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Abstract

We study a class of pseudodifferential operators known as time–frequency localization

operators, Anti-Wick operators, Gabor–Toeplitz operators or wave packets. Given a symbol a

and two windows j1;j2; we investigate the multilinear mapping from ða;j1;j2ÞAS0ðR2dÞ �
SðRdÞ �SðRdÞ to the localization operator A

j1 ;j2
a and we give sufficient and necessary

conditions for A
j1;j2
a to be bounded or to belong to a Schatten class. Our results are

formulated in terms of time–frequency analysis, in particular we use modulation spaces as

appropriate classes for symbols and windows.
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1. Introduction

Time–frequency localization operators are a mathematical tool to define a
restriction of functions to a region in time–frequency plane that is compatible with
the uncertainty principle and to extract time–frequency features. In this sense they
have been introduced and studied by Daubechies [10] and Ramanathan and
Topiwala [29], and they are now extensively investigated as an important
mathematical tool in signal analysis and other applications [17,35,37]. In other
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mathematical contexts, time–frequency localization operators have already been
used as a quantization procedure (‘‘Anti-Wick operators’’) by Berezin [1,30] or as an
approximation of pseudodifferential operators (‘‘wave packets’’) by Cordoba and
Fefferman [8,9].
While the investigation of this particular class of pseudodifferential operators is

usually carried out within ‘‘hard analysis’’, we will study localization operators as a
part of time–frequency analysis. The very definition of a localization operator by
means of the Schrödinger representation and the short-time Fourier transform
suggests such an approach. Using function spaces associated to the short-time
Fourier transform, the so-called modulation spaces, we will obtain the sharpest
results for boundedness and Schatten class properties that are known so far.
Furthermore, we will show that these results are in some sense optimal [11]. This is
yet another example where modulation spaces are the appropriate function spaces.
To be more specific, we define the operators of translation and modulation by

Tx f ðtÞ ¼ f ðt � xÞ and Mo f ðtÞ ¼ e2piotf ðtÞ: ð1Þ

For a fixed non-zero gASðRdÞ the short-time Fourier transform of fAS0ðRdÞ with
respect to the window g is given by

Vg f ðx;oÞ ¼ / f ;MoTxgS ¼
Z
Rd

f ðtÞgðt � xÞe�2piot dt: ð2Þ

Then the time–frequency localization operator A
j1;j2
a with symbol a and windows

j1;j2 is defined to be

Aj1;j2
a f ðtÞ ¼

Z
R2d

aðx;oÞVj1 f ðx;oÞMoTxj2ðtÞ dx do: ð3Þ

If a ¼ wO for some compact set ODR2d and j1 ¼ j2; then A
j1;j2
a is interpreted as the

part of f that ‘‘lives on the set O’’ in the time–frequency plane. This is why A
j1;j2
a is

called a time–frequency localization operator. If aAS0ðR2dÞ and j1;j2ASðRdÞ;
then (3) is a well-defined continuous operator from SðRdÞ to S0ðRdÞ: If j1ðtÞ ¼
j2ðtÞ ¼ e�pt2 ; then Aa ¼ A

j1;j2
a is the classical Anti-Wick operator and the mapping

a-A
j1;j2
a is interpreted as a quantization rule [1,30,37].

Note that the time–frequency shifts ðx;o; tÞ/tTxMo; ðx;oÞAR2d ; jtj ¼ 1; define
the Schrödinger representation of the Heisenberg group; for a deeper understanding
of localization operators it is therefore natural to use the mathematical tools
associated to time–frequency shifts (see [19,23]).

Often it is more convenient to interpret the definition of A
j1;j2
a in a weak sense,

then (3) can be recast as

/Aj1;j2
a f ; gS ¼ /aVj1 f ;Vj2gS ¼ /a;Vj1 f Vj2gS; f ; gASðRdÞ: ð4Þ
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Here we will study localization operators as a multilinear mapping ða;j1;j2Þ/
A

j1;j2
a : Our main interest focusses on the interplay between the roughness of the
symbol a and the time–frequency concentration of the windows jj ð j ¼ 1; 2Þ:
To measure the time–frequency concentration of functions and distributions, we

use norms and function spaces that are associated to the short-time Fourier
transform, namely the class of modulation spaces. As special case we mention

Feichtinger’s algebra M1ðRdÞ defined by the norm

jj f jjM1 :¼ jjVg f jjL1ðR2d ÞoN

for some (hence all) non-zero gASðRdÞ [12,23]. Its dual space MNðR2dÞ is a very
useful subspace of tempered distributions [30] and possesses the norm

jj f jjMN :¼ sup
ðx;oÞAR2d

jVg f ðx;oÞjoN:

Integrability conditions and decay estimates of the short-time Fourier transform
occur naturally and inevitably in the study of localization operators and we will use
the associated function spaces as symbol classes. While not as well known as the
classical Hörmander classes or Shubin classes [30], modulation spaces appear to be
the appropriate spaces for understanding time–frequency localization operators.
To give a flavor of the type of results, we formulate a simple sufficient condition

for the L2-boundedness of a localization operator.

Theorem 1.1. If aAMNðR2dÞ; and j1;j2AM1ðRdÞ; then A
j1;j2
a is bounded on L2ðRdÞ;

with operator norm at most

jjAj1;j2
a jjoppCjjajjMN jjj1jjM1 jjj2jjM1 :

Since MN contains LN and measures of the form a ¼
P

kAZ2d akdk with ðakÞAcN;

Theorem 1.1 is a considerable improvement of the results in [3,17,36,37].

While it seems hopeless to find a characterization for the boundedness of A
j1;j2
a

for a fixed pair of windows, the condition aAMN is optimal in the following
sense.

Theorem 1.2. If A
j1;j2
a is bounded on L2ðRdÞ uniformly with respect to all windows

j1;j2AM1; i.e., if there exists a constant C40 depending only on the symbol a such

that, for all j1;j2ASðRdÞ;

jjAj1;j2
a jjSN

pCjjj1jjM1 jjj2jjM1 ; ð5Þ

then aAMN:

In Section 3 we will derive a host of sufficient conditions for the boundedness and
Schatten class of localization operators in terms of properties of the symbol a and
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the windows j1;j2: In most cases we use modulation spaces (defined in Section 2.2)
as the appropriate classes of symbols and windows. Some known results and our new
results are summarized in Table 1. The first line with anti-Wick symbol aALNDMN

is well known, see, e.g. [17,37]. The second line is the general version of Theorem 1.1
and will be proved in Section 3.1. The Hilbert–Schmidt result of line 3 was obtained
in [4], the general condition for membership in the Schatten class Sp will be proved in

Section 3.2, the trace class result in Section 3.3.
Our analysis of localization operators will heavily use the interplay between time–

frequency methods and the Weyl calculus. The techniques used to prove the optimal
results will combine the following ingredients.

(a) Representation of the localization operator A
j1;j2
a as a Weyl transform. Let

Wðg; f Þ be the cross-Wigner distribution as defined in (8). Then the Weyl transform
Ls of sAS0ðR2dÞ is defined by

/Ls f ; gS ¼ /s;Wðg; f ÞS; f ; gASðRdÞ: ð6Þ

Every continuous operator from SðRdÞ to S0ðRdÞ can be representated as a Weyl
transform, and a calculation in [4,19,30] reveals that A

j1;j2
a ¼ La�W ðj2;j1Þ; so the

(Weyl) symbol of A
j1;j2
a is given by

s ¼ a � Wðj2;j1Þ: ð7Þ

(b) Boundedness of pseudodifferential operators. Formula (7) allows us to apply
known results about pseudodifferential operators to investigate time–frequency
localization operators. To obtain sharp results, we will use the improvement of the
Calderòn–Vaillancourt Theorem in [24] which uses modulation spaces instead of the
Hörmander classes as symbols.
(c) Convolution relations of modulation spaces. In view of (7) we need to understand

convolution relations between modulation spaces and properties of the Wigner
distribution. While there is now a large body of literature on modulation spaces and
their applications, the analysis of localization operators poses new questions and
requires new properties of these spaces. A large part of Section 2 is therefore devoted
to the study of modulation spaces.
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Table 1

Symbol Windows Operator

a u1 u2 Aj1 ;j2
a

LNðR2dÞ M1ðRdÞ M1ðRdÞ BðL2ðRdÞÞ
MN

1=ts
ðR2dÞ M1

vs
ðRdÞ M1

vs
ðRdÞ BðMp;q

m ðRdÞÞ
H�sðR2dÞ; M2

vs
ðRdÞ M2

vs
ðRdÞ S2

M
p;N
1=ts

ðR2dÞ; M1
vs
ðRdÞ M1

vs
ðRdÞ Sp

E0ðR2dÞ SðRdÞ SðRdÞ S1
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(d) A new characterization of M1: The statement about necessity of Theorem 4.3 is

related to a new representation theorem for Feichtinger’s algebra M1 in Section 5.

This representation resembles the characterization of the Hardy space H1 as the

projective tensor product H2 ##H2 and seems to be of independent interest.

Notation. We define t2 ¼ t 	 t; for tARd ; and xy ¼ x 	 y is the scalar product on Rd :

The Schwartz class is denoted by SðRdÞ; the space of tempered distributions by
S0ðRdÞ: We use the brackets / f ; gS to denote the extension to SðRdÞ �S0ðRdÞ of
the inner product / f ; gS ¼

R
f ðtÞgðtÞ dt on L2ðRdÞ: The Fourier transform is

normalized to be f̂ ðoÞ ¼ Ff ðoÞ ¼
R

f ðtÞe�2pito dt; the involution g� is g�ðtÞ ¼
gð�tÞ:
The singular values fskðLÞgNk¼1 of a compact operator LABðL2ðRdÞÞ are the

eigenvalues of the positive self-adjoint operator
ffiffiffiffiffiffiffiffiffi
L�L

p
: For 1ppoN; the Schatten

class Sp is the space of all compact operators whose singular values lie in lp: For

consistency, we define SN :¼ BðL2ðRdÞÞ to be the space of bounded operators on
L2ðRdÞ: In particular, S2 is the space of Hilbert–Schmidt operators, and S1 is the
space of trace class operators.
Throughout the paper, we shall use the notation AtB to indicate ApcB for a

suitable constant c40; whereas A^B if ApcB and BpkA; for suitable c; k40:

2. Time–Frequency methods

First we summarize some concepts and tools of time–frequency analysis. Since
these methods are now available in textbooks [19,23], we will make free use of those
results and not strive to make the paper self-contained.

2.1. Short-time fourier transform (STFT) and wigner distribution

The time–frequency representations needed for the Weyl calculus and for
localization operators are the short-time Fourier transform and the Wigner

distribution.

The short-time Fourier transform (STFT) of a distribution fAS0ðRdÞ with respect
to a non-zero window gASðRdÞ is

Vg f ðx;oÞ ¼ / f ;MoTxgS ¼
Z
Rd

f ðtÞgðt � xÞe�2piot dt;

whereas the cross-Wigner distribution Wð f ; gÞ of f ; gAL2ðRdÞ is defined to be

Wð f ; gÞðx;oÞ ¼
Z

f x þ t

2

� �
g x � t

2

� �
e�2piot dt: ð8Þ
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The quadratic expression Wf ¼ Wð f ; f Þ is usually called the Wigner distribution
of f :
Both the STFT Vg f and the Wigner distribution Wð f ; gÞ are defined on many

pairs of Banach spaces. For instance, they both map L2ðRdÞ � L2ðRdÞ into L2ðR2dÞ
andSðRdÞ �SðRdÞ intoSðR2dÞ: Furthermore, they can be extended to a map from
S0ðRdÞ �S0ðRdÞ into S0ðR2dÞ:
We first list some crucial properties of the STFT (for proofs, see [23, Chapter 3]

and [25]).

Lemma 2.1. Let f ; g; fj; gjAL2ðRdÞ; j ¼ 1; 2; then we have

(i) Vg f ðx;oÞ ¼ ð f 	 Tx %gÞ4ðoÞ ¼ e�2pixoð f � ðMogÞ�ÞðxÞ:
(ii) (STFT of time–frequency shifts) For y; xARd ; we have

VgðMxTy f Þðx;oÞ ¼ e�2piðo�xÞyðVg f Þðx � y;o� xÞ ð9Þ

VðMxTygÞðMxTy f Þðx;oÞ ¼ e2piðxx�oyÞðVg f Þðx;oÞ ð10Þ

(iii) (Fourier transform of a product of STFTs),

ðVg1 f1Vg2 f2Þ4ðx;oÞ ¼ ðVf2 f1Vg2g1Þð�o; xÞ:

Note that (9) and (10) can be read backwards and yield a formula for the 2d-

dimensional time–frequency shift MzTzðVg f Þ; z; zAR2d :

To investigate the local properties of the STFT, we will need to compute the

STFT of a STFT. Since the STFT of a function on R2d is a function on R4d ; we

distinguish between the STFT Vg f ðx;oÞ; ðx;oÞAR2d ; of fAS0ðRdÞ and the

STFT VFFðz; zÞ; ðz; zÞAR4d of FAS0ðR2dÞ: We write z ¼ ðz1; z2ÞAR2d and z ¼
ðz1; z2ÞAR2d ; when necessary.

Lemma 2.2. Fix a nonzero jASðRdÞ and let f ; gASðRdÞ:
(a) Set F ¼ VjjASðR2dÞ: Then the STFT of Vg f with respect to the window F is

given by

VFðVg f Þðz; zÞ ¼ e�2piz2z2Vjgð�z1 � z2; z1ÞVj f ð�z2; z2 þ z1Þ: ð11Þ

(b) Let F ¼ Wðj;jÞASðR2dÞ: Then the STFT of Wðj2;j1Þ with respect to the

window F is given by

VFðWðj2;j1ÞÞðz; zÞ ¼ e�2piz2z2Vjj1 z1 þ
z2
2
; z2 �

z1
2

� �
Vjj2 z1 �

z2
2
; z2 þ

z1
2

� �
: ð12Þ
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Proof. Before we calculate VFðVg f Þðz; zÞ ¼ /Vg f ;MzTzFS ¼ ðVg f Tz %FÞ4ðzÞ; we
rewrite the time–frequency shift MzTzF: We use Lemma 2.1(ii) to evaluate TzF and
find that

TzFðx;oÞ ¼ Vjjðx;oÞðx � z1;o� z2Þ ¼ e2piðo�z2Þ	z1VjðMz2Tz1jÞðx;oÞ:

Now we substitute this expression into the formula for VFðVg f Þ; and after

rearranging some terms we apply Lemma 2.1(iii):

VFðVg f Þðz; zÞ ¼/Vg f ;MzTzFS

¼
Z Z

R2d
Vg f ðx;oÞVjðMz2Tz1jÞðx;oÞe�2pi½ðxz1þoz2Þþðo�z2Þz1� dx do

¼ e2piz1z2

Z Z
R2d

Vg f ðx;oÞVjðMz2Tz1jÞðx;oÞe�2pi½z1xþðz1þz2Þo� dx do

¼ e2piz1z2ðVg f 	 VjðMz2Tz1jÞÞ
4ðz1; z1 þ z2Þ

¼ e2piz1z2ðVðMz2
Tz1

jÞ f 	 VjgÞð�z1 � z2; z1Þ

¼ e�2piz2z2ðVj f Þð�z2; z2 þ z1ÞVjgð�z1 � z2; z1Þ:

This proves (a).
(b) was proved in [23, Lemma 14.5.1], related versions occur in [27,28]. &

2.2. Modulation spaces and other function spaces

Modulation spaces. The modulation space norms are a measure of the joint time–
frequency distribution of fAS0: For their basic properties we refer, for instance, to
[23, Chapters 11–13] and the original literature quoted there.
For the quantitative description of decay properties, we use weight functions on

the time–frequency plane. In the sequel v will always be a continuous, positive, even,
submultiplicative weight function (in short, a submultiplicative weight), i.e., vð0Þ ¼
1; vðzÞ ¼ vð�zÞ; and vðz1 þ z2Þpvðz1Þvðz2Þ; for all z; z1; z2AR2d : A positive, even

weight function m on R2d is called v-moderate if mðz1 þ z2ÞpCvðz1Þmðz2Þ for all
z1; z2AR2d :
For our investigation of localization operators we will mostly use the polynomial

weights defined by

vsðzÞ ¼ vsðx;oÞ ¼ /zSs ¼ ð1þ x2 þ o2Þs=2; z ¼ ðx;oÞAR2d ; ð13Þ

tsðzÞ ¼ tsðx;oÞ ¼ /oSs ¼ ð1þ o2Þs=2: ð14Þ
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Note that on R4d we have

tsðz; zÞ ¼ vsðzÞ z; zAR2d :

Given a non-zero window gASðRdÞ; a v-moderate weight function m on R2d of

polynomial growth, and 1pp; qpN; the modulation space Mp;q
m ðRdÞ consists of all

tempered distributions fAS0ðRdÞ such that Vg fALp;q
m ðR2dÞ (weighted mixed-norm

spaces). The norm on Mp;q
m is

jj f jjMp;q
m

¼ jjVg f jjLp;q
m

¼
Z
Rd

Z
Rd

jVg f ðx;oÞjpmðx;oÞp
dx

� �q=p

do

 !1=p

:

If p ¼ q; we write Mp
m instead of Mp;p

m ; and if mðzÞ � 1 on R2d ; then we write Mp;q

and Mp for Mp;q
m and Mp;p

m :

Then Mp;q
m ðRdÞ is a Banach space whose definition is independent of the choice of

the window g: Moreover, if m is v-moderate and gAM1
v \f0g; then jjVg f jjLp;q

m
is an

equivalent norm for Mp;q
m ðRdÞ (see [23, Theorem 11.3.7]). We always measure the

Mp;q
m -norm with a fixed non-zero window gASðRdÞ and repeatedly use the fact that

for any g1AM1
v ðRdÞ the norm equivalence

jj f jjMp;q
m
^jjVg1 f jjLp;q

m

holds. For technicalities when v grows faster than a polynomial we refer to [23,
Chapter 11.4].
Among the modulation spaces the following well-known function spaces

occur:

(i) M2ðRdÞ ¼ L2ðRdÞ:
(ii) Weighted L2-spaces: if msðx;oÞ ¼ /xSs; then

M2
ms
ðRdÞ ¼ L2s ðRdÞ ¼ f f : f ðxÞ/xSsAL2ðRdÞg:

(iii) Sobolev spaces: if tsðx;oÞ ¼ /oSs; then

M2
ts
ðRdÞ ¼ HsðRdÞ ¼ f f : f̂ ðoÞ/oSsAL2ðRdÞg:

(iv) Shubin–Sobolev spaces [4,30]: if vsðx;oÞ ¼ /ðx;oÞSs; then

M2
vs
ðRdÞ ¼ L2s ðRdÞ-HsðRdÞ ¼ QsðRdÞ

(v) Feichtinger’s algebra: M1ðRdÞ ¼ S0ðRdÞ:
(vi) The Schwartz class [25]: SðRdÞ ¼

T
sX0 MN

vs
ðRdÞ:

(vii) The space of tempered distributions [25]: S0ðRdÞ ¼
S

sX0 MN

1=vs
ðRdÞ:

Roughly speaking, a weight in o regulates the smoothness of fAMp;q
m ; whereas a

weight in x regulates the decay of fAMp;q
m :
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A comparison of modulation spaces with Fourier–Lebesgue spaces and
embedding theorems are contained in [21].

Potential spaces. For sAR the Bessel kernel is

Gs ¼ F�1fð1þ j 	 j2Þ�s=2g; ð15Þ

and the potential space [2,32] is defined by

W p
s ¼ Gs � LpðRdÞ ¼ f fAS0; f ¼ Gs � g; gALpg

with norm jj f jjW p
s
¼ jjgjjp:

For comparison we list the following embeddings between potential and
modulation spaces.

Lemma 2.3. We have

(i) If p1pp2 and q1pq2; then Mp1;q1
m +Mp2;q2

m :
(ii) For 1pppN and sAR

W p
s ðRdÞ+Mp;N

ts
ðRdÞ:

Proof. (i) See [23, Theorem 12.2.2].
(ii) Assume s ¼ 0 first. Using Lemma 2.1(i) and Young’s inequality, we find that

jj f jjMp;N^ jjVg f jjLp;N ¼ sup
oARd

Z
Rd

jVg f ðx;oÞjp dx

� �1=p

¼ sup
oARd

jjð f � Mog�Þjjpp sup
oARd

jj f jjpjjMog�jj1tjj f jjp:

Consequently LpDMp;N: For arbitrary sAR we observe that W p
s ¼ Gs � Lp by

definition and Mp;N
ts

¼ Gs � Mp;N by [14]. So the embedding follows for all

sAR: &

Wiener amalgam spaces ([13,15,18,20]). Let gADðR2dÞ be a test function that

satisfies
P

ðk; lÞAZ2d Tðk; lÞg � 1: Let XðR2dÞ be a Banach space of functions invariant
under translations and with the property that D 	 XCX ; e.g., Lp;FLp; or Lp;q: Then
the Wiener amalgam space WðX ;Lp;q

m Þ with local component X and global

component Lp;q
m is defined as the space of all functions or distributions for which

the norm

jj f jjWðX ;L
p;q
m Þ ¼

Z
Rd

Z
Rd

jj f 	 Tðz1;z2ÞgjjX
� �p

mðz1; z2Þp
dz1

� �q=p

dz2

!1=q
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is finite. Equivalently, fAWðX ;Lp;q
m Þ if and only if

X
lAZd

X
kAZd

jj f 	 Tðk;lÞgjjpX mðk; lÞp

 !q=p
0
@

1
A
1=q

oN:

It can be shown that different choices of gAD generate the same space and yield

equivalent norms. If the local component is FL1; then we can express this norm by
means of the STFT as follows:

jj f jjWðFL1;L
p;q
m Þ

¼
Z
Rd

Z
Rd

jj f 	 Tðz1;z2Þ %gjj
p

FL1
mðz1; z2Þp

dz1

� �q=p

dz2

 !1=q

¼
Z
Rd

Z
Rd

Z
R2d

jð f 	 Tðz1;z2Þ %gÞ
4ðzÞj dz

� �p

mðz1; z2Þp
dz1

� �q=p

dz2

 !1=q

¼
Z
Rd

Z
Rd

Z
R2d

jVg f ðz1; z2; zÞjdz
� �p

mðz1; z2Þp
dz1

� �q=p

dz2

 !1=q

ð16Þ

Remarks. 1. If X is a Banach algebra, then Hölder’s inequality for amalgam spaces
reads as follows [13]:

jj f 	 gjjW ðX ;L1Þtjj f jjW ðX ;L
p;q
m Þ jjgjjW ðX ;L

p0 ;q0
1=m

Þ: ð17Þ

2. Certain modulation spaces coincide with Wiener amalgam spaces, in particular,
(16) implies that

M1ðRdÞ ¼ WðFL1;L1Þ ð18Þ

with equivalent norms (see also [12]).

2.3. Convolution relations for modulation spaces

In view of the relation between the multiplier a and the Weyl symbol (7), we need
to understand the convolution relations between modulation spaces and some
properties of the Wigner distribution.
We first show a convolution relation for modulation spaces in the style of Young’s

theorem. For further reference we formulate it for arbitrary submultiplicative

weights v on R2d and v-moderate weights m:We write m1ðxÞ ¼ mðx; 0Þ and m2ðoÞ ¼
mð0;oÞ for the restrictions to Rd � f0g and f0g � Rd ; and likewise for v:
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Proposition 2.4. Let nðoÞ40 be an arbitrary weight function on Rd and

1pp; q; r; s; tpN: If

1

p
þ 1

q
� 1 ¼ 1

r
; and

1

t
þ 1

t0
¼ 1;

then

M
p;st
m1#nðRdÞ � M

q;st0

v1#v2n�1
ðRdÞ+Mr; s

m ðRdÞ ð19Þ

with norm inequality jj f � hjjMr; s
m
tjj f jjMp;st

m1#n
jjhjj

M
q;st0

v1#v2n
�1
:

Proof. We measure the modulation space norm with respect to the Gaussian

windows g0ðxÞ ¼ e�px2 and gðxÞ ¼ 2�n=de�px2=2 ¼ ðg0 � g0ÞðxÞASðRdÞ: Recall that
different windows yield equivalent norms for the modulation spaces, specifically,

jj f jjMp;q
m
^jjVg0 f jjLp;q

m
^jjVg f jjLp;q

m
:

Using Lemma 2.1ðiÞ and the identity Moðg�
0 � g�

0Þ ¼ Mog�
0 � Mog�

0; we express the
STFT of f � h as follows:

Vgð f � hÞðx;oÞ ¼ e�2pixoðð f � hÞ � Mog�ÞðxÞ ¼ e�2pixoðð f � Mog�
0Þ � ðh � Mog�

0ÞÞðxÞ:

To estimate the Mp;q
m -norm of f � h; we first majorize m by mðx;oÞpmðx; 0Þvð0;oÞ ¼

m1ðxÞv2ðoÞ and then we use Young’s inequality with 1=p þ 1=q � 1 ¼ 1=r in the
x-variable and Hölder’s inequality in the o-variable. We obtain that

jj f � hjjMr; s
m

^ jjVgð f � hÞjjLr; s
m

p
Z
Rd

Z
Rd

jð f � Mog�
0Þ � ðh � Mog�

0ÞðxÞj
r
m1ðxÞr

dx

� �s=r

v2ðoÞs
do

 !1=s

¼
Z
Rd

jjð f � Mog�
0Þ � ðh � Mog�

0Þjj
s
Lr

m1
v2ðoÞs

do
� �1=s

t
Z
Rd

jj f � Mog�
0jj

s
L

p
m1
jjh � Mog�

0jj
s
L

q
v1

v2ðoÞs
do

� �1=s

t
Z
Rd

jj f � Mog�
0jj

st
L

p
m1
nðoÞst

do
� �1

st
Z
Rd

jjh � Mog�
0jj

st0

L
q
v1

v2ðoÞst0

nðoÞst0
do

 ! 1
st0

^jj f jjMp;st
m1#n

jjhjj
M

q;st0

v1#v2n
�1
: &
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Remarks. 1. Despite the large number of indices, the statement of this proposition

has some intuitive meaning: a function fAMp;q behaves like fALp and f̂ALq; so the
parameters related to the x-variable behave like those in Young’s theorem for
convolution, whereas the parameters related to o behave like Hölder’s inequality for
pointwise multiplication.
2. A special case of Proposition 2.4 with a different and longer proof is contained

in [33].

2.4. An estimate for the Wigner distribution

We next calculate the modulation space norm of a cross-Wigner distribution.

Proposition 2.5. If 1pppN; sX0; j1AM1
vs
ðRdÞ and j2AMp

vs
ðRdÞ; then

Wðj2;j1ÞAM1; p
ts

ðR2dÞ; and

jjWðj2;j1ÞjjM1; p
ts

tjjj1jjM1
vs
jjj2jjMp

vs
: ð20Þ

Proof. As usual, we prove (20) for j1;j2AS first and then obtain the full result by
an approximation argument.

Let gASðRdÞ and set F ¼ Wðg; gÞASðR2dÞ: If z ¼ ðz1; z2ÞAR2d ; we write *z ¼
ðz2;�z1Þ: Then Lemma 2.2(b) says that

jVFðWðj2;j1ÞÞðz; zÞj ¼ jVgj1ðz þ
*z
2
ÞjjVgj2ðz �

*z
2
Þj:

Consequently

jjWðj2;j1ÞjjM1; p
ts

^
Z
R2d

Z
R2d

jVgj1ðz þ
*z
2
Þj jVgj2ðz �

*z
2
Þj dz

� �
/zSsp dz

� �1=p

:

After the change of variables z/z � *z=2; the integral over z becomes the convolu-

tion ðjVgj1j � jVgj2j
�Þð*zÞ; and observing that tsðz; zÞ ¼ /zSs ¼ vsðzÞ ¼ vsð*zÞ; we

obtain

jjWðj2;j1ÞjjM1; p
ts

t
Z Z

R2d
ðjVgj1j � jVgj�

2jÞð*zÞ/zSsp dz
� �1=p

¼ jj jVgj1j � jVgj�
2j jjLp

vs

t jjVgj1jjL1vs
jjVgj2jjLp

vs
^jjj1jjM1

vs
jjj2jjMp

vs
;

where we have used Young’s convolution inequality in the last step. &
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3. Sufficient conditions for boundedness and Schatten class

Using the tools of time–frequency analysis developed in the previous section, we
now analyze the properties of localization operators with symbols in a modulation
space. We will reduce this problem to the corresponding problem for the Weyl
calculus, and so we first recall a boundedness and trace class result for the Weyl
calculus in terms of modulation spaces.

Theorem 3.1. (i) If sAMN;1ðR2dÞ; then Ls is bounded on Mp;qðRdÞ; 1pp; qpN; with

a uniform estimate jjLsjjoptjjsjjMN;1 for the operator norm. In particular, Ls is

bounded on L2ðRdÞ:

(ii) If sAM1ðR2dÞ; then LsAS1 and jjLsjjS1tjjsjjM1 :
(iii) If 1ppp2 and sAMpðR2dÞ; then LsASp and jjLsjjSp

tjjsjjMp :

(iv) If 2pppN and sAMp;p0 ðR2dÞ; then LsASp and jjLsjjSp
tjjsjjMp;p0 :

The proof of (i) can be found in [24] and [23, Theorem 14.5.2], see also [31,33],
(ii) is proved in [22], whereas (iii) and (iv) follow by interpolation from the first

two statements, since ½M1;M2�y ¼ Mp for 1ppp2; and ½MN;1;M2;2�y ¼ Mp;p0 for

2pppN [14,16]. We note that (i) improves the theorem of Calderòn–Vaillancourt
[6], whereas (ii) is an improvement of a result of Daubechies [9] and Hörmander [26].

3.1. Boundedness

Based on the tools developed in the previous section, we establish the following
boundedness result. Its proof is now deceptively simple.

Theorem 3.2. Let sX0; aAMN

1=ts
ðR2dÞ; j1;j2AM1

vs
ðRdÞ: Then A

j1;j2
a is bounded on

Mp;qðRdÞ for all 1pp; qpN; and the operator norm satisfies the uniform estimate

jjAj1;j2
a jjoptjjajjMN

1=ts

jjj1jjM1
vs
jjj2jjM1

vs
:

Proof. We use an appropriate convolution relation to show that the Weyl symbol

a � Wðj2;j1Þ of A
j1;j2
a is in MN;1: If j1;j2AM1

vs
ðRdÞ; then by (20), we have

Wðj2;j1ÞAM1
ts
ðR2dÞ: Applying Proposition 2.4 in the form MN

1=ts
� M1

ts
DMN;1; we

obtain that the Weyl symbol s ¼ a � Wðj2;j1ÞAMN;1: The result now follows from
Theorem 3.1(i). &

Remark. To compare Theorem 3.2 to existing results, we recall that the standard

condition for A
j1;j2
a to be bounded is aALNðR2dÞ; see [37]. A more subtle result of

Feichtinger and Nowak [17] shows that the condition aAWðM;LNÞ is sufficient for
boundedness. Since we have the proper embeddings LNCWðM;LNÞCMNCMN

1=ts
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for sX0; Theorem 3.2 appears as a significant improvement. A special case of
Theorem 3.2 follows also from Toft’s work [33].
Since tsðz; zÞ ¼ /zSs depends only on the frequency variable, the condition

aAMN

1=ts
describes the admissible roughness of a; while in some sense a remains

bounded in z: On the other hand, if we allow the symbol a to grow in both time and
frequency—by choosing the ‘‘full’’ weight vs ¼ /ðz; zÞSs—then we obtain a negative
result.

Proposition 3.3. For any s40 there exist symbols aAMN

1=vs
ðR2dÞ and windows

j1;j2ASðRdÞ such that A
j1;j2
a is unbounded on L2ðRdÞ:

Proof. We choose j1ðtÞ ¼ j2ðtÞ ¼ e�pt2 and aðzÞ ¼ vsðzÞ ¼ /zSs and set As ¼
A

j1;j2
a : By definition of the Shubin–Sobolev space Qs [30, Section 25.3],
we have

QsðRdÞ :¼ f fAS0ðRdÞ: As fAL2ðRdÞg ¼ A�1
s L2ðRdÞ;

with norm jj f jjQs
:¼ jjAs f jjL2 : Furthermore, As is one-to-one from QsðRdÞ to

L2ðRdÞ: Consequently, if fAL2ðRdÞ\QsðRdÞ; then As feL2ðRdÞ; and thus As must be

unbounded on L2ðRdÞ:
It remains to be shown that aðzÞ ¼ vsðzÞ ¼ /zSs belongs to MN

1=vr
ðR2dÞ for any

rXs: So we estimate the STFT of vs with respect to some gASðR2dÞ\f0g:

jjVgvsjjLN

1=vr

¼ sup
ðz;zÞAR2d�R2d

1

/z; zSr

Z
R2d

/tSs
%gðt � zÞ e�2pitz dt

����
����

p sup
zAR2d

1

/zSr

Z
R2d

/t � zSs/zSsj %gðt � zÞj dt

¼ sup
zAR2d

/zSs

/zSr

Z
R2d

/tSsj %gðtÞj dtoN:

So vsAMN

1=vr
and we are done. &

These results demonstrate that bounded symbols with negative smoothness may
still yield bounded localization operators, provided that the roughness of a is
compensated by a suitable time–frequency localization frequency of the windows.
On the other hand, a smooth unbounded symbol cannot, in general, yield a bounded

operator. In view of the characterization of S0ðR2dÞ ¼
S

sX0 MN

1=vs
ðR2dÞ; the class

MN is the largest space of tempered distributions to yield bounded localization
operators (see also Section 4).
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3.2. Schatten class conditions

We next investigate the Schatten class properties of localization operators with
symbols in a modulation space. Combining Proposition 2.4 with Theorem 3.1, we

derive an almost optimal condition for A
j1;j2
a ASp:

Theorem 3.4. (i) If 1ppp2; then the mapping ða;j1;j2Þ/A
j1;j2
a is bounded from

M
p;N
1=ts

ðR2dÞ � M1
vs
ðRdÞ � Mp

vs
ðRdÞ into Sp; in other words,

jjAj1;j2
a jjSp

tjjajjMp;N

1=ts

jjj1jjM1
vs
jjj2jjMp

vs
:

(ii) If 2pppN; then the mapping ða;j1;j2Þ/A
j1;j2
a is bounded from M

p;N
1=ts

� M1
vs
�

Mp0
vs

into Sp; and

jjAj1;j2
a jjSp

tjjajjMp;N

1=ts

jjj1jjM1
vs
jjj2jjMp0

vs

:

Proof. (i) If j1AM1
vs
ðRdÞ and j2AMp

vs
ðRdÞ; then Wðj2;j1ÞAM1; p

ts
ðR2dÞ by (20).

Since aAM
p;N
1=ts

; the convolution relation M
p;N
1=ts

� M1; p
ts

DMp of Proposition 2.4

implies that the Weyl symbol s ¼ a � Wðj2;j1Þ is in Mp: The result now follows
from Theorem 3.1(iii).

(ii) is proved similarly by using the convolution relation M
p;N
1=ts

� M1; p0
ts

DMp;p0 and

Theorem 3.1(iv). &

Using an easy embedding theorem, we can prove a slightly weaker statement with
a more familiar symbol class. The following consequence was already derived in [4,
Theorem 4.7].

Corollary 3.5. Let aAW p
�sðR2dÞ for some sX0; 1pppN; and j1;j2AM1

vs
ðRdÞ:

Then
jjAj1;j2

a jjSp
tjjajjW p

�s
jjj1jjM1

vs
jjj2jjM1

vs
:

Proof. The statement follows from the embeddings W p
�s+M

p;N
1=ts

(Lemma 2.3) and

M1
vs
+Mp

vs
: &

Remark. By using other convolution relations provided by Proposition 2.4,
interpolation and embedding properties of modulation spaces, one may derive
many variations of Theorem 3.4. We only mention two small modifications that
might be of interest.

(a) If aAM
1; p

1=ts
and j1AM1

vs
; j2AMp0

vs
; then A

j1;j2
a is of trace class, because M

1; p

1=ts
�

M1; p0
ts

DM1: Comparing to Theorem 3.4(i), we see that this result allows us to use a

window j2 with less time–frequency concentration, however, at the price of a slightly
smaller symbol class.
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(b) If ða;j1;j2ÞAM
p;N
1=ts

� Mq
vs
� Mr

vs
; where 1=q þ 1=r � 1 ¼ 1=p and 1ppp2;

then A
j1;j2
a ASp: To see this, we observe that Theorem 3.4(i) also holds with the role

of the windows reversed, i.e., for ðj1;j2ÞAMp
vs
� M1

vs
: The result then follows from

the interpolation property ½M1
vs
� Mp

vs
;Mp

vs
� M1

vs
�y ¼ Mq

vs
� Mr

vs
with 1=q þ 1=r �

1 ¼ 1=p:

3.3. Distributions with compact support as symbols

As an application we treat distributions with compact support. We shall prove
that a distribution with compact support gives trace class operators, if the windows

belong to suitable spaces. We write E0ðR2dÞ for the subspace of tempered

distributions of compact support. It is well-known that every aAE0ðR2dÞ can be
represented as

a ¼
X
jajpm

@afa ð21Þ

for compactly supported continuous functions fa on R2d [34, p. 263, Corollary 2].
For convenience and in contrast to the standard definition, we will call the integer m

in (21) the order of aAE0:

Proposition 3.6. Let aAE0ðRdÞ be of order m. Then its STFT satisfies the estimate

jVgaðx;oÞjpCN/xS�N/oSm 8NAN;

and consequently aAM
1;N
1=tm

ðRdÞ:

Proof. Assume that aAE0 has a representation (21). We express the derivatives of a

time–frequency shift of gASðRdÞ by means of Leibniz’s rule as

@aðMoTxgÞðtÞ ¼
X
bpa

a

b

 !
ð2pioÞbMoTx@

a�b
t gðtÞ;

and then use the obvious inequality 1p/tSN/xS�N/t � xSN for t; xARd : After
inserting these expressions into the STFT, we obtain

jVgaðx;oÞj

p
X
jajpm

j/@afa;MoTxgSj ¼
X
jajpm

j/ fa; @
aðMoTxgÞSj
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p
X
jajpm

X
bpa

a

b

 !
jð2pioÞbj

Z
Rd

j faðtÞðMoTx@
a�b
t gÞðtÞj/tSN/xS�N/t � xSN dt

t/oSm/xS�N
X

jajpm;bpa

jj fa/ 	SN jj
N
jj@a�bg/ 	SN jj1:

It follows that aAM
1;N
1=tm

: &

Corollary 3.7. Assume that aAE0ðR2dÞ is of order m and j1;j2AM1
vm
ðRdÞ; then A

j1;j2
a

is a trace class operator.

Proof. By Proposition 3.6 we have that aAM
1;N
1=tm

ðR2dÞ: If j1;j2AM1
vm
ðRdÞ; then

Theorem 3.4(i) implies that A
j1;j2
a is trace class. &

Remark. An estimate similar to Proposition 3.6 shows that any distribution of the

form a ¼
P

jajpm @ama with maAMðR2dÞ (bounded measures) belongs to MN

1=tm
: If

j1;j2AM1
vm
ðRdÞ; then A

j1;j2
a is bounded by Theorem 3.2. Once again we may use

extremely rough symbols for localization operators provided that the windows are
sufficiently smooth.

4. Necessary conditions

In this section we show that the sufficient conditions obtained in Theorems 3.2 and
3.4 (for p ¼ 2) are essentially optimal. This investigation requires a different
approach and is based on the following local regularity property of the STFT. Again
we formulate a general version for arbitrary submultiplicative weights v and v-
moderate weights m:

Lemma 4.1. Let 1pp; qpN: If fAMp;q
m ðRdÞ and gAM1

v ðRdÞ; then

Vg fAWðFL1;Lp;q
m ÞðR2dÞ with norm estimate

jjVg f jjW ðFL1;L
p;q
m Þtjj f jjMp;q

m
jjgjjM1

v
: ð22Þ

Proof. Let jASðRdÞ\f0g and set F ¼ VjjASðR2dÞ:We only consider f ; gASðRdÞ;
the extension to arbitrary f ; g is done by approximation.
We use the continuous amalgam norm (16) and then Lemma 2.2(a) to evaluate the

WðFL1;Lp;q
m Þ-norm of Vg f :

jjVg f jjW ðFL1;L
p;q
m Þ

^
Z
Rd

Z
Rd

Z
R2d

jVVjjðVg f Þðz1; z2; z1; z2Þj dz1 dz2

� �p

mðz1; z2Þp
dz1

� �q=p

dz2

 !1=q
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¼
Z
Rd

Z
Rd

Z
R2d

jVjgð�z1 � z2; z1Þj jVj f ð�z2; z2 þ z1Þj dz1 dz2

� �p��

� mðz1; z2Þp
dz1 Þq=p

dz2

�1=q

¼
Z
Rd

Z
Rd

Z
R2d

jVj f ðw1;w2ÞjjVjgðw1 þ z1;w2 þ z2Þj dw1 dw2

� �p��

� mðz1; z2Þp
dz1 Þq=p

dz2

�1=q

¼
Z
Rd

Z
Rd
ðjVj f j� � jVjgjÞðz1; z2ÞÞp

mðz1; z1Þp
dz1

� �q=p

dz2

 !1=q

¼ jj jVj f j� � jVjgj jjLp;q
m
:

Now Young’s theorem for mixed-norm spaces (see, e.g., [23, Proposition 11.1.3])
yields the desired estimate:

jjVg f jjW ðFL1;L
p;q
m ÞtjjVj f jjLp;q

m
jjVjgjjL1v^jj f jjMp;q

m
jjgjjM1

v
: &

Lemma 4.1 improves the results in [16,23] which stated that Vg fAWðC;Lp;q
m Þ:

Clearly, more general versions of this lemma can be obtained by using other
convolution relations in the last step of the proof.
As an immediate consequence we give an alternative proof of the main

boundedness result for localization operators (Theorem 3.2). We now formulate it
for arbitrary v-moderate weights m in place of the weights vs and ts:

Corollary 4.2. If aAMNðR2dÞ; j1;j2AM1
v ðRdÞ; then A

j1;j2
a is bounded on Mp;q

m ðRdÞ
for 1pp; qpN: In particular, it is bounded on L2ðRdÞ:

Proof. Step 1. We show first that if fAMp;q
m ðRdÞ and gAM

p0;q0

1=m
ðRdÞ; then Vj1 f 	

Vj2gAM1ðR2dÞ with norm

jjVj1 f 	 Vj2gjjM1tjjj1jjM1
v
jjj2jjM1

v
jj f jjLp;q

m
jjgjj

L
p0 ;q0
1=m

: ð23Þ

To see this, we apply Lemma 4.1 and find that Vj1 fAWðFL1;Lp;q
m Þ and

Vj2gAWðFL1;L
p0;q0

1=m
Þ: Consequently Hölder’s inequality (17) implies that Vj1 f 	

Vj2gAWðFL1;L1Þ: Since WðFL1;L1Þ ¼ M1 by (16), the claim is proved. The norm
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estimate follows from (22) and (17)

jjVj1 f 	 Vj2gjjM1^ jjVj1 f 	 Vj2gjjW ðFL1;L1Þ

p jjVj1 f jjWðFL1;L
p;q
m ÞjjVj2gjjWðFL1;L

p0 ;q0
1=m

Þ

t jjj1jjM1
v
jjj2jjM1

v
jj f jjLp;q

m
jjgjj

L
p0 ;q0
1=m

:

Step 2. By the previous step the action of aAMN on Vj1 f 	 Vj2g is well-defined

and (23) yields the norm estimate for A
j1;j2
a :

j/Aj1;j2
a f ; gSj ¼ j/a;Vj1 f 	 Vj2gSjpjjajjMN jjVj1 f 	 Vj2gjjM1

t jjajjMN jjj1jjM1
v
jjj2jjM1

v
jj f jjMp;q

m
jjgjj

M
p0 ;q0
1=m

:

Since M
p0;q0

1=m
is the dual space of Mp;q

m [23, Theorem 11.3.6], this estimate implies that

A
j1;j2
a is bounded on Mp;q

m with operator norm at most

jjAj1;j2
a jjoptjjajjMN jjj1jjM1

v
jjj2jjM1

v

independent of p; q; and m: &

In the remainder of this section we derive a converse of Theorem 3.2 and

Corollary 4.2. Clearly, if we fix a pair of windows j1;j2AM1; then we cannot expect
that aAMN: As an example consider the symbol

a :¼
X

jaþbjpk

@

@xa@ob dAE0ðR2dÞ;

and choose two windows j1;j2ASðRdÞ: Then by Proposition 3.6 A
j1;j2
a is trace

class, hence bounded, but aeMNðR2dÞ:
However, if we require that A

j1;j2
a be well-defined and bounded for all

pairs of windows in a certain class, e.g. in M1; then we can deduce a converse of
Theorem 3.2.

Theorem 4.3. Let aAS0ðR2dÞ and sX0: If there exists a constant C ¼ CðaÞ40
depending only on a such that

jjAj1;j2
a jjSN

pCjjj1jjM1
vs
jjj2jjM1

vs
ð24Þ

for all j1;j2ASðRdÞ; then aAMN

1=ts
:
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Proof. Step 1. We first compute the time–frequency shifts of Vj1 f 	 Vj2g: Write

z ¼ ðz1; z2ÞAR2d ; z ¼ ðz1; z2ÞAR2d : Using Lemma 2.1(ii), we obtain

Tðz1;z2ÞðVj1 f 	 Vj2gÞðx;oÞ

¼ ðVj1 f Vj2gÞðx � z1;o� z2Þ

¼ e�2piðo�z2Þz1Vj1ðMz2Tz1 f Þðx;oÞe2piðo�z2Þz1Vj2ðMz2Tz1gÞðx;oÞ

¼ Vj1ðMz2Tz1 f Þðx;oÞVj2ðMz2Tz1gÞðx;oÞ: ð25Þ

Similarly, we get

Mðz1;z2ÞðVj1 f Vj2gÞðx;oÞ ¼ e2piðxz1þoz2ÞðVj1 f 	 Vj2gðx;oÞÞ

¼ e�2piðxz1þoz2Þ Vj1 f ðx;oÞ 	 Vj2gðx;oÞ

¼VðM�z1Tz2j1ÞðM�z1Tz2 f Þðx;oÞ 	 Vj2gðx;oÞ: ð26Þ

The combination of (25) and (26) yields

MzTzðVj1 f Vj2gÞ ¼ VðM�z1Tz2j1ÞðM�z1Tz2Mz1Tz2 f ÞVj2ðMz1Tz2gÞ: ð27Þ

Step 2. Now fix j1;j2; f ; gASðRdÞ and set F :¼ Vj1 f 	 Vj2g: Then FASðR2dÞ:
To verify that aAS0ðR2dÞ is in MN

1=ts
ðR2dÞ; we need to show that VFa 	 t�1s is in

LNðR2dÞ:Using the weak definition of A
j1;j2
a and (27), the desired conclusion follows

from the estimate

jVFaðz; zÞj ¼ j/a;MzTzFSj

¼ j/a;VðM�z1Tz2j1ÞðM�z1Tz2Mz1Tz2 f ÞVj2ðMz1Tz2gÞSj

¼ j/AM�z1Tz2j1;j2ðM�z1Tz2Mz1Tz2 f Þ;Mz1Tz2gSj

pCjjM�z1Tz2j1jjM1
vs
jjj2jjM1

vs
jjM�z1Tz2Mz1Tz2 f jj2jjMz1Tz2gjj2

t vsðzÞjjj1jjM1
vs
jjj2jjM1

vs
jj f jj2jjgjj2oN;

for every ðz; zÞAR4d : In the last inequality we have used the hypothesis (24) on A
j1;j2
a :

Since vsðzÞ ¼ tsðz; zÞ; this means that aAMN

1=ts
and the necessary condition is proved

completely. &

Remark. Condition (24) implies that A
j1;j2
a can be defined for all windows

j1;j2AM1
vs
: However, we only know that aAS0; therefore A

j1;j2
a cannot be defined

a priori for arbitrary windows in M1
vs
; hence we need the uniform estimate (24). The
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moral of Theorem 4.3 is that if A
j1;j2
a is bounded on L2ðRdÞ for all windows in M1

vs
;

then aAMN

1=ts
:

Finally we show that Theorem 3.4 is optimal in the case of Hilbert–Schmidt
operators.

Theorem 4.4. Let aAS0ðR2dÞ: If there exists a constant C ¼ CðaÞ40 depending only

on a such that

jjAj1;j2
a jjS2pCjjj1jjM1 jjj2jjM1 ð28Þ

for all j1;j2ASðRdÞ; then aAM2;N:

Proof. Since VFaðz; zÞ ¼ ða � MzF�ÞðzÞ by Lemma 2.1(i), we need to show that (28)
implies that

jjajjM2;N ¼ jjVFajjL2;N ¼ sup
zAR2d

jja � MzF�jj2oN

for some diligently chosen window FASðR2dÞ:
We choose jASðRdÞ\f0g and set F ¼ Wðj;jÞ�ASðR2dÞ: An easy calculation or

[23, Proposition 4.3.2] shows that

MzWðj;jÞðx;oÞ ¼ WðMz1
2

T
�z2
2

j;M
�z1
2

Tz2
2

jÞðx;oÞ:

for z ¼ ðz1; z2ÞAR2d : To alleviate notation, we set jz ¼ Mz1
2

T
�z2
2

j and note that

jjMz1
2

T
�z2
2

jjjM1 ¼ jjjjjM1 for all zAR2d :

Finally recall that jjAj1;j2
a jjS2 ¼ jja � Wðj2;j1Þjj2; because a � Wðj2;j1Þ is the

Weyl symbol of A
j1;j2
a :

Now we compute the M2;N-norm of a:

jjajjM2;N^ sup
zAR2d

jja � MzWðj;jÞjj2 ¼ sup
zAR2d

jja � Wðjz;j�zÞjj2

¼ sup
zAR2d

jjAjz;j�z
a jjS2pC sup

zAR2d

jjjzjjM1 jjj�zjjM1 ¼ jjjjj2M1oN:

So aAM2;N; as announced. &

5. Further Applications — A New Characterization of M1

In the proof of Theorem 4.3 we have seen that a tempered distribution aAS0ðR2dÞ
that is defined on certain products Vj1 f 	 Vj2g is already in MN: This suggests that

these products of STFTs already span the predual M1 of MN: In making this
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observation rigorous, we obtain a new characterization of M1ðR2dÞ; which seems to
be of independent interest.
To be specific, we note first that as a special case of (23) we have proved the

estimate

jjVj1 f Vj2gjjM1tjjj1jjM1 jjj2jjM1 jj f jj2jjgjj2 ð29Þ

for all j1;j2AM1 and f ; gAL2:
Therefore the following definition makes sense.

Definition 5.1. Let B be the subspace of L2ðRdÞ of all sums

f ¼
X
nAN

Vjn
1

fnVjn
2
gn;

such that X
nAN

jjjn
1jjM1 jjjn

2jjM1 jj fnjj2jjgnjj2oN

with the norm

jj f jjB ¼ inf
X
nAN

jjjn
1jjM1 jjjn

2jjM1 jj fnjj2jjgnjj2: f ¼
X
nAN

Vjn
1

fnVjn
2
gn

( )
: ð30Þ

Then B is a Banach space (see [5] or [18, Theorem 2.1]) and by (29) B is

continuously embedded in M1ðR2dÞ:
We will show that in fact B ¼ M1: For this we use Feichtinger’s fundamental

characterization of M1 as the minimal Banach space that is isometrically invariant

under time–frequency shifts [12]. Precisely, if BDS0ðRdÞ is a Banach space such that

M1-Baf0g and jjMoTx f jjBpCjj f jjB for all ðx;oÞAR2d and all fAB; then M1DB

[23, 12.1.9].

Theorem 5.2. We have

B ¼ M1ðR2dÞ

with equivalent norms.

Proof. Since B+M1; we need to show the reverse inclusion. In view of the

minimality of M1 quoted above, it suffices to show that time–frequency shifts are
uniformly bounded on B:

(i) Let FAB and choose a representation f ¼
P

nAN Vjn
1

fnVjn
2
gn; such thatX

nAN

jjjn
1jjM1 jjjn

2jjM1 jj fnjj2jjgnjj2p2 jj f jjB:
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Using Lemma 2.1(ii) and (25) we have

Tðz1;z2ÞF ¼ Tðz1;z2Þ
X
nAN

Vjn
1

fnVjn
2
gn ¼

X
nAN

Vjn
1
ðMz2Tz1 fnÞVjn

2
ðMz2Tz1gnÞ:

Since time–frequency shifts are isometric isomorphisms on M1 and L2; we find that

jjTzF jjBp
X
nAN

jjjn
1jjM1 jjjn

2jjM1 jjMz2Tz1 fnjj2jjMz2Tz1gnjj2p2jj f jjB:

(ii) Likewise for modulations we get

Mðz1;z2ÞF ¼ e2piðxz1þoz2Þ
X
nAN

Vjn
1

fnVjn
2
gn ¼

X
nAN

VðM�z1Tz2j
n
1
ÞðM�z1Tz2 fnÞVjn

2
gn:

The same arguments as in (i) show that jjMzF jjBp2jjF jjB: This suffices to conclude
that M1 is continuously embedded in B: &

Remark. Since STFTs behave in many aspects like analytic functions, as is expressed
in Proposition 2.5, Theorem 5.2 bears a striking resemblance to the well-known

factorization theorems for the Hardy space H1: for instance, on the torus, a result

of F. Riesz states that fAH1 if and only if f ¼
P

N

n¼1 gnhn with gn; hnAH2 andP
N

n¼1 jjgnjjH2 jjhnjjH2oN; see [7].
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[21] E. Galperin, K. Gröchenig, Uncertainty principles as embeddings of modulation spaces, J. Math.

Anal. Appl. 274 (1) (2002) 181–202.
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