 for the operator norm. In particular, L, is

bounded on L*(RY).

(i) If oe MY (R*), then L, Sy and ||L,||g1 <||0]|31-
(i) If1<p<2 and e MP(R*), then L, €S, and 1Lolls, S llo]lprr-
(iv) If 2<p< o0 and ce MP? (R*), then L, €S, and ILells, S llollpgmr -

The proof of (i) can be found in [24] and [23, Theorem 14.5.2], see also [31,33],
(ii) is proved in [22], whereas (iii) and (iv) follow by interpolation from the first
two statements, since [M', M?], = M? for 1<p<2, and [M*"', M?>?], = MP? for
2<p< o [14,16]. We note that (i) improves the theorem of Calderon—Vaillancourt
[6], whereas (ii) is an improvement of a result of Daubechies [9] and Hérmander [26].

3.1. Boundedness

Based on the tools developed in the previous section, we establish the following
boundedness result. Its proof is now deceptively simple.

Theorem 3.2. Let s=0, aeMIO?TS(RM’)7 o1, @zeMgs(Rd)- Then A" is bounded on

MPU(RY) for all 1<p, q< o, and the operator norm satisfies the uniform estimate

1452 Loy <l 111 Ly ozl -

Proof. We use an appropriate convolution relation to show that the Weyl symbol
ax W(py, @) of AJ"" is in M*=1 If @), p,e M} (RY), then by (20), we have
W(p,, ¢;) eM}S(RZd). Applying Proposition 2.4 in the form M7, M} =M*! we

obtain that the Weyl symbol ¢ = a * W (¢,, ¢,)e M*:'. The result now follows from
Theorem 3.1(1). O

Remark. To compare Theorem 3.2 to existing results, we recall that the standard
condition for A% to be bounded is ae L™ (R*?), see [37]. A more subtle result of
Feichtinger and Nowak [17] shows that the condition ae W (M, L>) is sufficient for

boundedness. Since we have the proper embeddings L* c W(M,L*)cM* <M l”;‘n
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for s>0, Theorem 3.2 appears as a significant improvement. A special case of
Theorem 3.2 follows also from Toft’s work [33].

Since 1,(z,{) = <{)® depends only on the frequency variable, the condition
aeM C’/“ describes the admissible roughness of @, while in some sense a remains

bounded in z. On the other hand, if we allow the symbol a to grow in both time and
frequency—by choosing the “full” weight vy, = {(z,{) >*—then we obtain a negative
result.

Proposition 3.3. For any s>0 there exist symbols ae M, (R*) and windows
@1, 9,6 S (RY) such that A" is unbounded on L*(R?).

Proof. We choose ¢,(f) = ¢,(¢) = e ™ and a(z) = v,(z) = <z)>° and set A, =
AJ"??. By definition of the Shubin-Sobolev space Q, [30, Section 25.3],
we have

Os(RY) = {fe S (RY): A,fe*(RY)} = A7 L*(RY),

with norm |[|f [[o, = [|4s/f ||;2. Furthermore, A is one-to-one from 0s(R%) to
L*(R). Consequently, if f e L*(R?)\Q,(R?), then A f ¢ L*(R?), and thus A, must be
unbounded on L*(RY).

It remains to be shown that a(z) = vy(z) = {z)* belongs to Myj, (R*!) for any

r=s. So we estimate the STFT of v, with respect to some ge.%(R>*)\{0}:

S

H“ngs'”Lf;, = sup
vr ( )E[RZd

< sup W/w (t—z)"z)"g(t — z)| dt

e de

— sup 22, >r/ C¥1g(0)| di< oo.

ze R
So v erjb and we are done. [

These results demonstrate that bounded symbols with negative smoothness may
still yield bounded localization operators, provided that the roughness of a is
compensated by a suitable time—frequency localization frequency of the windows.
On the other hand, a smooth unbounded symbol cannot, in general, yield a bounded
operator. In view of the characterization of ¥’(R*) = Us=o0 My, (R3%), the class
M= is the largest space of tempered distributions to yield bounded localization
operators (see also Section 4).
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3.2. Schatten class conditions

We next investigate the Schatten class properties of localization operators with
symbols in a modulation space. Combining Proposition 2.4 with Theorem 3.1, we
derive an almost optimal condition for A7""€S,,.

Theorem 3.4. (i) If 1<p<2, then the mapping (a, ¢, @) A5 " is bounded from
Mf}:(de) x M} (RY) x M? (RY) into S, in other words,

114G ls, < llallagz = 101 |z 102l az -

(i) If 2<p< o0, then the mapping (a, @y, p,)— Ag""* is bounded from Mf/f‘ x M} x
M{;’ into Sy, and

1420 ls, Slallaare [1@1 |, all -

Proof. (i) If ¢, e M} (R) and @, M? (R?), then W(¢p,, ¢,)e M}?(R*) by (20).
Since ae M7)”, the convolution relation M7 ” « M:? < M? of Proposition 2.4
implies that the Weyl symbol ¢ = a x W(¢,, ;) is in M?. The result now follows
from Theorem 3.1(iii).

(ii) is proved similarly by using the convolution relation M}, « M- 7 = MP? and

1/7g
Theorem 3.1(iv). O

Using an easy embedding theorem, we can prove a slightly weaker statement with
a more familiar symbol class. The following consequence was already derived in [4,
Theorem 4.7].

Corollary 3.5. Let ae W? (R*) for some s=0, 1<p< o, and qol,(pzeMb!S(Rd).
Then
142" ls, = llallwr llo1lla l1o2]ary -

Proof. The statement follows from the embeddings W{SQM’;}: (Lemma 2.3) and
MU1 SMP. O

Remark. By using other convolution relations provided by Proposition 2.4,
interpolation and embedding properties of modulation spaces, one may derive
many variations of Theorem 3.4. We only mention two small modifications that
might be of interest.

(a) IfaeMll}i and o, e M , ¢, eM{j;, then A{"?* is of trace class, because Mll/f *

M!7 = M'. Comparing to Theorem 3.4(i), we see that this result allows us to use a
window ¢, with less time—frequency concentration, however, at the price of a slightly
smaller symbol class.
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(b) If (a,¢,0,) e M;" x M{ x M;, where 1/¢+1/r—1=1/p and 1<p<2,

then A3""*€S,. To see this, we observe that Theorem 3.4(i) also holds with the role
of the windows reversed, i.e., for (¢, ;)€ M? x M} . The result then follows from
the interpolation property [M) x M?,M? x M\ ], = M{ x M} with 1/q+1/r—
1=1/p.

3.3. Distributions with compact support as symbols

As an application we treat distributions with compact support. We shall prove
that a distribution with compact support gives trace class operators, if the windows
belong to suitable spaces. We write &'(R*) for the subspace of tempered
distributions of compact support. It is well-known that every aeé&’ (IRM) can be
represented as

a= Y o, (21)

| <m

for compactly supported continuous functions f, on R*? [34, p. 263, Corollary 2].
For convenience and in contrast to the standard definition, we will call the integer m
in (21) the order of aeé’.

Proposition 3.6. Let ac&'(RY) be of order m. Then its STFT satisfies the estimate

[Vya(x,0)|<Cy (x> N{w)™ VNeN,

and consequently ae M 11/:?,, (RY).

Proof. Assume that ae &’ has a representation (21). We express the derivatives of a
time—frequency shift of ge % (R?) by means of Leibniz’s rule as

O"(M,Tyg)(1) = Z ( Z ) (2nio) M, T8 q(1),

B<a

and then use the obvious inequality 1< >V (x> ¥t — x>V for 1,xeR?. After
inserting these expressions into the STFT, we obtain

[Vya(x, )]

<Y KO fo MuTogy| = > [ for 0 (Mo Tog) )|

e]<m |or| <m
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<y Z<;>|<zm>"|/wfm(Mwaa:‘”g><z>|<r>N<x>-N<rx>Ndz

lo|<m p<a

ST 1A OYIL N Pg M-

lo| <m,p<a

It follows that aeMll)f . O

Corollary 3.7. Assume that ae &' (R*) is of order m and ¢, p, € M (RY), then 49"
is a trace class operator.

Proof. By Proposition 3.6 we have that aeMll/‘:Z([Rz"). If (pl,tpzeMLl,m(Rd), then

Theorem 3.4(i) implies that 45" is trace class. [

Remark. An estimate similar to Proposition 3.6 shows that any distribution of the
form a =3, ., 0", with u,e M (R*?) (bounded measures) belongs to My, If
(pl,(pzeMU'm([RRd), then 45"%* is bounded by Theorem 3.2. Once again we may use

extremely rough symbols for localization operators provided that the windows are
sufficiently smooth.

4. Necessary conditions

In this section we show that the sufficient conditions obtained in Theorems 3.2 and
3.4 (for p=2) are essentially optimal. This investigation requires a different
approach and is based on the following local regularity property of the STFT. Again
we formulate a general version for arbitrary submultiplicative weights v and v-
moderate weights m.

Lemma 4.1. Let 1<p,q<co. If feMPA(RY) and geM!(RY), then
V,feW(FL', L29)(R*) with norm estimate

Ve f ||W(5‘7L‘,L{;;‘7) <IIf Han"]”gHMl‘.' (22)

Proof. Let e % (R?)\{0} and set ® = V,,pe ¥ (R*'). We only consider ', ge #(R?),
the extension to arbitrary f, g is done by approximation.

We use the continuous amalgam norm (16) and then Lemma 2.2(a) to evaluate the
W(FL', LI9)-norm of V,f.
||ng ||W(5"L‘.L )

m

P a/p l/q
x(/ (/ (/ Im(p<ng)(zthcl,cz)|dzldzz) M(Zl,zz)”dzl> d22>
R4 R R
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p
~ (LUL (L wsta - etz + ol de dzs

1/
X m(Z],Zz)p dZ] )q/p d22> !

p
= (/d (/d </Zd [V f (Wi, w2)||[Vog(wi + z1, wa + 22)| dwi dwz>
rY \JR? \JR

1/4
x m(zy,z2)" dzl)q/p dzz) !

- /(/ ot Waghieneymenayan ) )
R R @ @ 1,22 1,21 1 2

= | |V<of|* | Vogl ||

m

Now Young’s theorem for mixed-norm spaces (see, e.g., [23, Proposition 11.1.3])
yields the desired estimate:

VoS lwizrnn SWVo S NpsllVoally =S Magallgllag- B

m

Lemma 4.1 improves the results in [16,23] which stated that V, fe W(C, L.1).
Clearly, more general versions of this lemma can be obtained by using other
convolution relations in the last step of the proof.

As an immediate consequence we give an alternative proof of the main
boundedness result for localization operators (Theorem 3.2). We now formulate it

for arbitrary v-moderate weights m in place of the weights v, and 1.

Corollary 4.2. If ac M* (R*), ¢, p,e M} (R?), then A3"** is bounded on M?9(R)
for 1<p,q< oo. In particular, it is bounded on L*(R?).

Proof. Step 1. We show first that if fe M?9(RY) and ger};{([RRd), then ¥V, f -
Vy,9€ M'(R*) with norm

Vo f - Vordllan S lleillag l0allagt 1/ egelgll - (23)

To see this, we apply Lemma 4.1 and find that V, fe W(FL' 129 and

Vo,ge W(FL', ll'l/fy:) Consequently Holder’s inequality (17) implies that Vi, f -

Vo,ge W(F L', L"). Since W(Z L', L") = M" by (16), the claim is proved. The norm
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estimate follows from (22) and (17)

|| f V(ng”M‘/‘\” f V(ngHW/LlLl)

< || V(ﬂ] f || W(.ff"Ll,Lp"q) || V(/)zg| | W(_QLI.L‘:I/“/>
’ m

m

S Nl lloallag 17 egollgll o
m

Step 2. By the previous step the action of ae M® on V,, Vo f - Vy,g is well-defined
and (23) yields the norm estimate for 47"":

|<Af""”2f,g>| =|<a, V(plf' Vrpgg>|<||a||M7~||V<ﬂ1f’ V(p;Q”M‘

S llallag=llorllag lloalla 1/ Moz llgll o -

m

Since M? /‘1 is the dual space of M?:9 [23, Theorem 11.3.6], this estimate implies that

A7"?* is bounded on M?¢ with operator norm at most
1427 lop S Ml s (191 ar @2l

independent of p,¢q, and m. [

In the remainder of this section we derive a converse of Theorem 3.2 and
Corollary 4.2. Clearly, if we fix a pair of windows ¢, ¢, € M, then we cannot expect
that ae M. As an example consider the symbol

0 d
= > =T a5 0€6 (RY),

jatBl<k

and choose two windows ¢, p,€.%(RY). Then by Proposition 3.6 43" is trace
class, hence bounded, but a¢ M* (R*).

However, if we require that A4J"”> be well-defined and bounded for all
pairs of windows in a certain class, e.g. in M, then we can deduce a converse of
Theorem 3.2.

Theorem 4.3. Let ac.' (R*) and s>0. If there exists a constant C = C(a)>0
depending only on a such that

142715, <Cligllyg 19l (24)

for all ¢y, p,eS(RY), then ae M7, .
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Proof. Step 1. We first compute the time-frequency shifts of V, f - V,,g. Write
z=(z1,22) eR¥, (= ((1,0) eR*. Using Lemma 2.1(ii), we obtain

T(Zl-,Zz)(V(Plf' szg)(x7w)
= (V<P1fV<Pzg)(x — 1,0 — 22)

— O 2N (ML TS 1) (x, )20 ¥, (M., T, g) (x, )

= Vo, (Mo, Tz, ) (3, 0) Vi, (M, T2, 9) (X, ). (25)
Similarly, we get

51 0) ( fV 7 )(X, 0)) :e2ni(xC|+a)Cg)(lef. Vq’zg(x7 w))

_e—Zm(XQeréz V‘Pl (x CU) g(x7 (,())

= V(M,,;ITQZ(()[)(M*Q Tsz)(xa CO) ' V(ng(xa w) (26)

The combination of (25) and (26) yields

M; T’(mefV(/’z ): V(M Ty, )(M—élezle T f)V(Pz(le leg)' (27)

Step 2. Now fix ¢, ¢,,f,9€ L (R?) and set & = Vo, f - Vi,g. Then De s (RM).
To verify that ae ¥’ (R*) is in M7 (R*"), we need to show that ¥ga-t;! is in
L> (de ). Using the weak definition of 45"”* and (27), the desired conclusion follows
from the estimate

|7 sa(z,0)| =|<a, M; T-® )|

=<a, Viu_ 1,00 (M_t, T, M, T, f ) Vi) (M-, T2,9) ) |
=Moo (M T, M. T, f ), Mz, Teyg ) |

< ClIM_g, T, o llagg loallagg 1Mo, T, M T2 f ||| Mz T gl
< os(Olleillag oallag 11/ 12119112 < o0,

for every (z,{) e R*. In the last inequality we have used the hypothesis (24) on 4%"%2.
Since vy({) = 7,(z,{), this means that ae M and the necessary condition is proved

completely. [

Remark. Condition (24) implies that A% can be defined for all windows
@1, ¢,€ M} . However, we only know that ae ", therefore 4% cannot be defined
a priori for arbitrary windows in Ml}s7 hence we need the uniform estimate (24). The
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moral of Theorem 4.3 is that if 47"%? is bounded on Lz(Rd) for all windows in leu
then ae Myj, . l

Finally we show that Theorem 3.4 is optimal in the case of Hilbert—Schmidt
operators.

Theorem 4.4. Let ac S (R*). If there exists a constant C = C(a) >0 depending only
on a such that

147 ?2ls, < Cllo|[an | @alla (28)
for all ¢y, p,e S (RY), then ae M*>>.

Proof. Since ¥pa(z,({) = (a* M;®")(z) by Lemma 2.1(i), we need to show that (28)
implies that

lallyee = 1Yaalle = sup [lax Mc@"[],< oo
rer

for some diligently chosen window ®e .7 (R>/).

We choose ¢ € % (R%)\{0} and set & = W (¢, ¢)" € #(R>*). An easy calculation or
[23, Proposition 4.3.2] shows that

MW (p,0)(x,0) = WM, T ,0, M

2 2

T, 0)(x, 0).

ISEyS)
2 2

o~

for { = (C],Cz)Ede. To alleviate notation, we set ¢, = My T ¢ and note that

S}
2 2

2
Finally recall that |[45""||g, = [|a* W(@,,¢,)||,, because ax W(p,,¢,) is the

Weyl symbol of 45"
Now we compute the M?>*-norm of a.

1My T 40llyn = 1ol for all (eR*.
2

llallyp= = sup flax MW (g, @)l = sup llaxW(p, e )l

{eR™ {eR*

= sup ||45"" |5, <C sup [lolly llo—cllan = llol[iy < 0.

le RZ&/ te Rld

So ae M*>*, as announced. [

5. Further Applications — A New Characterization of '

In the proof of Theorem 4.3 we have seen that a tempered distribution ae %’ (R*)
that is defined on certain products V, f - Vg is already in M *. This suggests that
these products of STFTs already span the predual M' of M®. In making this
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observation rigorous, we obtain a new characterization of M'(R*?), which seems to
be of independent interest.

To be specific, we note first that as a special case of (23) we have proved the
estimate

Vo, S Vo 9llan Sll@illarll@al s LS 119l (29)

for all ¢,,p,eM" and f,ge L.
Therefore the following definition makes sense.

Definition 5.1. Let B be the subspace of L*(R?) of all sums

f: Z V(p’fan(p;gna

neN

such that

D1 1931yl fullllgnl ], < o0

neN

with the norm

||f||B:inf{Z [ AN ESY Vwﬁ«%ggn} (30)
neN neN

Then B is a Banach space (see [5] or [18, Theorem 2.1]) and by (29) B is
continuously embedded in M'(R>?).

We will show that in fact B = M'. For this we use Feichtinger’s fundamental
characterization of M! as the minimal Banach space that is isometrically invariant
under time—frequency shifts [12]. Precisely, if B€ %" (R?) is a Banach space such that
M'AB#{0} and ||M,T.f ||g<C||f || for all (x,w)eR* and all f € B, then M' = B
[23, 12.1.9].

Theorem 5.2. We have
B=M'(R*)
with equivalent norms.

Proof. Since B< M, we need to show the reverse inclusion. In view of the
minimality of M' quoted above, it suffices to show that time—frequency shifts are
uniformly bounded on B.

(i) Let FeB and choose a representation f' = > _y meggn, such that

DM@l l1051an 1 fulla gnl <2111 1l

neN
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Using Lemma 2.1(ii) and (25) we have
Ty F = Ty ) VordaVeorgn = Y Vor (Mo T [u)Viy (M2, T, gy).

neN neN

Since time—frequency shifts are isometric isomorphisms on M' and L?, we find that

IT-Flp< > 103 05l an [ Mo, oy fullo|| M, Tey gl <211 |15
neN

(i1) Likewise for modulations we get

_ 2mi(x{ ol
M(Cliz)F =e ) V(lezﬁ Vq;’z'gn VM 4 sz(pl 7;1 fn) (p"gn
neN neN

The same arguments as in (i) show that ||M;F||z<2||F||z. This suffices to conclude
that M is continuously embedded in B. O

Remark. Since STFTs behave in many aspects like analytic functions, as is expressed
in Proposition 2.5, Theorem 5.2 bears a striking resemblance to the well-known
factorization theorems for the Hardy space H': for instance, on the torus, a result
of F. Riesz states that feH' if and only if f =", g.h, with g, hye H* and

Szt N1gall s V]| 2 < o0, see [7].
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