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Abstract

This paper aims at being an analysis of various uncertainty principles from
a topological point of view where the notion of symplectic capacity plays a
key role. The existence of symplectic capacities follows from a deep theorem
of symplectic topology, Gromov’s non-squeezing theorem, which was discov-
ered in the mid 1980’s, and who has led to numerous developments whose
applications to Physics are not fully understood or exploited at the time of
writing. We will show that the notion of symplectic non-squeezing contains,
as a watermark, not only the Robertson—Schrédinger uncertainty relations
(and a classical version thereof), but also Hardy’s uncertainty principle for a
function and its Fourier transform. This observation will allow us to formu-
late the characterization of positivity for density matrices in a topological
way. We also address some open questions and conjectures, whose solution
cannot be given at present time due to the lack of a sufficiently developed
mathematical theory.
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1 Introduction

1.1 Declaration of intents

Our everyday world is ruled by Euclidean geometry (and by its extension to
curved spaces, Riemannian geometry); we can measure distances in it, and
hence velocities when time is taken into account. Far away from our daily
experience, and much more subtle, is the mechanical phase space world, in
which all the phenomena are expressed in terms of simultaneous measure of
positions and momenta. A thorough understanding of this world requires the
recourse to a somewhat counter-intuitive geometry, the symplectic geometry
of Hamiltonian mechanics. Symplectic geometry is in fact highly counter-
intuitive; the notion of length does not make sense there, while the notion of
area does. This “areal” nature of symplectic geometry, which was not real-
ized until very recently, has led to unexpected mathematical developments,
starting in the mid 1980’s with Gromov’s discovery of a “non-squeezing”
phenomenon which is reminiscent of the quantum uncertainty principle—
but in a totally classical setting! Gromov’s discovery has been followed by
a constellation of related results, which have considerably stimulated and
revigorated symplectic topology, which is the study of global topological
properties invariant under the action of symplectic mappings (or “canonical
transformations” as they are called in physics). Unfortunately these math-
ematical developments have taken place almost unnoticed from the general
physics community. One noticeable exception is however Scheeres and his
collaborators [80, 48, 68] who apply properties related to the non-squeezing
theorem (the existence of a distinguished symplectic capacity) to the study
of uncertainty analysis of Hamiltonian systems. They study the implications
of the non-squeezing theorem to uncertainty distributions that are used to
describe particle trajectories in space, with specific applications to space-
craft [80] and orbit debris predictions [68]. Additionally, the theorem is
used to develop a constraint on covariance matrices for linear Hamiltonian
systems of the form used in spacecraft navigation and orbit determination.
We also notice that there have been some review papers on the topic of non-



squeezing theorems and their applications: Stewart’s 1987 review article [91]
in Nature and Reich’s 2009 review of de Gosson [35] in the New Scientist.

The aim of this paper is to introduce the physics community to some of
these new ideas and concepts, and to show how they can be used with profit
as well in quantum as in classical mechanics. We will try to convey to the
reader our belief that these new concepts from symplectic topology might
really be the proper setup for a better understanding of the twilight zone
between “quantum” and “classical” properties. Indeed, the borderline be-
tween true quantum effects and classical phenomena is a murky area, which
is far from being fully understood. For instance, there has been during the
last years an increasing interest in precise forms of both classical and quan-
tum uncertainty principles. This interest has been triggered not only by
progresses in quantum optics, but also in quantum information science, and
in time-frequency and signal analysis. We will see that symplectic topol-
ogy allows us to state and prove a classical multi-dimensional uncertainty
principle, formally similar to the quantum uncertainty relations. In fact,
one recurring theme of the present paper is that the “uncertainty principle”
in its strong form due to Robertson and Schrédinger can be expressed in
terms of a class of symplectic invariants whose definition is made possible
by Gromov’s non-squeezing theorem. These invariants are the symplectic
capacities of subsets of phase space. Symplectic capacities can be viewed
as a measure of uncertainty, not related to volume, but rather to area, to
which it reduces in some cases when the phase space is a plane; they are
moreover intensive quantities, that is, they do not depend on the number of
degrees of freedom. (The possibility of using symplectic capacities for multi-
dimensional Hamiltonian systems was already noted by the first author in
[23, 24, 35].)

Our applications of symplectic topology are not limited to the study of
uncertainty principles. We will see that a careful use of the notion of sym-
plectic capacity allows to recover the semiclassical ground energy levels of
all Liouville integrable Hamiltonian systems; to do this we actually have to
use the full power of symplectic topology, namely the invariance of symplec-
tic capacities under the action of nonlinear canonical transformations (in
the present case, the passage to action-angle variables). We also use define
a notion of “quantum blob” which is a symplectically invariant substitute
to the cubic quantum cells used in statistical quantum mechanics; the set
of all such “blobs” form a what we call a “quantum phase space” whose
elements are in one-to-one correspondence with the squeezed states familiar
from quantum optics.



1.2 Structure of the paper

Let us outline the main parts of this work:

e We begin by collecting, in Section 2, the main results about the sym-
plectic group and hamiltonian mechanics we will use throughout the
paper, with a special emphasis on Williamson’s symplectic diagonal-
ization theorem, which plays a key role in practical calculations. We
also briefly review the theory of the metaplectic representation which
is so important when one wants to use a symplectically covariant op-
erator theory (Weyl calculus);

e In Section 3 we review the concepts from symplectic topology we will
use. We put an emphasis on Gromov’s non-squeezing theorem (of
which we give a proof in the linear case), and of the derived notion
of symplectic capacity. We describe the notion of symplectic capacity
by listing a series of “natural” properties they should satisfy, and con-
struct a few explicit examples. We also give an up-to-date discussion
of some symplectic embedding properties, and mention several open
questions, which might be of genuine physical interest if answered pos-
itively).

e In Section 4 we apply the notion of symplectic capacity to a thorough
study of two uncertainty principles: the already mentioned Robertson—
Schrodinger principle, which we express in the lapidary form ¢(Wy) >
%h where ¢ stands for an arbitrary symplectic capacity, and Wy for
the Wigner ellipsoid %E*1z2 < 1 associated with a covariance ma-
trix . We thereafter study an uncertainty principle well-known in
time-frequency analysis but unfortunately most of the time ignored
by physicists, namely Hardy’s theorem on the simultaneous sharp lo-
cation of a function and of its Fourier transform. We apply our results
to a study of sub-Gaussian mixed quantum states, and again express
our results concisely in terms of symplectic capacities.

e In Section 5 we introduce a notion of quantum phase space, whose
points are “quantum blobs”; the symplectic capacity of a quantum
blob is %h that is, one half of the quantum of action. Quantum blobs
can be viewed as the geometric (or topological) equivalents of squeezed
states, and as such saturate the Robertson—Schrédinger uncertainty
inequalities.



e In Section 6 we show that surprisingly enough the notion of symplectic
capacity can be used to recover the EBK ground energy level of inte-
grable Hamiltonian systems. For the sake of completeness we begin
the section by reviewing the notion of EBK quantization of Lagrangian
tori. We also show in detail that EBK quantization is exact for systems
with quadratic Hamiltonian.

e We end our paper by listing a few fascinating questions whose answer
seems difficult to give until new mathematical developments have made
them more tractable; one particularly intriguing topic seems to be
Guth’s catalyst map.

1.3 Notation and terminology

The letter n will stand for an (arbitrary) integer > 1; the product vector
space R™ x R” is identified with R?” and the generic point of R?" is usually
denoted z or (x,p) where we have set z = (x1,...,2p), p = (P1, .-, pn). When
matrix calculations are performed, z, p, z are viewed as column vectors. The
standard Euclidean star product is denoted by a dot - in all dimensions.

When M is a matrix we will denote the product z” Mz indifferently by
Mz -z or M22.

We will use the following unitary Fourier transforms:

e The A-Fourier transform on R" defined by
h _ 1 \n/2 —ipx
Fo) = (545)"" [ e irevtads

and we have (F")~ly) = Fha).

e The symplectic h-Fourier transform on R?" defined by

Fla(z) = Fla(=Jz) = (271rh)n/ e*%"(z’zl)a(z’)dz';
) R2n

Flis its own inverse: F'F" is the identity.

The Weyl operator A associated with an observable (or “symbol”) a is
formally defined by

~

) = ()" [[, e e+ e ()



this is equivalent to the much more tractable formula
(o) = (27)" |, el T a)u(a)dzo )
where a, = F'a and f(zo) is the Heisenberg—Weyl operator:

T(z0)t(x) = e POT= 30704 (3 — ). (3)

We will use the shorthand notation 4 &% a to signify that A is the Weyl
operator with symbol a (we refer to Littlejohn [61] for a very good review
of Weyl calculus from a phys1(:1st S pomt of view).

We will use the notation X and P for the Weyl operators with h sym-

bols z; and pj, respectively. We have, explicitly, X]w = xj7 and Pﬂ/} =

2 Symplectic Group and Hamiltonian Dynamics

Hamiltonian systems (that is, dynamical systems whose time-evolution is
governed by Hamilton’s equations of motion) are particularly adequate for
giving a physical illustration of the power of symplectic geometry in physical
problems. Their consideration will allow us in Subsection 3.1.1 to give a
dynamical description of the “principle of the symplectic camel”, a central
and recurring theme in this paper.

There are numerous references for the material of this preliminary sub-
section; classical sources are for instance Arnol’d [2] or Goldstein [22]; on
a more abstract level Hofer and Zehnder [47] give a concise introduction
mainly accessible to mathematicians non familiar with the topic.

2.1 The symplectic group

Here we collect a few basic results on symplectic geometry; the notion of
symplectic spectrum is analyzed in some detail.

2.1.1 General definitions

A real 2n x 2n matrix S is said to be “symplectic” if it satisfies the two
(equivalent) conditions STJS = J and SJST = J where J is the block

matrix
0 I
=%



(J is the “standard symplectic matrix; it is sometimes called “Weyl ma-
trix” in optics). Symplectic matrices form a group, the symplectic group
Sp(2n,R). The standard symplectic form on R?" is the non-degenerate an-
tisymmetric bilinear form defined by

o(z,2y=Jz-2'=p-2a’ —p - (4)
for z = (z,p), 2/ = (2/,p); in differential notation
o=dpi Ndx1+ - -+ dp, Adxy,. (5)

A linear automorphism s of R?" is symplectic if o(sz, s2’) = o(z, 2’) for all
vectors z, 2/ in R?". Identifying s with its matrix S in the canonical basis, s is
symplectic if and only if S is a symplectic matrix. We will always implicitly
use the identification s = S. Symplectic matrices have determinant equal to
one and Sp(2n,R) is a connected subgroup of the special linear real group

SL(2n,R).
If one writes S in block matrix form
A B
s=le 1)

where A, B, C, D are n X n matrices, the condition S € Sp(2n,R) is equiva-
lent to the conditions!

ATc, BT'D are symmetric, and ATD —CTB =1 (6)
ABT, ¢DT are symmetric, and ADT — BCT = I. (7)
It follows from the second of these sets of conditions that the inverse of S is
given by
_ DT BT
ST = |:_CT AT ] . (8)

The inhomogeneous (or affine) symplectic group ISp(2n,R) is the semi-
direct product of Sp(2n, R) and of the translation group of R?"; its elements
are the product (in any order) of symplectic matrices and of phase-space
translations.

!They are sometimes called the “Liineburg relations” in optics



2.1.2 The subgroup U(n) of Sp(2n,R)

The unitary group U(n,C) is identified with a subgroup U(n) of Sp(2n,R)
by the monomorphism

A+i1Br+—— |:g _AB:|
and we have
U € U(n) if and only if UJ = JU. (9)

The following property of U(n) is important; it says that U(n) consists of
symplectic rotations:

U(n) = Sp(2n,R) N O(2n). (10)
A basis B = (e1, ..., en; f1, ..., f1) of (R?", ) is symplectic if we have

o(ei,ej) =o(fi, f;) =0, o(fi,e;) = —04j (11)

for all 3,5 = 1,2,...,n. The canonical basis C of R?", defined by e; =
((9i5)1<j<n;0), fi = (0; (0i)1<j<n) is symplectic. An orthosymplectic basis
of (R?", ) is a basis of R?" which is both symplectic and orthonormal (for
the standard scalar product on R?"); the canonical basis C is orthosymplec-
tic. A linear mapping R?® — R?" is symplectic if and only if it takes one
(and hence all) symplectic bases B to a symplectic basis B’; the elements of
the subgroup U(n) of Sp(2n,R) are precisely those who take one (and hence
all) orthosymplectic basis to an orthosymplectic basis.

Any square matrix can be written as the product of a positive-definite
matrix and a rotation: this is the polar decomposition theorem. In the sym-
plectic case this theorem becomes (see for instance de Gosson [32], §2.2.1):

Proposition 1 Fvery S € Sp(2n,R) can be written in the form S = RU
where R € Sp(2n,R) is positive-definite and U € U(n).

Positive definite symplectic matrices themselves can be diagonalized us-
ing a symplectic rotation:

Proposition 2 Let S € Sp(2n,R) be symmetric and positive definite. There
exists U € U(n) such that

(12)

S—UTAU | A:[A 0]

0 Al

where A = diag[A1, ..., A\p] and 0 < A; < Ay < -+ <\, < 1 are the n first
eigenvalues of S (counted with their multiplicities).



Proof. Since S is symmetric and positive definite its eigenvalues occur in
pairs (A, 1/A) with A > 0 so that if \y < --. < A\, are n eigenvalues then
1/A1,...,1/\, are the other n eigenvalues. Let now U be an orthogonal
matrix such that S = UT AU where

D = diag[A\1, ..., \n; 1/ A1, ooy 1/ A0

let us prove that U € U(n). Let uq, ..., u, be orthonormal eigenvectors of U
corresponding to the eigenvalues A1, ..., \,. Since SJ = JS~! (because S is
both symplectic and symmetric) we have

1
SJuy, = JS_luk = —Ju
Aj

for 1 <k <n, hence £Juy, ..., +Ju, are the orthonormal eigenvectors of U
corresponding to the remaining n eigenvalues 1/A1, ..., 1/A,,. Write now the

2n X n matrix [ug, ..., uy,| as
1y ey Un| = B

where A and B are of order n x n; we have

[Tty ey —Juy) = —J [é] - [_AB]

hence U is of the type

U=lu,...uy; —Jui,....—Juy] = [A _B] .

B A
Since UTU = I the blocks A and B are such that

ABT =BTA | AAT + BBT =1 (13)
hence U is also symplectic, that is U € U(n). =

2.1.3 The metaplectic representation of the symplectic group

We will need some simple result about the theory of the metaplectic group
Mp(2n,R) (see de Gosson [32], Chapter 7, for an up-to-date and complete
exposition). The metaplectic group is a faithful (but not irreducible) unitary
representation on L2(R™) of the double covering Spy(2n,R) of the symplec-
tic group Sp(2n,R). Below we list a set of generators of Mp(2n,R) and
we give the images of these generators under the covering projection 7"
Mp(2n, R) — Sp(2n, R), which to every pair of operators £S5 € Mp(2n, R)
associates the symplectic matrix 7 (+5) = S.



e The modified Fourier transform J = i 2Fh" where F" is the h-
Fourier transform:

~

Jow) = ()" [ et At eD =0 g

o The “chirp” operators V. p with P = PT a real n x n matriz:

~ i

V_p(z) = e

SCIRE R A B

e The rescaling operators ML,m with det L # 0, mm = argdet L mod 27

— o —1
My pile) =@ Lo(Ee) | 7T = [ ] o)

The existence of the metaplectic group is motivated in many texts by
invoking the Heisenberg—Weyl operators and Stone—von Neumann’s theo-
rem; however such an explanation is not very conclusive, because not only
is it hard to see what operators Mp(2n,R) should contain but, worse, such
an argument only guarantees the existence of a unitary projective represen-
tation of the symplectic group (admittedly, the latter point does not have
earthshaking consequences as long as metaplectic operators only appear in
a passive way, that is, as conjugation operators, since all difficulties related
to phase ambiguities then disappear).

The relevance of the metaplectic group for Weyl calculus (and in par-
ticular the theory of density matrices) comes from the following property,
known as metaplectic (or, symplectic covariance):

Proposition 3 Let ALY 4 be o Weyl operator and Se Mp(2n,R) such

that 7(S) = S. Then SAS™! Teul o 571,

This result actually justifies the use of Weyl calculus in quantum me-
chanics, because one can prove (Shale [84]) that it is, among all pseudo-
differential calculi, the only which enjoys the metaplectic covariance prop-
erty. Weyl calculus thus imposes itself in any quantization procedure of
observables which is meant to preserve the symplectic character of classical
(Hamiltonian) mechanics.



2.2 Williamson’s theorem and symplectic spectrum

Let M be a real m x m symmetric matrix. Elementary linear algebra tells us
that all the eigenvalues A1, g, ..., A\, of M are real, and that M can be diago-
nalized using an orthogonal transformation. Williamson’s theorem provides
us with the symplectic variant of this result. It says that every symmetric
and positive definite matrix M can be diagonalized using symplectic matri-
ces, and this in a very particular way.

2.2.1 Symplectic diagonalization

Let M be a positive definite real 2n x 2n matrix; the eigenvalues of JM
are those of the antisymmetric matrix M1/2JM/2 and are thus of the type
+iA7 with A7 > 0. We will always arrange the A7 in decreasing order?:

A > AT > > A (17)

Definition 4 The positive numbers X7 are the “symplectic eigenvalues” of
the positive definite matriz M. The decreasing sequence

Spec, (M) = (A], ..., A?)
1s called the “symplectic spectrum” of M.

We will study some important properties of the symplectic spectrum in
a moment, but let us first state and prove an essential diagonalization result
going back to Williamson’s pioneering work [95] in 1933 on normal forms.
This result has been rediscovered several times by various authors (Hofer
and Zehnder [47] claim that it can already be found, albeit in disguise, in
the 1858 work [92] of Weierstrass®).

Theorem 5 (Williamson) There exists S € Sp(2n,R) such that

STMS = [AU 0]

e (18)
where A% = diag [A], ..., \7] the )\37 being the symplectic eigenvalues of M.

Proof. (See [47], §1.7, Theorem 8, for an alternative proof using a varia-
tional argument; for a constructive proof see Narcowich [74], Theorem 4.2).

20ne sometimes finds the opposite convention in the literature.
3The present authors haven’t verified this claim.

10



Let us denote by (-,) the scalar product associated with the symmetric
matrix M1, that is (z,2/) = M1z - 2. Setting K = —M J; we have

(2,Kz') = —2-J2 = 0(2,7) (19)

for all z, z/. We now observe that —M.J and —JM have the same eigenvalues
(both matrices are equivalent to —M~Y2JM~/2) hence the eigenvalues of
K are the numbers :l:z')\;’-'. The eigenvectors of K occurring in conjugate pairs
e £ if} we thus obtain a (-,-)-orthonormal basis B' = (e}, ..., ep; f1, .-, f1)
of R?" such that Ke/ = A7 fi and K f} = —A7¢}. Notice that it follows from
these relations that

K?¢; = -0\, Kfj=—(\))*f;
and that the vectors of the basis B’ obey, in view of (19), the relations

U(eg,eg) = <e§,Ke;-> = )\?(e;,fj’) =0

J(levf]/) = <fz/7Kf],> = _)‘?< £a€;> =0
U( ilve;‘) = <f7,,7K€;> = Ajg<fz/7fj/> = _)\?51'3'-

Setting e; = (A7) "*/2¢/ and f; = ()\?)_1/2]”3’-, the basis B =(e1, ..., €n; f1, -, f1)
is thus symplectic: we have

olei,e;) =a(fi, fj) =0, 0(fi,ej) = —dij

for 1 < 14,5 < mn. Let now S be the element of Sp(2n,R) mapping the canon-
ical symplectic basis C to B. The (-,-)-orthogonality of B implies formula
(18) with A = diag [\, ..., \7]. =

Remark 6 Observe that the diagonalization formula (12) for positive-definite
symplectic matrices is not a Williamson diagonalization. However, writing

S = (A2 (AY20) (20)

where AY? is the positive square root of A we obtain the Williamson di-
agonalization of S. This is because the eigenvalues of JS are those of
S1278Y2 = J (SY2 is symplectic and symmetric), and hence their moduli
are all equal to +1.

Let us complement Williamson’s theorem by a uniqueness result modulo
symplectic rotations:

11



Proposition 7 The symplectic matriz S diagonalizing M in Williamson’s
theorem is unique up to a symplectic rotation: if S’ is another Williamson
diagonalizing symplectic matriz then S~1S" € U(n).

Proof. Assume that S’ € Sp(2n,R) is such that

STMS = STMS = D = [Ag 0 }

0 A°

and set U = S718"; we have UT DU = D. Let us show that UJ = JU; it
will follow that U € U(n). Setting R = DY2U D~/ we have

R'R=D'*(UTDU)D /2 =D '?DD =1

hence R € O(2n). Since J commutes with each power of D we have, since
JU = (UT)71J (because U is symplectic),
JR=D'Y?JuD~'? = pV2(UT)"1 D~/
_ D1/2(UT)—1D—1/2J _ (RT)—1J
hence R € Sp(2n,R) N O(2n); in view of (10) we thus have R € U(n) hence
JR = RJ. Now U = D™'/2RD'/? and therefore
JU = JD™Y2RDY?2 = D~Y2 JRDY/?
=D '/2RJD'? = D7Y?RDY?J
=UJ

which was to be proven. m

Remark 8 A natural question is whether one can find other symplectic di-
agonalizations of the type (18) where A7 is replaced by some diagonal matrix
whose diagonal entries are numbers X\; different from the A7. The answer
is negative: if A = diag[\1, ..., A\n] then the sets {A],..., A7} and {A1,..., \n}
are the same (see de Gosson [32], §8.5.1, Theorem 8.11(ii) for a proof).

2.2.2 Properties of the symplectic spectrum

The symplectic spectrum of a positive-definite matrix has three important
properties, the third being not quite trivial (it is the symplectic version of the
Rayleigh—Courant—Fisher theorem from convex optimization; see Arnol’d
[2], §24). Let us list and prove these properties:

12



Proposition 9 Let M and M’ be a real positive-definite matriz of order
2n. The symplectic spectrum Spec, (M) has the following properties:

(i) Spec, (M) is a symplectic invariant: Spec, (ST MS) = Spec, (M) for
every S € Sp(2n,R);

(ii) If Spec, (M) = (], ..., A%), then Spec, (M%) = ((A\2)~1, ..., (A\])~Y);

(i) If M < M', then Spec,(M) < Spec,(M'), i.e. we have X7 < X7
forallj=1,...,n.

Proof. (i) follows from the fact that J(STMS) = S~1(JM)S (because
JST = S=1J since S is symplectic) which implies that JM and J(STMS)
have the same eigenvalues. (ii) The eigenvalues of JM are the same as those
of M2 JMY?; the eigenvalues of JM~1 are those of M~1/2JM~Y/2. Now

M_1/2JM_1/2 — _(MI/QJM1/2)—1

hence the eigenvalues of JM and JM ! are obtained from each other by the
transformation ¢t —— —1/t. The result follows since the symplectic spectra
are obtained by taking the moduli of these eigenvalues. (iii) (cf. Giedke
et al. [21]). Let us introduce some notation: when two matrices A and B
have the same eigenvalues we will write A ~ B. Notice that when A or B
is invertible we have AB ~ BA. We will write M < M’ when M' — M is
non-negative; equivalently, M < M’ is equivalent to 27 Mz < 2T M’z for
every z € R?™. We now observe that the statement (ii) is equivalent to
M<M = (JM')? < (JM)?

since the eigenvalues of JM and JM' occur in pairs i), +7\" with X and
N real. Replacing z by successively (JMY2)z and (JM'/?)z in 2T Mz <
2T M’z we thus have, taking into account the fact that J' = —.J, that is,
since JT = —J,

MYV2 M JMY? < MY2gM M2, (21)
M/l/?JMIJMll/Q S M’l/QJMJMll/Q. (22)

Noting that we have MY2JM'JMY2 ~ MJM'J and M'YV2JMJM"/? ~
M'JMJ ~ MJM'J we can rewrite the relations (21) and (22) as

MJIM' < JMV2 M JMY2 | M2 IM JMMY? < MJIM'J
and hence, by transitivity,
M"Y M MM < MYV2gM M2, (23)

Since we have MY/2JMJMY? ~ (M.J)? and M /2JM' JM"™/? ~ (M'J)?
the relation (23) is equivalent to (M’J)? < (M J)?, which was to be proven.
[



2.3 Hamiltonian mechanics
2.3.1 Hamilton’s equations

Hamiltonian system describe motions involving holonomic constraints and
forces arising from a potential. The phase-space evolution of a Hamiltonian
system with n degrees of freedom is governed by Hamilton’s equations of
motion

dx; OH dp; OH
7 7($7p7t) s == _7(1‘7]9725) (24)
dt apj dt anj

( =1,...,n). This system of differential equations can be written in concise

form as p
dé = Xp(z,t) = JO,H(z,1)

where 0, = (0, 0p) is the gradient in the variables x1, ..., Zn, p1, ..., pn. The
operator Xy = JO,H is the Hamilton vector field; it is a true vector field
only when H is time-independent.

When H is of the type “kinetic energy + potential energy”, that is

n 2

p,
H({L',p,t) = Zﬁ + U(.%',t)
j=1"""

Hamilton’s equations become

dzj _ pj ’ dp; :_87U($7t)

dt m; dt al'j
which is just Newton’s second law. Assuming that the equations (24) have
a unique solution (x,p) = (z(t),p(t)) for every initial condition (at time ¢')
z(t") = 2/, p(t') = p/, the phase space flow ( fﬁ,) is globally defined: fﬂ, is
the mapping R?" — R?" defined by (z,p) = fft, («',p"). We will use the
shorthand notation f/ = f{{); when the Hamiltonian H is time independent
(fH) is the usual flow.

Definition 10 A canonical transformation (or: symplectic diffeomorphism,
or symplectomorphism) is a diffeomorphism f of R®™ whose Jacobian matriz

Df(a,p') = 5((;’;))

is symplectic at every point (x',p). Equivalently f*o = o when o is written
as the differential form dp A dx (formula (5)).
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A characteristic property of Hamiltonian systems is that their flows con-
sist of canonical transformations: the Jacobian of each fg, is a symplectic

matrix everywhere where it is defined, that is (f)*c = 0. We will have
much more to say about this property.

2.3.2 Hamiltonian orbits on hypersurfaces

Consider a time-independent Hamiltonian function H and denote by Sg the
(“energy shell”) defined by the equation H(z) = E (we assume that Yp
is non-empty, and that F is a regular value of the energy, so that Sg is a
smooth hypersurface in R?"). If we choose a point zyp on Sg then, due to
the theorem of conservation of energy, the points f(zg) will also be in Sg
and this for all times: energy shells “trap” Hamiltonian trajectories. Let us
now reverse the situation, and consider an arbitrary hypersurface S in R?"
and assume that there exist two Hamiltonian functions H and K for which
S is an energy shell for some regular values (i.e. 9,H # 0 and 9.K # 0 on
Y)) of the energy:

Y={2:H(z)=E}={2:K(z) = F}. (25)

We claim that in this case H and K have same trajectories on . Intuitively
the idea is very simple: the vector fields 9, H and 0, K being both normal to
the constant energy shell ¥, the Hamiltonian fields Xy = (0,H, —0,H) and
Xk = (0,K,—0,K) must be proportional and thus have the same trajecto-
ries (up to a reparametrization). Slightly more formally: since 0,H (z) # 0
and 0,K(z) # 0 are both normal to ¥ at z, there exists a function a # 0
such that X = aXy on X. Let now (ff) and (f) be the flows of H
and K, respectively, and define a function t = t(z,s), s € R, as being the
solution of the ordinary differential equation

dt
ds = a(ft(z)) ’ t(Z,O) =0

where z is viewed as a parameter. We claim that

[ =1{1(2) for z€8. (26)
In fact, by the chain rule

d d d
) = S )T = Xu(f el (=)
that is, since Xg = aXpg:
d H

%ft (2) = XK(ftH(Z))

15



which shows that the mapping s — ft?z ) (z) is a solution of the differential
equation 4z = Xy (z) passing through z at time s = ¢(z,0) = 0. By the
uniqueness theorem on solutions of systems of differential equations, this
mapping must be identical to the mapping s — sz (2); hence the equality
(26). Both Hamiltonian functions H and K thus have the same trajectories,
as claimed.

2.3.3 Liouville’s theorem

One of the most well-known properties of Hamiltonian flows are that they
are volume preserving: this statement is the famous Liouville’s theorem from
classical mechanics. This property attracted a lot of attention already more
than a century ago; it served as the main stimulating force for the creation
of ergodic theory, nowadays a well-established mathematical theory which
studies various recurrence properties of volume-preserving transformations
(see Polterovich [76], especially Chapter 11). All known text-book proofs
of Liouville’s theorem are, in one way or another, variations on the follow-
ing fact: a Hamiltonian flow consists of canonical transformations and the
Jacobian determinant of a canonical transformation is equal to one; alter-
natively (and this is sufficient for deriving Liouville’s theorem) Hamiltonian
vector fields are divergence-free. Liouville’s theorem thus actually holds for
all mechanical systems whose motion is governed by a flow associated to a
divergence-free vector field, and is thus not a characteristic feature of Hamil-
tonian system! Liouville’s theorem is actually often restated in the form of
the “Liouville’s equation”

dp B

where {-, -} is the Poisson bracket, and p = p(z,t) plays the role of a “phase-
space fluid density at the point z at time ¢”. Liouville’s equation is equivalent
to saying that for every z the quantity p(f{(z),t) is constant in time, hence
it expresses the “incompressibility” of the phase-space fluid, and is thus
equivalent to Liouville’s theorem itself.

A better way (from our perspective) to prove Liouville’s theorem is to
note that it directly follows from the fact that the ff are canonical trans-
formations. This point of view namely highlights the fact that Liouville’s
theorem is a rather weak statement about Hamiltonian flows as soon as
n > 1. Let Q be a measurable subset of R?" and set ; = /(). Defining
the Lebesgue measure on R?" by

dz = dpdx = Hn . dpjdx;
J:
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we have, using the formula of change of variables for multiple integrals,

Vol(Qt):/ dpdzx
Q4

),

= Vol(Q2)

det O(z,p)

0 do'dx’
o, py| T

where the last equality follows from the fact that the Jacobian matrix
(z,p)/0(x',p’) is symplectic and thus has determinant equal to one.

Liouville’s theorem is a perfect transition to the “property of the sym-
plectic camel”, the main theme of this paper, and to which it opens the
door.

3 The Symplectic Camel

“...It is easier for a camel to pass through the eye of a needle
than for one who is rich to enter the kingdom of God*...”

As we will see this Biblical quotation applies very well (in a metaphoric
form!) to the symplectic non-squeezing theorem; for various interpretations
of the word “camel” see the comments to the on-line version of Reich’s paper
[78].

3.1 The symplectic non-squeezing theorem

Let us describe in detail Gromov’s symplectic non-squeezing theorem; we
begin with a rather informal and “intuitive” description from a dynamical
point of view.

3.1.1 An informal dynamical description

In addition of being volume-preserving, Hamiltonian flows have an unex-
pected additional property as soon as the number of degrees of freedom
is superior to one; this property is a consequence of the symplectic non-
squeezing theorem which was proved in 1985 by M. Gromov [41].

Assume that the system S consists of a very large number of point-like
particles forming a “cloud” filling a subset 2 of phase space R?”. Sup-
pose that this cloud is, at time ¢ = 0 spherical so € is a phase space ball

‘Matthew 19(24), St Luke 18(25), Mk 10(25).
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B?"(r) : |2 — 29| < 7. The orthogonal projection of that ball on any plane of
coordinates will always be a circle with area 7r2. As time evolves, the cloud
of points will distort and may take after a while a very different shape,
while keeping constant volume. In fact, since conservation of volume has
noting to do with conservation of shape, one might very well envisage that
the ball B2*(r) can be stretched in all directions by the Hamiltonian flow
(ff1), and eventually get very thinly spread out over huge regions of phase
space, so that the projections on any plane could a priori become arbitrary
small after some time ¢. This possibility is perfectly consistent with Katok’s
lemma [53], which can be stated as follows: consider two bounded domains
Q and Q' in R?" which are both diffeomorphic to the ball B?"(r) and have
same volume. Then, for every € > 0 there exists a Hamiltonian function H
and a time t such that Vol(f(Q)AQ)) < e. Here f1(Q2)AQ denotes the
symmetric difference of the two sets f/7(Q) and €': it is the set of all points
that are in f(Q) or €, but not in both. Katok’s lemma thus shows that
up to sets of arbitrarily small measure ¢ any kind of phase-space spreading
is a priori possible for a volume-preserving flow.

However (and this was unknown until 1985!) the projections of the set
fH(B?(r)) on any plane of conjugate coordinates x;,p; will never decrease
below its original value! That projection will in fact be a surface in this
plane, and that surface will have area at least 7r2. The condition that the
plane is a plane of conjugate coordinates is essential: if we had chosen a
plane of coordinates x;, py with j # k or any plane of coordinates x;, xj, or
pj, Pk then the projection could become arbitrarily small. The property just
described is a consequence (in fact, an equivalent statement) of “symplectic
non-squeezing theorem” Gromov’s.

Gromov’s non-squeezing theorem, which we discuss in next subsection,
is very surprising and has many indirect consequences. For instance, not so
long time ago many people used to believe that whatever could be done by
a volume-preserving diffeomorphism could be done (at least with an arbi-
trary good approximation) by symplectic diffecomorphisms (that is, canoni-
cal transformations). This belief was an extrapolation from the case n = 1
where both notions in fact coincide. The first step towards a better un-
derstanding of the peculiarities of symplectic diffeomorphisms was formu-
lated in the early 1970’s under the name of “Gromov’s alternative”: the
group Symp(2n,R) of symplectic diffeomorphisms is either C%-closed in the
group of all diffeomorphisms, or its closure in the C%-topology is the group
of volume-preserving diffeomorphisms. One consequence of the symplectic
non-squeezing theorem is that it is the first possibility that holds true: in
general we cannot approximate a volume-preserving diffeomorphism by sym-
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plectic diffeomorphisms. (See the detailed discussion in Hofer and Zehnder
[47].)

3.1.2 Two non-squeezing theorems

Let us denote by Zf”(R) the cylinder in R?" defined by the condition: a point
(x,p) is in ZJZ" (R) if and only if :L'j2 +pj2 < R?. Thus, the plane of conjugate
coordinates x;, p; cuts ZJZ”(R) orthogonally, along the disk :ch2.+p? < R?lying
in this plane. What Gromov proved, using complex analysis (the theory of
pseudo-holomorphic curves) and symplectic topology, is the following;:

Theorem 11 (Gromov) If there exists a canonical transformation f in
R?" sending the ball B?"(r) in some cylinder Z?”(R), then we must have
r<R.

A word of explanation for the word “some” in the statement of Gromov’s
theorem. Let Zf"(R) and Z2"(R) be two cylinders with j # k. A phase
space point z = (z,p) is in ZJZ"(R) if and only if x? + p? < R? and in
Z2"(R) if and only if 22 + pf < R?%; we can switch from one condition to
the other by the coordinate permutation 7; , swapping the pairs (z;,p;) and
(zk,pr) and leaving all other pairs (x¢,py) invariant. Since 7;; obviously
leaves o(z, z') unchanged it is a (linear) canonical transformation. Thus, if
f sends B?"(r) in ZJZ"(R) then 7; 4 0 f sends B*"(r) in Z?"(R) so that there
exists a canonical transformation sending B**(r) in ZJZ"(R) if and only if
there exists one sending B?"(r) in Z?"(R).

The property of Hamiltonian flows described in the previous subsection
immediately follows: assume that the orthogonal projection of f(B"(r))
on the z;,p; plane has an area < nr2. Then any cylinder based on that
plane and having a radius > r would contain f(B?"(r)).

It is essential for the non-squeezing theorem to hold that the considered
cylinder is based on a z;, p; plane (or, more generally, on a symplectic plane).
For instance, if we replace the cylinder Z?”(R) by the cylinder Z?3(R) :
22 + 3 < R? based on the z1,7s plane, it is immediate to check that
the linear canonical transformation f defined by f(x,p) = (Az, A\~!p) sends
B?(r) into ZZ(R) as soon as A < r/R. Also, one can always “squeeze” a
large ball into a big cylinder using volume preserving diffeomorphisms that
are not canonical. Here is an example in the case n = 2 that is very easy to
generalize to higher dimensions: define a linear mapping f by

f(@1, 29, p1,p2) = (Az1, A\ w2, Ap1, A p2).
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Clearly det f = 1 and f is hence volume-preserving; f is however not sym-
plectic if A # 1. Choosing again A < r/R, the mapping f sends B?*(R) into
Z2(r).

Gromov’s theorem actually holds when Z]?”(R) is replaced by any cylin-
der with radius R based on a symplectic plane, i.e. a two-dimensional
subspace P of R?" such that the restriction of o to P is non-degenerate
(equivalently, P has a basis {e, f} such that o(e, f) # 0). The planes P; of
coordinates x;,p; are of course symplectic, and given an arbitrary symplec-
tic plane P it is easy to construct a linear canonical transformation S; such
that S;(P)= P;. It follows that a canonical transformation f sends B*"(r)
in the cylinder ZJZ”(R) if and only if f o S; sends B*"(r) in the cylinder
Z?"(R) with same radius based on P.

Here is another “non-squeezing” result; it is about tori and cylinder (see
Sikorav in [87] and Polterovich [76], Theorem 1.1C and §4.3).

Theorem 12 There is no canonical transformation taking the torus
T"(r) = Si(r) x S(r) x - -~ x S, (r)

into a cylinder Zf”(R) ifr >R (Sjl (r) is a circle with radius r in the x;, p;
plane).

Notice that the result is obvious when n = 1 since in this case it just
says that we cannot send a circle Si(r) inside a circle with smaller radius
using area preserving transformations. However, if n > 1 then T"(r) is a set
with finite volume, and as for Gromov’s theorem, one does not see why the
statement should be true: it is in fact wrong (as is Gromov’s theorem) if
one uses arbitrary volume-preserving transformations (see Polterovich [76],

§1.1).

3.1.3 Proofs of Gromov’s theorem in the affine case

All known proofs (direct, or indirect) of Gromov’s theorem are notoriously
difficult, whatever method one uses (this might explain that it had not been
discovered earlier, even in the more “physical” framework of Hamiltonian
dynamics). We note that a related heuristic justification of Gromov’s theo-
rem is given by Hofer and Zehnder in [47] p.34; their “proof” however relies
on an assumption which is, if true, at least as difficult to prove as Gromov’s
theorem itself! We are going to be much more modest, and to give a proof
(actually two) of Gromov’s theorem for affine canonical transformations; a
canonical transformation is affine if can be factorized as the product of a
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symplectic transformation (i.e. an element of Sp(2n,R)) and a phase space
translation. We are actually going to give two proofs, both of an elementary
nature (the second is shorter, but slightly more conceptual). To the best of
our knowledge these proofs are original (for a “variational proof” see McDuff
and Salamon [71] §2.4; in [32] §3.7.2 the first author has given a variant of
this proof).

Proposition 13 (“Linear Gromov”) If there exists an affine canonical
transformation f in R®*™ sending a ball B*(r) inside the cylinder Z;"(R),
then we must have r < R. FEquivalently, the intersection of f(B**(r)) by
an affine plane parallel to a plane of conjugate coordinates xj,p; passing
through the center of f(B*(r)) is an ellipse with area mr?.

Proof. First proof. It relies on the fact that the form pdxr = Zj pjdx; is a
relative integral invariant of every canonical transformation, that is: if f is
a canonical transformation and « a cycle (or loop) in R?" then

fpd;n :7{ pdx (27)
v )

(see for instance Arnol’d [2], §44, p.239). It is of course no restriction to as-
sume that the ball B2"(r) is centered at the origin, and that f is a symplectic
transformation S. We claim that the ellipse I'; = S(B?"(r)) N P;, intersec-
tion of the ellipsoid S(B?*(r)) with any plane P; of conjugate coordinates
xj,p; has area 7r2; the proposition immediately follows from this property.
Let 7, be the curve bounding the ellipse I'; and orient it positively; the area
enclosed by -y is then

Area(T';) :% pjdz; :% pdx (28)
i i
hence, using property (27),
Area(T';) = ?{ pdx = 712 (29)
S=1(v)

(because S™1(7) is a big circle of B?(r)); notice that the assumption that
P; is a plane of conjugate coordinates x;, p; is essential for the second equal-
ity (28) to hold, making the use of Eqn. (27) possible [more generally, the
argument works for any symplectic plane]. Second proof. With the same no-
tation as above we note that S~(S(B?*(r)) NP;) is a big circle of B2 (r),
and hence encloses a surface with area 7r2. Now, P; is a symplectic space
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when equipped with the skew-linear form o; = dp; A dx; and the restriction
of S to P; is also canonical from (P;,0;) to the symplectic plane S(P;)
equipped with the restriction of the symplectic form ¢. Canonical transfor-
mations being volume (here: area) preserving it follows that S(B?"(r)) NP;
also has area 7r?.

It would certainly be interesting to generalize the first proof to arbitrary
canonical transformations, thus yielding a new proof of Gromov’s theorem
in the general case, in fact, a refinement of it! The difficulty comes from
the following fact: the key to the proof in the linear case is the fact that we

were able to derive the equality

/ pjdxj = TR?
YR

by exploiting the fact the inverse image of the x;, p; plane by S was a plane
cutting B?*(R) along a big circle, which thus encloses an area equal to
7R?. When one replaces the linear transformation S by a non-linear one,
the inverse image of x;,p; plane will not generally be a plane, but rather a
surface. It turns out that this surface is not quite arbitrary: it is a symplectic
2-dimensional manifold. If the following property holds:

The section of B?"(r) by any symplectic surface containing the
center of B®(r) has an area at least 7r>

then we would have, by the same argument,

/ pjdxj > TR2,
TR

hence we would have proved Gromov’s theorem in the general case. At the
time of the writing of this paper we do not know any proof of this property;
nor do we know whether it is true!

We urge the reader to notice that the assumption that we are cutting
S(B?"(r)) with a plane of conjugate coordinates is essential, because it is this
assumption that allowed us to identify the area of the section with action.
Here is a counterexample which shows that the property does not hold for
arbitrary sections of the ellipsoid S(B?"(r)). Taking n = 2 we define a
symplectic matrix

A0 0 0

g_ |0 2 0 0
0 0 1/A 0 ’
0 0 0 1/X



where A1 > 0, Ay > 0, and \; # A\a. The set S(B?*(r)) is defined by

1 1
— 22 4 — a3+ Mp? + Aaps <12
A1 A

and its section with the x5, ps plane is the ellipse

ix% + )\1])% <r?
A1
which has area 772 as predicted, but its section with the 2, p; plane is the
ellipse
L2 4 opd < B2
A1
which has area 7(r?y/A1/\2) different from 772 since A\; # Ao.

But why were we mentioning a “symplectic camel” in the title of this
section? The reason is metaphoric: Gromov’s non-squeezing theorem can be
restated by saying that there is no way to deform a phase space ball using
canonical transformations in such a way that we can make it pass through
a circular hole in a plane of conjugate coordinates x;,p; if the area of that
hole is smaller than that of the cross-section of that ball: the biblical camel
is the ball B?"(R) and the hole in the plane is the eye of the needle!

3.2 The notion of symplectic capacity

Symplectic capacities were introduced by Ekeland and Hofer [14] who elab-
orated on Gromov’s non-squeezing theorem. We refer to Hofer and Zehnder
[47], Polterovich [76], or to the recent monograph by Schlenk [82] for de-
tailed studies of the theory of symplectic capacities. McDuff and Salamon
[71] also contains some interesting material on this topic.

3.2.1 Definitions and general properties

The following definition is standard, and the most commonly accepted in
the literature:

Definition 14 A “normalized symplectic capacity” on (R®*", o) is a function
assigning to every subset Q of R®™ a number c(2) > 0, or +oo, and having
the properties (SC1)-(SC4) listed below:

(SC1) It must be invariant under canonical transformations (and hence, in
particular, under Hamiltonian flows):

c(f(Q) =c(Q) if f isa canonical transformation; (30)
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(SC2) It must be monotone with respect to set inclusion:
() < () if QO (31)
(SC3) It must behave like an area under dilations:
c(AQ) = X2¢(Q) for any scalar A (32)

(AQ is the set of all points Az such that z € Q);
(SC4) It satisfies the normalization conditions

¢(B*(R)) = 7R* = ¢(Z7"(R)) (33)

(recall that is the cylinder based on xj,p; plane defined by the condition
:c? + p? < R?).

Notice that in condition (33) Zf”(R) can be replaced by any cylinder
Z?"(R) with radius R based on a symplectic plane (cf. the discussion fol-
lowing the statement of Gromov’s theorem).

Obviously symplectic capacities are unbounded (even if the symplectic
capacity of an unbounded set can be bounded, cf. property (SC4). We have
for instance

¢(R*™) = +00 (34)

as immediately follows from the formula ¢(B?"(R)) = mR2. However, if Q2 is
bounded then all its symplectic capacities are finite: there exist R (perhaps
very large) such that a ball B?"(R) contains €2, and one then concludes using
the monotonicity property (SC2) which implies that we have:

¢(9) < ¢(B*'(R)) = TR

In fact, more generally, it follows from the monotonicity property and from
(SC4) that If B>*(R) C Q C ZJZ”(R) then c(Q)) = 7R?; this illustrates
the fact that sets very different in shape and volume can have the same
symplectic capacity.

Also note that a set 2 with non-empty interior cannot have symplectic
capacity equal to zero: let € be the interior of 2, it is an open set, and if
it is not empty it contains a (possibly) very small) ball B?"(¢). Using again
(SC2) we have

me? = ¢(B*"(¢)) < ¢(Q).

We will usually drop the qualification “normalized” in the definition
above and just speak about “symplectic capacities”; one exception to this
rule will be the Ekeland—Hofer capacities discussed in Subsection 3.2.2 below.
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The reader is urged to keep in mind that the notion of symplectic ca-
pacity is not directly related to that of volume. For instance, the function
cvol defined by

evol () = [Vol(Q)]/"

obviously satisfies the properties (SC1)—-(SC4) above except the identity
cVOl(Z]?”(R)) = 7mR? (as soon as n > 1) which is precisely the most charac-
teristic and interesting property of a symplectic capacity! It is conjectured
(see the discussion in Artstein-Avidan et al. [3]) that for any convex body
K in R?" we have the inequality

oK) _ (Vol(K))l/” (35)

T T

with equality only when K is the symplectic image of a ball. These authors
actually prove a weaker variant of (35), namely that

oK) _ . <VI<K>>/ (36)

s s

where C'is a universal constant (i.e. independent of the dimension n).
We will also often consider the weaker notion of linear symplectic capac-

ity:

Definition 15 A “linear symplectic capacity” assigns to every subset Q of
R2" a number ci™(Q) > 0 or +oo, and having the properties (SC2)-(SC4)
above, property (SC1) being replaced by:

(SC1Lin) A linear symplectic capacity ™ is invariant under phase-space
translations and under the action of Sp(2n,R).

This definition can be restated by saying that a linear symplectic ca-
pacity is only invariant under the action of the affine (or: inhomogeneous)
symplectic group ISp(2n,R):

AN(F(Q)) = ¢(Q) for all f € ISp(2n,R). (37)

(Recall that ISp(2n,R) consists of all products ST'(z) where S € Sp(2n,R)
and T'(z) : 2/ — 2/ + 2z is an arbitrary phase-space translation).

We are going to see that as a consequence of the symplectic non-squeezing
theorem symplectic capacities do exist (there are actually infinitely many
such capacities).
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Gromov’s non-squeezing theorem allows us to easily construct two sym-
plectic capacities cpin and cmax. As the notation suggests, we have

cmin(2) < ¢(2) < cmax(2) (38)

for every symplectic capacity ¢ and every set 2 (we will prove this property
below); it follows from these inequalities and the fact that cpin and cmax
are not identical that there exist infinitely many symplectic capacities: for
every real A in the closed interval [0, 1] the formula

)N = ACmax + (1 - A)Cmin (39)

obviously defines a symplectic capacity, and we have cy # cy if A # N.
(More generally, we can always interpolate two arbitrary symplectic capac-
ities to obtain new capacities).

By definition, cpyin(€2) is the (possibly infinite) number ¢y (£2) calculated
as follows: assume that there exits no canonical transformation sending
any phase space ball B?"(r) inside 2, no matter how small its radius r
is. We will then write cpin(2) = 0. Assume next that there are canonical
transformations sending B?"(r) in Q for some r (and hence also for all
r" < r). The supremum R of all such radii r is called the symplectic radius
of 2 and we define

Cmin(§2) = Sl}p{ﬁr2 L f(B*'(r) € Q} = 7R (40)

where f ranges over all the canonical transformations of R?”. Thus Cmin () =
7R? means that one can find canonical transformations sending B?"(r) in-
side € for all » < R, but that no canonical transformation will send a ball
with radius larger R inside that set. It immediately follows from this de-
finition that cpin satisfies the axioms (SC1)—(SC3). It is also clear that
cmin(B?*(R)) = wR2: first, the identity trivially maps B?"(R) into it-
self, so that cpin(B?*(R)) < wR%  On the other hand, we cannot have
cmin(B?(R)) > 7R? because this would mean that there exists a canonical
transformation mapping a ball B?"(R’) with R’ > R inside B>*(R); but this
is not possible since canonical transformations are volume preserving. There
remains to check the equality cmin(Zj?”(R)) = 1mR2. The non-squeezing the-
orem says that there is no way we can squeeze a ball with radius R' > R
inside Zf”(R); we must thus have cmm(ZJZ"(R)) < mR%. That we actually
have equality is immediate, observing that we can translate the ball B?"(R)
inside any cylinder with same radius, and that phase space translations are
canonical transformations (because their Jacobian matrices are the identity,
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which is trivially symplectic). We remark that cpin () is sometimes called
the symplectic width of the set €.

The symplectic capacity cpax is constructed in a similar way: suppose
that no matter how large we choose r there exists no canonical transfor-
mation sending (2 inside a cylinder ijn(?“). We then set cpmax(2) = +oo.
Suppose that, on the contrary, there are canonical transformations sending
2 inside some cylinder Z;”(r) and let R be the infimum of all such r. Thus,
by definition,

Cmax () = iI}f{ﬂ'T‘Q 1 f(9) C ijn(r)} =R? (41)

where f again ranges over all the canonical transformations R*? — R?",
We leave it to the reader to verify, using again the non-squeezing theorem,
that cpax indeed is a symplectic capacity.

There remains to prove the inequalities (38). Suppose first cpin(Q2) >
c(Q) and set c(2) = TR?; thus cpin(Q) > 7R2. Tt follows, by definition of
Cmin, that there exists ¢ > 0 and a canonical transformation f such that
f(B*™(R+¢)) C Q. But then, in view of the monotonicity property (SC2)
of ¢ we have c¢(f(B?>"(R +¢))) < ¢(), that is, in view of the symplectic
invariance property (SC1), ¢(B?**(R +¢)) < ¢(2). We thus have, taking
(SC4) into account, c¢(B?"(R+¢)) = m(R+¢)? < ¢(Q2), and this contradicts
c(Q) = mR2. The proof of the inequality ¢(2) < cmax(Q) is similar; we leave
the details to the reader.

The existence of linear symplectic capacities is proven exactly in the
same way as above. In fact, for Q C R?" set

dn(@) = swp {=R: f(B*(R)) C 0} (42)
fEISp(2n,R)
dn (@)= inf {xR: f(Q)C Z"(R)); (43)

F€ISp(2n,R)

it is immediate to show that cﬁﬁn and ¢t are linear symplectic capaci-
ties, which can be interpreted as follows: for every Q C R?" the number
lin () (which can be infinite) is the supremum of all the 7R? of phase
space balls B?"(R) that can be sent in  using elements of ISp(2n, R); sim-
ilarly it (Q) is the infimum of all 7R? such that a cylinder ZJZ”(R) can
contain the deformation of €2 by elements of the inhomogeneous symplectic
group ISp(2n,R) (the group generated by phase space translations and the

elements of Sp(2n,R)). We have moreover

C

din (Q) < Q) < B (Q) (44)

min —= — “max
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for every 0 C R?" and every linear symplectic capacity cjin; the proof is
similar to that of the inequalities (38).

The homogeneity property (SC2) satisfied by every symplectic capacity
(linear or not) together with the fact that ¢(B?"(R)) = mR? suggests that
symplectic capacities have something to do with the notion of area. In fact,
the following is true: the symplectic capacity cmin(€2) of a subset in the
phase plane R? is the area of  when the latter is connected (Siburg [86];
also see the proof in Hofer and Zehnder [47], §3.5, Theorem 4). Note that
the result in general no longer holds when € is disconnected: suppose for
instance that € is the union of two disjoint disks with radii R and R’ such
that R < R. Then cpin(Q) = mR? < Area(). The symplectic capacity
Cmax(€2) is the area when  is simply connected. Summarizing, it follows
from the inequalities (38) that:

Proposition 16 Let ¢ be a symplectic capacity on the phase plane R?. We
have ¢(2) = Area(2) when Q is a connected and simply connected surface.

The reader may easily convince himself that cpyin(€2) is not the area
when ) is disconnected, and that cpax(£2) is in general not the area when
Q) fails to be simply connected (a typical counterexample is the annulus
r<az?+p? < R?).

3.2.2 The Hofer—Zehnder capacity

In [47] (Chapter 3) Hofer-Zehnder construct a symplectic capacity c''# which
measures sets in a dynamical way. It is defined as follows. Let 2 be an open
set in R?" and consider the class H(2) of all Hamiltonians functions H > 0
having the following three properties:

e H vanishes outside €2 (and is hence H bounded);
e The critical values of H are 0 and max H;
e The flow (f#) has no constant periodic orbit with period 7" < 1.
Then, by definition,
M2(Q) = sup{max H : H € H(Q)} (45)

The Hofer—Zehnder capacity has the property that whenever €2 is a com-
pact convex set in phase space then

M2y = 74 pdz (46)
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where pdz = p1dxi+---+ppdx, and Yy is the shortest (positively oriented)
Hamiltonian periodic orbit carried by the boundary 99 of Q. (For Eqgn.
(46) the condition that {2 be compact and convex is essential (see Hofer and
Zehnder’s very illustrative “Bordeaux bottle” example in [47], p. 99).
Notice that this formula generalizes the observation made earlier in this
section that symplectic capacities agree with the usual notion of area in the
case n = 1 for connected and simply connected surfaces. In fact, let €2 be
such a surface in the phase plane, and assume that the boundary v = 92
is smooth, and given the positive orientation. We then have, by Stoke’s

theorem,
Area(Q2) = ;f

(pdx — zdp) = fpdw.
.

.
Formula (46) in particular implies the inequalities

j{ pdx
~
for every periodic orbity on 9f).
For Egqn. (46) to be unambiguous, one has of course to justify two
(somewhat related) points:

Cmin(Q) < CHZ(Q) <

(47)

e The first is that there indeed exists periodic Hamiltonian orbits on 0€2;
in the present situation this is actually a very general result, going back
to the early history of the theory of Hamiltonian periodic orbits: it
turns out that if an energy shell bounds a convex and compact subset
of phase space, then it automatically carries at least one periodic orbit
(see e.g. [47));

e The second point, which is apparently more obscure, is that we have
to show that the integral in the right-hand side of (46) is independent
of the choice of the Hamiltonian defining the periodic orbit! This
is actually a consequence of our discussion of Hamiltonian orbits in
Subsection 2.3.2, which applies to periodic orbits as well.

In [74] Narcowich notes that when studying Wigner ellipsoids associated
with a covariance matrix (see Definition 27 in Section 4) area is the adequate
measure of phase-space concentration only in the case of one degree of free-
dom; he shows that when n > 1 one should not replace area with volume,
but rather with the action integral of a periodic Hamiltonian orbit carried
by the boundary of the Wigner ellipsoid. Narcowich’s observation indeed
goes straight to the point: as we will see, all symplectic capacities agree on
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ellipsoids, hence the action integral is precisely the symplectic capacity of
the Wigner ellipsoid in view of formula (46)!

3.3 Phase space ellipsoids and polydisks
3.3.1 Some embedding results

A basic problem in symplectic topology is the following: given to open
sets® 2 and € in (R?", o) when does there exist a canonical transformation
sending € in Q'? We discuss here a few known results, and briefly mention
some conjectures.

Consider two phase space ellipsoids

Orng: M(2—20)° <1, Qppr 2y M'(z — 25)? < 1;

the matrices M and M’ are symmetric and positive-definite. We ask the
following question:

Under which conditions on M and M’ can we find a canonical
transformation sending 2y ., in QM/’Z(/) 2

Clearly the answer to this question is independent of the centers zy and
zor if f is a canonical transformation such that f(Qar,z,) C Qpp . then
T(z) o foT(z) sends Qpr = Qaro in Qpp = Qppr o hence it is sufficient to
answer the question above for the ellipsoids

Qs M22<1 , QM/:M,ZQSL

We begin by proving a necessary and sufficient condition in the linear
case:

Proposition 17 There exists S € Sp(2n,R) such that S(Qpr) C Qpp if and
only if Spec, (M) > Spec, (M').

Proof. Assume that there exists a symplectic matrix S sending Q57 in Qp/;
this is the same thing as saying that if Mz-z < 1 then M'(Sz)-(Sz) < 1, that
is STM'Sz-z < 1. By homogeneity this is equivalent to STM'Sz-2 < Mz-z
for all z € R?", which is in turn equivalent to STM’S < M. In view of the
properties (i) and (iii) of the symplectic spectrum listed in Proposition 9
this is equivalent to the Spec, (M) > Spec,(M'). =

>Or more generally, symplectic manifolds.
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What about the non-linear case? One could very well imagine that the
sufficient and necessary condition Spec, (M) > Spec,(M’) for a symplectic
imbedding of Qs in Qjp can be weakened if one uses arbitrary canonical
transformations. However, this is not the case; see for instance Schlenk
[82, 81] for counterexamples. In particular Schlenk shows, using higher-
order symplectic capacities, that if Spec,(M) = (A],..., A7) is such that
A{ < 2)X7 then one cannot find a canonical transformation sending a ball
B?"(R) in Qp when R < 1/4/A7. In the general nonlinear case there are
additional constraints which are not still completely known; see [82] for a
careful study of the situation.

Let us now discuss the case of polydisks; it turns out that for these sets
surprisingly little is known.

A polydisk is a product

D*"(R) = B (R1) x B3(Rp) x -+ - x By (Ry) (48)

where BJZ(R]-) is the disk x? —i—pjz < Rjz in the x;, p; plane and R is the n-tuple
(R1, Ra, ..., Ry); we will make the convention that Ry < Rp < --- < R,,.
Assume that there exists a canonical transformation sending D?"(R) into
D**(R'). Since canonical transformations are a fortiori volume preserv-
ing, we must have Vol(D?"(R)) < Vol(D**(R')) and hence RiRy - - - R,, <
R|R,...R!,. On the other hand, we must also have ¢(D?**(R)) < ¢(D**(R'))
for any symplectic capacity c; since cpin(D"(R)) = 7R? (see Eqn. (63)
below), and this implies that we must have Ry < R}. Thus both volume
and symplectic capacity can be used as obstructions for finding embeddings.
Surprisingly enough, Guth has proved in [44] that these two quantities are
the only obstructions. More precisely, Guth shows that:

Proposition 18 For each integer n > 1 there exists a constant C(n) > 0
such that if
C(n)RiRy -+ R, < R\Ry--- R, and C(n)R < R} (49)

n

then there exists a canonical transformation f such that f(D**(R)) C D**(R').

In the same paper, Guth discusses a possible physical consequence of
this result, the “catalyst map”; we will describe this map (which raises
many interesting question) in the concluding section.

In [3] Artstein-Avidan et al. prove the following linear embedding result
for convex symmetric bodies. Recall that a subset (2 of a vector space
is called a convex body if it is compact and has non-empty interior; Q is
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symmetric if z € Q if and only if —z € Q (in which case Q is centered at 0).
A supporting hyperplane of a convex body 2 is a hyperplane that intersects
the boundary 0f2, but not the interior of €.

Proposition 19 Let Q be a symmetric convex body in R?" having the ro-
tational invariance property JQ = Q (that is (x,p) € Q if and only if
(—p,x) € Q. Then it _(Q) > 27 R? where R = sup{r : B?"(r) C Q}.
Proof. Assume that B?*(R) is the largest ball contained in ; we are
going to show that (2 is then contained in a cylinder Z2"(R+/2) based on a
symplectic plane; it will follow that

Clin (Q) Z clin (Z2n(R\/§)) — 27TR2.

max max

Since () is symmetric there are at least two contact points z and —z which
belong to both the boundary 99 and to the circle S**~1(r) = 9B?"(r). The
supporting hyperplanes to Q at these points are the affine planes {42} 4 2+
where z ' is the orthogonal space to the vector z. It follows that Q lies
between these two hyperplanes. Since J€2 = ) the points +.Jz are contact
points as well, so © also lies between the hyperplanes {+Jz} + (Jz)*. The
length of the vectors z and Jz is R hence the orthogonal projection of 2 on
the symplectic plane P spanned by z and Jz is contained in a square in a
square whose edges have length 2R, which is in turn contained in a disk of
radius Rv2. It follows that € is contained in a cylinder with radius RV2
based on a symplectic plane, therefore ci _(Q) < m(Rv/2)? as claimed. m
A related topic is that of embedding of cubes; it is ironic that so little
actually is known for such simple geometric loci. Assume first that Q*"(r)
is the cube [0,7]" whose edges have length r and are all parallel to the
coordinate axis. We denote this cube by Q?T/L(T) One proves, using the

Ekeland-Hofer capacity ¢! that:

e There exists a canonical transformation sending Q?’/‘(r) in the ball
B?"(r) if and only if R > %7”42;

e There exists a canonical transformation sending ?7 (r) in the cylinder
ZJZ”(T) if and only if r > 7 R2.

It follows that we have

Cmin(Q%L(T‘)) = %7‘("/“2 and cmaX(Q%‘(r)) = 7. (50)
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For cubes in general position very little is known. Applying Proposition 19
above yields, for an arbitrary cube Q?"(r) with edge length 7, the estimate
cin (@%"(r)) > Zr?. Together with the conjectured inequality (35) for
convex bodies, this leads to the possible estimate

T .
77‘2 < Cgﬁix

(@Q*(r)) < 2mr? (51)
for general cubes. An exact formula still remains to be discovered.

3.3.2 Symplectic capacities of ellipsoids and polydisks

The following result is very important; it shows that all symplectic capacities
(linear, or not) agree on phase space ellipsoids. It is actually one of the rare
cases where one knows how to perform an explicit calculation of a symplectic
capacity!

Proposition 20 Let M be a 2nx2n positive-definite matriz M and \J, ..., AS,
its symplectic eigenvalues. Consider the ellipsoid:

Qrzg : M(z — 20)? < 1. (52)
(i) For every symplectic capacity ¢ and every linear symplectic capacity
™ on (R?™, o) we have
T

:Ao_

max

C(QM7ZO) = Clm(QMJo) (53)

where X\ .. = A{ is the largest symplectic eigenvalue of M.
(ii) In particular, if A and B are real symmetric n X n matrices, then
the symplectic capacity of the ellipsoid

Q(A7B) : AJ)2 =+ sz <1 (54)

18 given by
_lin

c(Qa,B)) = c"(Qa,p)) =

(55)

Amax

where Amax 18 the largest eigenvalue of AB.

Proof. Since phase space translations are canonical transformations, we
may moreover assume that zp = 0 and thus take Qp/., = Qu. The
statement (ii) follows from (i) in view of Lemma 34, choosing for M the
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0 B
Williamson’s theorem there exists a symplectic matrix .S such that

block-diagonal matrix [A 0]. To prove (i) we first note that in view of

A0

T _
SMS_[O e

} with A7 = diag[A], ..., A\7]. (56)
Since symplectic capacities are invariant by canonical transformations it
follows that ¢(27) = ¢(S(Qas)) hence it suffices to prove formula (53) when
Qs is replaced by S(Qr). We may thus assume that

n

1
i) (] +0)) <1 (57)
j=1"7J

where we have set )\3’7 =1/ RJ2-. Suppose now that there exists a canonical
transformation f sending a ball B**(R) inside Q. Then f(B*'(R)) is
also contained in each cylinder ZJZ”(R) : a:? + p? < R? and hence R <
Rmin = V/1/AZ . in view of the non-squeezing theorem. It follows that
Cmin(Qnr) < TR2, = m/X%,.; since on the other hand B?"(Ry.y) is anyway

min max)
contained in Qy; we must have equality: cmin(Qa) = /A9, A similar
argument shows that we also have cpax(2ar) = 7/ .y formula (53) follows

since cpin and cpax are the smallest and largest symplectic capacities. That
we also have ¢ (Qy..,) = 7/A%. follows from the proof, replacing cpmin by
cgﬁn and Cpax by i . m

Since all symplectic capacities agree on ellipsoids we have in particular

N Q) = T =75 pde (58)
Ymin

)\o

max

where v, is the positively oriented ellipse, intersection of €2j; with the
1, p1 plane; CHZ(QM’ZO) is thus the area of that ellipse and it follows that
the intersection of {2y with any x;,p; plane is at least M%(Q M,z)-

3.3.3 The dual ellipsoid

Let Q be a positive definite quadratic form on R?” and consider the real
function f; defined for ¢ € R*" by f¢(z) = z - — Q(z). That function has
a unique critical value, which we denote by @Q*({). The function Q* thus
defined is the Legendre transform of Q; it is also a positive definite quadratic
form®. 1In fact, a straightforward calculation shows that if Q(z) = M2z?

6Q* is stricto sensu defined on the dual space of R?" but we will gladly ignore this
technicality here.
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where M is a positive-definite symmetric matrix then Q*(¢) = 1M ~1¢%. In
particular if () is the Hessian matrix of () then the Hessian matrix of Q* is
the inverse Q~!. We thus have the useful formula:

Qz) = 3Qz -z <= Q*(¢) = 3Q7'¢ - ¢. (59)

Definition 21 Let Q) be the phase-space ellipsoid defined by Q(z) < 1
where Q is a positive-definite quadratic form on R*™. The dual ellipsoid Qi
of Qs is defined by Q*(¢) < 1 where Q* is the Legendre transform of Q.

Note that it immediately follows from (59) that we have (Q},)* = Qu
(on a more conceptual level it follows from the fact that the Legendre trans-
formation is involutive).

Remark 22 Recently Artstein-Avidan and Milman characterized duality trans-
forms in [4]. Among other things they showed that every involutive transform
on the class of lower semi-continuous functions that is order reversing must

be (up to linear terms) be the Legendre transform.

The following result relates the symplectic capacity of an ellipsoid to
that of the dual ellipsoid:

Proposition 23 For M > 0 let Qp : M2%2 < 1 and Oy iM‘lg‘2 <1 be
dual phase-space ellipsoids. Let Spec, (M) = (A],...,A2) be the symplectic
spectrum of M. We have

() = TN (60)

4 min
where A7, is the smallest symplectic eigenvalue of M.

Proof. The dual ellipsoid €23}, is determined by 2M —1¢2 < 1. In view of
Proposition 9(ii) we have

Specy (4M) ™) = (4A7) ", .., (4A) ™)

hence, applying formula (53) for the symplectic capacity of an ellipsoid
c(%,) = m/4(A\2)~! which is precisely formula (60) since A9 is the smallest
symplectic eigenvalue of M. m

Set now R = (R1,Ra,...,Ry,) where 0 < Rj < Ry < --- < R, and
consider the torus

T"(R) = Si(R1) x S3(R2) X - - - X Sy (Rn) (61)
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where S} (R;) is the circle x? + p? = R? (such tori play a crucial role in the
study of integrable Hamiltonian systems; see Section 6). The torus T"(R)
is contained in the boundary of the polydisk

D?"(R) = B?(R1) x B3(Rs) x - - - x B2(Ry,). (62)

We have
Cmin(D"(R)) = 7 Rpy, (63)
where Ry, = Ri (this follows from the non-squeezing theorem 12; see

Polterovich [76] Theorem 1.1C and §4.3).

3.3.4 The Ekeland—Hofer capacities

The normalized symplectic capacities we have been using sofar do not gen-
erally allow to distinguish between ellipsoids: formula (53) implies that if
Qur : M22 <1 and Qpp : M'22 < 1 are such that M and M’ have the
same smallest symplectic eigenvalue then ¢(237) = ¢(Qp7). This can how-
ever be achieved by introducing a slightly more general notion of symplectic
capacity. To do this we slightly relax the normalization condition (SC4) for
symplectic capacities and replace it with the simpler non-triviality require-
ment:

(SC4bis) ¢(B?"(R)) > 0 and c¢(Z;(R)) < oo.

We will call a mapping Q —— ¢(Q) a generalized symplectic capacity if
it satisfies properties (SC1), (SC2), (SC3), (SC4bis).

In [14] Ekeland and Hofer construct a sequence of generalized symplectic
capacities c],;:H having the following properties:

(EH1) The sequence (cEM)y>1 is increasing:
M) <G << g < (64)

for all Q C R?™;
(EH2) If Q is convex with boundary 0S), then

ek () = " (09) (65)
(hence ¢t (Q) is determined by the boundary O);
(EH3) If Q is convez, then

AR(Q) = M2(Q) and £ (Q) = fpdx (66)
g
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where v is a periodic Hamiltonian orbit carried by 0.

The values of the capacities CEH on balls and cylinders are given by

B (B2 (7)) = [

o) = (68)

k—i—n—l} 9
— |7
n

in the first formula [z] is the integer part of z € R.

The Ekeland—Hofer capacities cEH allow us to classify phase-space ellip-
soids. In fact, it readily follows from their properties (EH1) and (EH3) that
the non-decreasing sequence of numbers cE%(Q)/) is determined as follows:
if Spec,(M) = (A],...,A?) write the numbers k7/A{ in increasing order
with repetition if a number occurs several times; we thus obtain a sequence
c1 <c9 <---and we have

CEH(QM) = Ck. (69)

We said above that the Ekeland—Hofer capacities cEH allow to distinguish
between ellipsoids.
It follows from the considerations above that:

Proposition 24 An ellipsoid Qpy : M 2% < 1 is uniquely determined (up to

a symplectic transformation) by the sequence of its Ekeland—Hofer capacities
EH

Proof. (See e.g. Cieliebak et al. [10]). Suppose that Q3 and Qs are two
ellipsoids with A7 = A7 for 1 < j < k and A7 > A7. then the multiplicity
of A7 in the sequence of Ekeland-Hofer capacities is one higher for 2, than
for Qs hence not all of these capacities agree on 3y and Qp;. =

We saw above that the Ekeland-Hofer capacities allow to distinguish
between phase space ellipsoids. What do the CEH tell us about polydisks?
In [14] Ekeland and Hofer prove that

EH(D?(R)) = knR3. (70)

Since the boundary of D?"(R) is the torus T?"(R) property (EH2) of cfHl
implies that we also have

EH(T?(R)) = knR3. (71)

Thus, the capacities cE™ only “see” the smallest disk B(Ry) in D**(R).
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4 Two Uncertainty Principles

Uncertainty principles are generally notoriously difficult to interpret prop-
erly. One of the most hackneyed lines is that it is impossible to obtain
useful knowledge of the simultaneous values of two non-commuting observ-
ables; for instance Heisenberg’s inequality Axz;Ap; 2 h is supposed to tell
us that there is a lower universal bound for the product of conjugate posi-
tion and momentum uncertainties. But how should these “uncertainties” be
understood? Are they of a purely statistical nature, as the textbook deriva-
tion of the Heisenberg inequalities seems to suggest? Or does this principle
say that “God throws dices” in the sense that there is no intrinsic limi-
tation on the accuracy with which we can simultaneously measure z; and
pj, but that these values are subject to fluctuations due to pure stochastic
randomness? There are other possible “interpretations” (see Wick’s lovely
discussion in [93], Chapter 16). See the “Research Tutorial” by Folland and
Sitaram [20] for the point of view of signal analysts; that paper contains in
addition numerous historical references, but ignores properties of symplectic
invariance). Such questions are also discussed in detail in the recent work
[9] by Busch et al.

We will put a particular emphasis on two types of uncertainty principles:

e The Robertson—Schriodinger uncertainty principle
(AX;)X(AP)? > A(X;, Pj)* + 1h* ,1<j<n (72)

where A(Xj, Pj) (the covariance) is a term taking into account the
correlations; the inequalities above implies the textbook Heisenberg
uncertainty inequalities AX;AP; > ihQ. As Luo and Zhang observe
in [67] the difference between the Robertson-Schrédinger uncertainty
relations and Heisenberg’s inequalities is fundamental: the contribu-
tion due to the correlation, expressed in terms of covariance, should
be put at least on equal footing with that due to the incompatibility
of the variables, expressed by the commutators [X;, Pj] = ih. In our
case, we will see that it is precisely the use of covariances which will
allow us to restate the uncertainty principle in the very lapidary form

c(Wx) > 1in (73)

where Wy is a phase space ellipsoid associated to the covariances
(“Wigner ellipsoid”) and ¢ a symplectic capacity. We will also see
that the inequality above makes sense, under certain assumptions, in
classical mechanics.
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e Hardy’s uncertainty principle, which is a precise statement of the
folk meta-theorem “a function and its Fourier transform cannot be
simultaneously sharply concentrated”. We will actually prove a multi-
dimensional version of Hardy’s result; as a consequence of this result
we will see that if a square integrable function and its h-Fourier trans-

form are such that | (x)| < Ce_%ﬁAxQ and |F™)(p)| < C’e_%ﬁBp2 for
some constant C' and symmetric matrices A, B, then the symplectic
capacity of the phase space ellipsoid 24 p : Ax? 4+ Bp? < h then the
following analogue of the inequality (73) must hold:

C(QA’B) > %h.

e The condition ¢(92) > %h underlying all the uncertainty principlles

we are considering, this suggests that the limiting case c¢(2) = 5h
should put a kind of lower bound on the “symplectic size” of quantum-
mechanically admissible phase space subsets. This leads us to replace
the usual coarse-graining of phase space by cubic cells with volume A"
by “quantum blobs” B, which are by definition the images of balls with
radius v/ by canonical transformations. It follows from the proper-
ties of symplectic capacities that we always have ¢(B) = %h. We show
that when a quantum blob is linear (i.e. obtained by only using linear
or affine symplectic transformations) one can associate to it a unique
phase-space Gaussian, which is the Wigner transform of a Gaussian
quantum state. We exploit this possibility by proving various positiv-
ity and averaging results, which a posteriori justify the coarse-graining

by quantum blobs.

4.1 The Robertson—Schrédinger uncertainty relations

The textbook Heisenberg inequalities AP;AX; > %h are a weak form (in
fact, a consequence) of the Schrodinger—Robertson uncertainty relations,
which have the property of being invariant under the action of symplectic
transformations (i.e. linear canonical transformations). It turns out that
these relations have a precise meaning even in the classical world.

4.1.1 The covariance matrix of a quasi-distribution

In what follows p is a real valued-function defined on R?” and such that

/ p(z)dz =1 (74)
RQ"

39



and

(/L2n<1+-\z|2>|p<z>rdz <. (75)

We do not assume that p > 0 so p is not in general a true probability density;
typically p is the Wigner transform of a mixed quantum state, so we will call
p a “quasi-distribution”, even if nothing is “quantum” in the discussion that
follows. Notice that condition (75) ensures us that the Fourier transform
F"p is twice continuously differentiable; this property will be used later on
when we discuss positivity properties.

Introducing the notation z; = z; if 1 <j <nand z; =p;_, if n+1<
7 < 2n we define the covariances

M%zw=/<a—@»w—@mmmu (76)

R2n

and
(AZ)2 =82, 2) = | | = ) Pote)is ()

where the moments (z¥

J> are the averages given by

() = /R ko) (78)

The quantities 21, Za, ..., Z3, should be viewed as random variables whose
values are the phase-space coordinates z1, 22, ..., 2,. Since the integral of p
is equal to one, formulae (76) and 77) can be rewritten in the familiar form

A(Zj, Zk) = (zj2) — (2)(2k) (79)

(AZ;)? = A(Z5, Z5) = (25) — (2)°. (80)

The quantities (76), (77), and (78) are well-defined in view of condition
(75): the integrals above are all absolutely convergent in view of the trivial
estimates

[ ooz < [Pl < oo
RQn RQn

/ zjzpp(2)dz
R2n

Definition 25 We will call the symmetric 2n X 2n matric

§4M0+Vﬂp@Wz<w-

2 =[A(Z), Zk)) 1< h<om
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the covariance matriz associated with p. When det X # 0 the inverse X1 is
called the precision matriz’ (or: information matriz).

For instance, when n = 1, the covariance matrix is

¥ [Aﬁf §<> gy )]

where, by definition, the variances AX? and AP? and the covariances
A(X,P) = A(P, X) are the quantities

= //R2 2% p(z, p)dpds — (//R2 xp(m,p)dpdx>2
= //Rz P’ p(z, p)dpdz — <//R2 pp(w7p)dpdw>2
A(X,P) = //RZ xpp(z)dpdx — //]11{2 zp(z)dpdx //]R2 pp(z)dpdz.

When the averages (first moments) vanish these equations become

//:Bpxpdpdx,APQ //ppxpdpdx (81)
and
A(X,P) = / /R epp(z)dpd — / /R p(=)dpde / /R pplz)dpdz. (82)

The following result is essential. The first statement (i) was apparently
first noted by Narcowich in [74] (Lemma 2.3), and part (ii) goes back to
Narcowich [72], Narcowich and O’Connell [75], Yuen [96], Simon et al. [88,
89], and implicitly in Lindblad [60]. The third part (iii) is a way of expressing
the symplectic covariance of the uncertainty principle.

Theorem 26 Let X be a real symmetric 2nx2n matriz and n a real number.
Then X +1inJ is a Hermitian matriz. Suppose that there exists a real number
n # 0 such that X + inJ > 0. Then:

(i) The matriz ¥ must be positive definite and we have ¥ +in'J > 0 for
every n' < n;

"This terminology is consistent with the usage in multivariate statistics.
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(ii) The inequalities
(AX;)*(AP)? > A(X;, Pj)? + 0 (83)

hold for 1 < j <n.
(iii) Let S € Sp(2n,R) and define (X7, P{) = S(X;, Pj). Then

(AXDAPP)? > A(XS, PP)? + 0P (84)

Proof. We first note that the fact that ¥ + inJ is Hermitian is clear since
¥ is real symmetric and (iJ)* = (—i)(—J) = iJ. Proof of (i). Let us begin
by showing that 3 is non-negative. Suppose indeed that 3 has a negative
eigenvalue A, and let z) be a real eigenvector corresponding to A (such an
eigenvector exists because ¥ is real and symmetric). Since z{J zy = 0 we
have

A (S +ind)zy =21 B2y = Mz 2 < 0

which contradicts the assumption X +inJ > 0. We next show that 0 cannot
be an eigenvalue of 3; this will prove the proposition. Suppose indeed that
0 is an eigenvalue, and let zp be a real eigenvector. For € > 0 set z(g) =
(I+ieJ)zp. Using the relations Yzg = 0, 20 X = 0, and 2{ J29 = (20, 20) =0
we get, after a few calculations,

2(e)T(B + inJ)z(e) = en|zo|? + €2(J20)T2(J 20).

Choose now ¢ opposite in sign to n; then en|z|?> < 0 and if || is small
enough we have z()T (X + inJ)z(e) < 0, which contradicts the fact that
Y +inJ > 0. To show that X + in’J > 0 for every n/ < 7 it suffices to set
n' = rn with 0 < r <1 and to note that

St =1—-rL+r(S+ind) >0

because it is the sum of two non-negative matrices. Proof of (ii). The non-
negativity of the Hermitian matrix X + inJ can be expressed in terms of the
submatrices

(AX;)? A(Xj, Pj) +in

S AL X)) —in (AP}

which are non-negative provided that ¥ +4n.J is. Since Tr(¥;;) > 0 we have
¥;; > 0 if and only if

det i; = (AX;)2(AP)? — A(X;, P})? =% > 0
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which is equivalent to the inequality (83). Proof of (iii). Set % = STXS;
it is the covariance matrix of the vector

(X7, X5 PP .. PY)=8(X1,.. Xp; P1, ..., ).
Since S is symplectic we have ST.JS = J and hence
¥ +inJ = ST(Z +inJ)S > 0;

the inequalities (84) follow from the inequalities (83). m
At this point it is appropriate to notice that (except in the case n = 1)
the condition 3 + inJ > 0 is not equivalent to the uncertainty inequalities
(83); it is in fact a stronger condition. Suppose first n = 1. In this case we
have
AX?2  A(X,P)
A(P,X) AP?

and since Tr(X + inJ) = AX? + AP? > 0 the condition ¥ + inJ > 0 is
equivalent to det(X 4 inJ) > 0 that is to

Y=

AX2AP? — (A(X, P2 +7%) >0

which is (83) in the case n = 1. Here is a counterexample when n = 2:
choose n =1 and

1 -1 00
-1 1 0 0
X = 0 0 10
0 0 01

We thus have (AX7)? = (AX2)?2 = 1 and (AP))? = (AP)? = 1, and
also A(X1, P1) = A(Xo9, P5) = 0 so that the inequalities (83) are trivially
satisfied (they are in fact equalities). The matrix ¥ + iJ is nevertheless
indefinite (its determinant is —1).

Let us introduce the following terminology, due to Littlejohn [61]:

Definition 27 Let ¥ be a covariance matriz. The phase space ellipsoid
Wy, defined by the condition %Z_lz -z <1 is called the “Wigner ellipsoid”
associated with . The dual ellipsoid Wy : %22 -z < 1 of the Wigner
ellipsoid® is called the “precision ellipsoid” (cf. Definition 25).

The following geometric lemma is the key to our formulation of the
Robertson—Schrodinger uncertainty principle in terms of symplectic capaci-
ties:

83 is actually just the dual ellipsoid of Wy; see Definition 21.
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Lemma 28 The three following conditions are equivalent:

(i) The Hermitian matriz ¥ + inJ is non-negative (in which case the
uncertainty inequalities (83) hold).

(ii) The Wigner ellipsoid W, : %2_122 <1 satisfies

c(Wx) = 27[n| (85)

(iii) The precision ellipsoid W, : %222 <1 satisfies
i

c(WE) <
W) < o

: (86)
Proof. Setting M = %E_l the Wigner ellipsoid is the set of all z € R?" such
that M 22 < 1 and the condition X+in.J > 0 is equivalent to %M_I—H'nJ > 0;
using a symplectic diagonalization of M this is equivalent tO%D_l +inJ >0
where

A° 0 o __ 7: o o
D= [0 A”} , A7 =diag[A], ..., 7).

It follows that the characteristic polynomial of %M —1 4 4nJ is the product
P(t) = Pi(t) - - - Py(t) where
Pit)=t*— ()"t + (A2 =%

The eigenvalues of the matrix 1 M ~1+i7.J are thus the real numbers %[(Xj’)_l:t
27| hence that matrix is non-negative if and only if A7 < %|77|_1 for every j,

that is if and only if A7, < %|77|’1; in view of formula (53) in Proposition

20 this is equivalent to ¢(Wyx) = 7/A%. > 27|n|. In view of formula (60) in
Proposition 23 this is also equivalent to c¢(Ws) = 27A7, < 7/[n[. =

4.1.2 Application: a classical uncertainty principle

That the border between classical and quantum mechanics is rather fuzzy
has been known for a long time; in the context of the uncertainty principle
see for instance the lucid discussion in Luo [65].

Let us now perform position and momentum measurements on K identi-
cal copies of the physical system S and plot the results of these measurements
as a set points {21, ..., zx } in the phase space R?". In the limit K — oo we
get a cloud of points which we identify with a region € of R?". Let now O
be the convex hull of  and denote by J the John-Lowner ellipsoid of Q: it
is the (unique) ellipsoid having minimum volume among all other ellipsoids
containing Q (its existence follows from a famous theorem in convex geom-
etry proved by John [51] in 1948; see Ball [5] for a fresh point of view and a
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proof of John’s theorem). Let (z) be the center of 7 and define the matrix
3 >0 by

g %E_l(z )2 <l. (87)

As the notation suggests, we view X as a statistical covariance matrix. Let
now 7 be any non-negative number such that

c(Q)>n (88)

for some symplectic capacity ¢. The inclusions 2 C QcJg imply, in view
of the monotonicity property of symplectic capacities, that we have

o(T) 2 () 2 () =1 (89)
and hence, by the same argument as above, we will have
(AX;)*(AP)? > A(X, By)® + 0. (90)

It turns out that these conditions are conserved in time under Hamiltonian
evolution —as they would be in the quantum case. Thus, if we have

(AX))XAP)? > A(X;, P)* + 7 (91)
at time ¢ = 0, then we will have
(AX;)*(AP;1)* > A(Xji, Pio)? + 1 (92)

for all times ¢, both future and past. To see why it is so, let us return to
the phase space cloud 2, assuming again that ¢(2) > 7. The Hamiltonian
flow fH will deform Q and after time ¢ it will have become a new cloud
O = fH(Q) with same symplectic capacity (recall that symplectic capacities
are invariant under canonical transformations):

() = 3 (93)

it follows that c(ﬁ;) > n where ﬁ; is the convex hull of €, and hence after
time ¢ the John ellipsoid J, of the convex hull will also satisfy ¢(J,) > n.
This condition is equivalent to the inequalities (92) where AXj, etc. are
defined in terms of the covariance matrix

5, = {EXX,t ZXP,t:|

94
Ypx,t Xppy (94)

determined by 7, via the time ¢ version of Eqn. (87).
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A caveat: there is no particular reason to claim that the quantities
(AX;)?, (AP;)?, etc. can be here identified with (co)variances in the usual
statistical sense; nevertheless one could perhaps identify these quantities
with some new kind of measurement of uncertainty, expressed in terms of
the topological notion of symplectic capacity; we refer to the discussion de
Gosson [35] where classical uncertainty principles are studied from the point
of view of robust statistical estimators; also see Reich’s New Scientist paper
[78] commenting [35].

4.1.3 The quantum case

If we set 7 = $h in the inequalities (83) we get
(AX;)*(AP)? > A(X;, Pj)* + 312 (95)

These inequalities are well-known in quantum mechanics as the “Robertson—
Schrodinger [79, 83] uncertainty principle®”. They imply the familiar Heisen-
berg uncertainty relations'® AX;AP; > %h if one neglects the covariances
A(Xj, Pj)?. Let us explain the meaning of these relations in a quite general
setting, that of the density matrix formalism. That is, we are working with
a mixed quantum state, represented by a density matrix

p=> ajli;) (Wl (96)
JjeJ

where the a; are nonnegative constants summing up to one. Recall that the
Wigner distribution of p is the function on R?” defined by

o= oWy (97)

jeJ

where W1); is the usual Wigner distribution of 1;:

n

W) = ()" [ e+ dia b 8)

(it is well-defined if ¥; € L*(R"); more generally W1); makes sense in the
distributional sense if 1); is a tempered distribution).

9The inequality with the commutator term only was developed in 1930 by Robertson,
and Schrodinger added the anticommutator term a little later.
'0These relations were actually formally written down by Kennard [56].
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Let A and B be observables; we assume that the expectation values

-~

(A)p = Tr(pA) , (A%); = Tx(pA?) (99)

(and similar expressions for E) exist and are finite. Setting

we have the following result:

e ~ Weyl = Weyl . ..
Proposition 29 Let A < a and B < b be two essentially self-adjoint
Weyl operators on L?>(R™) for which the expectation values (99) are defined.
We have . R R

(AB);? = A(A, B); — 1A, B (100)

(AAZ(AB)2 > A(A,B)2 - YA, B))2 (101)

Proof. Replacing, if necessary, A and B by A — <A\>ﬁ and B — <§>ﬁ we

may assume that (4); = (B); = 0 so that Eqn. (100) and (101) reduce to,
respectively,

(AB)* = L(AB + BA)2 - L(|A, B))2 (102)
and
(A%);(B%); > $(AB + BA)2 — L[4, B))2. (103)
Writing AB = %(A\A + BA) + %(XA — BA) we have,

Now, A( ’E)ﬁ is a real number, and ([A, E]}g is pure imaginary (because

[ﬁ, E]* = —[2, E] since A and B are essentially self-adjoint), hence formula
(102). We next observe that
(AB); =Y aj(ABujlib;) =Y oy Byl Avy); (104)
JjeJ JjeJ

applying the Cauchy—Schwarz inequality to each term <§¢J|A\¢j> we get

(AB)5* <> ayl| Byl [| Auy]|.- (105)
JjeJ

47



-~

Noting that since <A>% = (B )/23 0 we have
1yl = (A%)2 = (AA), . ||Buyll = (B*),)” = (AB)],
the inequality (105) is thus equivalent to
(AB)s] < >~ ay(A%)%(B2))2.
JjeT

Writing a; = (y/@;)? the Cauchy—Schwarz inequality for sums yields

5 1/2 5211/2 5
(AB)al < | Doy (A2 | [ S adB? | = (A%)5(B2);
JjeT JjeT
hence the inequality (103) using Fgn. (102). =

Choosing for A the operator of multiplication by z; and B= —ihd/0x;
one obtains the usual Robertson—Schrodinger inequalities

(AX))A(AP)Z > A(Xj, Py)3+ 1h? (106)
fort 1 <j <n.
Corollary 30 Assume that [A, B] = ih; then
(AAZ(AB)2 > A(A, B)2+ L. (107)

If p represents a pure state ¢ € Dz5 N Dz then we have equality if and
only if the vectors (121\— (A})iﬁ and (E - <§))¢ are collinear.

Proof. The inequality (107) immediately follows from the inequality (101).
Assume that we have equality in (107). It is sufficient to consider the case
(A)y = (B)y = 0. In view of formula (AB), = (ABw|¢p) = (By|Ay) this
means that the Cauchy—Schwarz inequality reduces to an equality, which
implies that Aw and Bw are colinear. m

Assume in particular that A"(/J = z19¢ and Bw = —ihoY/0x1. The in-
equality (106) with j = 1 becomes an equality if there exists a complex
constant A\ such that

i 2~ e
(91131

it follows that we must have

P(@) = C(@a, .oy mp)e” 5T



for some function C of only the variables xo, ..., x,,. Thus, if we require all
the Robertson—Schrodinger equalities (106) to become equalities we must
have

i n
Y(x) = Cexp o Z )\jx?
j=1

where C' and the \; are complex constants; the condition that v be square-
integrable requires that Im A; > 0. Choosing in particular A\; = --- = \,, =4
and C = (7h)~™/* one obtains the usual coherent state

U(z) = (rh) " 4e ol (108)

Let us now shortly address the following important, deep, and difficult
question:

When is a real symmetric 2n x 2n matrix 3 the covariance
matriz of a mized quantum state p?

In the classical case the answer is simple: ¥ is the covariance matrix of
some probability density if and only if ¥ is positive definite. In the quantum
case the situation is much more subtle and difficult than it could appear at
first sight, because it is plagued by positivity questions. Let in fact p be
a self-adjoint operator of trace class with trace Tr(p) = 1. The operator p
is thus a candidate for being a density matrix. However, to be eligible, it
must in addition be non-negative, that is we must have (py|¢)) > 0 for all
¢ € L?(R™), and it is this property which is usually difficult to check. Now,
a remarkable result was proven by Narcowich in [74] (also see Narcowich and
O’Connell [75]). Let p be the Wigner distribution of the Weyl operator p
(it is (27rh)™"™ times its symbol) and assume that it satisfies condition (75),
in which case the covariance matrix 3 is well-defined (the normalization
condition (74) is automatically satisfied since Tr(p) = 1). Narcowich proved
the following:

Theorem 31 (Narcowich) (i) If a self-adjoint trace-class operator p with
trace one is a density matriz, then the covariance matriz ¥ must satisfy the
condition

Y+ 3ihJ >0

(hence, in particular, the Robertson—Schridinger inequalities must hold);
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(i) Conversely, every real symmetric 2n x 2n matriz ¥ satisfying the
condition above is the covariance matriz of a mived quantum state, for in-
stance the Gaussian state with Wigner distribution

po(z) = <1>n (det 2)~/2 exp <—;E_1z2) .

21

We urge the reader to note that part (i) of the theorem above says that,
given a self-adjoint trace-class operator p the condition ¥ + %th > 0 is
necessary if one wants p to be a density matrix, but it is not sufficient.
In fact, Narcowich’s proof uses the so-called KLM conditions (so named
after Kastler [52], Loupias and Miracle-Sole [62, 63]). These conditions are
a “twisted” form of the usual Bochner conditions for functions of positive
type (see Katznelson [54]). The KLM conditions have been discussed by
many authors, and are at the origin of the notion of “Wigner spectrum” due
to Narcowich [72], and further investigated by Briocker and Werner [6], and
by Costa Dias and Prata [11].

An immediate consequence of Narcowich’s theorem is:

Corollary 32 A positive definite real symmetric 2n x 2n matriz X is the
covariance matrix of a mixed quantum state if and only if the ellipsoid
Wy, 1 $57122 < 1 satisfies ¢(Wyx) > $h for some (and hence all) symplectic
capacity c.

Proof. This is just a restatement of Theorem 31 since the condition ¥ +
%iﬁJ > 0 is equivalent to ¢(Wy) > %h. ]

We mention that in our recent work [37, 38]) we have discussed related
issues concerning the relationship between positivity questions and the un-
certainty principle; also see Luo’s interesting discussion of hybrid mixed
states in [65, 66], where a distinction between classical and truly quantum
uncertainties is made.

4.2 Hardy’s uncertainty principle

A “meta-theorem” in harmonic analysis is that a function ¢ and its Fourier
transform ") cannot be simultaneously sharply localized. Assume for in-
stance that 9 is of compact support; then its the Fourier transform F") can
be extended to an entire function on the complex plane, and is hence never
of compact support. A precise way to express this kind of trade-off between
a function and its Fourier transform was discovered in 1933 by Hardy [45].
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Hardy showed, using the Phragmén—Lindelsf principle, that if there exist
constants C, and Cj such that ¢ € L?(R) and its Fourier transform satisfy

a b
()| < Cae™ 207, |FMp(p)| < Cpe™ 207" (109)
with a,b > then the following holds true:
(with a,b > 0) th he following hold

o If ab> 1 then ¢ =0;
e If ab=1 we have ¢Y(x) = Ce 3™ for some complex constant C;

o If ab < 1 then Eqn.(109) are satisfied by every function of the type
P(x) = Q(:Js)(f%”62 where Q 1s a polynomial.

In this section we prove a multi-dimensional version of Hardy’s theorem
and interpret it in terms of symplectic capacities. We will also examine the
case of density matrices satisfying a sub-Gaussian estimate.

We begin by complementing Williamson’s symplectic diagonalization
theorem.

4.2.1 A special case of Williamson’s theorem

The following simultaneous diagonalization result is a refined version of
Williamson’s diagonalization theorem in the block-diagonal case; it can be
obtained by specializing the proof given above, but we give here an indepen-
dent proof. It will be very useful in our discussion of Hardy’s uncertainty
principle.

Proposition 33 Let A and B.be two positive-definite symmetric n X n ma-
trices. There exists L € GL(n,R) such that

LTAL=L17'B(L")™' = A (110)

where A = diag [\/)\1, e \/)\n] is the diagonal matriz whose eigenvalues are
the square roots of the eigenvalues 1, ..., \, of AB.

Proof. We make the preliminary observation that if A and B are positive
definite matrices then the eigenvalues of AB are real because AB has the
same eigenvalues as the symmetric matrix AY/2BAY/2. We claim that there
exists R € GL(n,R) such that

R'TAR=Tand R'B(R")"' =D (111)
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where D = diag[A1, ..., A\y]. In fact, first choose P € GL(n,R) such that
PTAP =T and set Bfl = PTB~'P. Since Bfl is symmetric, there exists
H € O(n) such that B;' = H'D™'H where D~' is diagonal. Set now
R = PHT"; we have RT AR = I and also

RI'B(RTY'=HP'B(P"Y'HT =HBH' =D
hence the equalities (111). Let A = diag[v/A1, ..., vV An]. Since
RTAB(R")™' = RTAR(R'B(R")™) =D

the diagonal elements of D are indeed the eigenvalues of AB hence D = A2
Setting L = RA'/2 we have
LTAL = AV2RTARAY? = A
L_lB(L_l)T _ A—1/2R—1B(RT)—1A—1/2 — A
hence our claim. m

The following result allows us to relate Proposition 33 above to Williamson’s
theorem:

Lemma 34 Let A and B be two real positive-definite matrices of order n.
A , .
O} consists of the decreasing sequence

0 B
VA1 > > /A, of square roots of the eigenvalues \; of AB.

The symplectic spectrum of M = {

Proof. Let Spec, (M) = (A], ..., A7) be the symplectic spectrum of M. The
A7 are the eigenvalues of

=], 7.

—A 0
they are thus the moduli of the zeroes of the polynomial
P(t) = det(t*I + AB) = det(t*I + D)

where D = diag[\1, ..., Ay]; these zeroes are the numbers £i,/);, j =1,...,n;
the result follows. m
For L invertible set

w5 0]

o 7| (112)
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Obviously My € Sp(2n,R) (cf. Egn. (15)); Proposition 33 can thus be
restated by saying that if (A, B) is a pair of symmetric positive-definite
matrices then there exists L such that

[‘3 g} ~ Myr [13 2] M. (113)

Proposition 33 is thus a precise version of Williamson’s theorem for block-
diagonal positive matrices.

4.2.2 A multi-dimensional version of Hardy’s theorem

To generalize Hardy’s uncertainty principle to the multi-dimensional case,
the following elementary result about tensor products of functions will be
helpful:

Lemma 35 Letn > 1. Forl < j <mnlet f; be a function of (z1,..,Zj,...,xp) €
R™1 (the tilde™ suppresses the term it covers), and g; a function of x; € R.

If
h=f®g=-=fL®gn (114)

then there exists a constant C' such that h=Cg1 ® - - - @ gn.
Proof. Let us first prove the result for n = 2. In this case (114) is
h(z1,22) = fi(z2)g1(z1) = fa(w1)g2(22).
If g1(z1)g2(w2) # 0 then
fi(z2)/g92(x2) = falz1)/g1(z1) = C

hence fi(z2) = Cga(22) and h(z1,22) = Cg1(z1)ga(w2). If g1(z1)g2(22) = 0
then h(x1,x2) = 0 hence h(z1,x2) = Cg1(z1)g2(x2) in all cases. The general
case follows by induction on the dimension n: suppose that

h=f1®91 :"‘:fn®gn:fn+1®gn+1;
for fixed x, 41 the function
k=hH®g="=[nQgn

is given by
(@, 2n11) = Clzni1)g1(1) - - - gn(zn)
where C(x,,+1) only depends on 1. Since we also have
(@, 2n11) = frr1 (21, 0 Tn)gni1 (Tns1)

it follows that C(xy41) is a constant C. =
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Proposition 36 Let A and B be two real positive definite matrices and
Y € L2(R"), ¢ # 0. Assume that

1 1
()| < Cae” 254 and |FMp(p)| < Cpe” 2877 (115)

for some constants Ca,Cp > 0. Then:

(i) The eigenvalues \j, j =1,...,n, of AB are < 1;

(it) If \j = 1 for all j, then (x) = Ce~ 2 Ae? for some some complex
constant C;

(i1i) If \j < 1 for some index j then each function ¥ (x) = Q(m)e_%’%z
(Q a polynomial) satisfies the Hardy inequalities (115).

Proof. Proof of (i). 1t is of course no restriction to assume that C4 = Cp =
C. Let L be as in Lemma 33 and order the eigenvalues of AB decreasingly:
A1 > Ay > - > A\, It suffices to show that Ay < 1. Setting ¥z (x) = ¢ (Lx)
we have

Fhyr(p) = F'o((L")'p);
in view of (110) in Lemma 33 condition (115) is equivalent to

1 1
[ (x)] < Ce™ 258" [Pl (p)| < Cem 25M%° (116)

where A = diag[A1, A2, ..., A\p]. Setting ¢ 1(z1) = ¥r(21,0,...,0) we have

< Ce~ M 117
[Yp1(z1)] < Ce™ 20771, (117)

On the other hand, by the Fourier inversion formula,

/ F'r(p)dps - - - dpp, = (27rh)”/2/ e*%p'x@bL(g;)dxdp? - dpy,
Rn—1

R2n—1

= (2rh) "2 1 (p1)

and hence )
[Flppa(py)| < Cppe” 2t (118)

for some constant Cr, 1 > 0. Applying Hardy’s theorem to the inequalities
(117) and (118) we must have A\? < 1 hence the assertion (i). Proof of (ii).
The condition A; = 1 for all j means that

1 9 1 o
[Yr(z)] < Ce 28 | [F'yp(p)| < Ce™ 207 (119)
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for some C' > 0. Let us keep 2/ = (3, ...,z,) constant; the partial Fourier
transform of 1y, in the z; variable is Fipy, = (F"")~1F");, where (F'")~1 is
the inverse h-Fourier transform in the 2’ variables, hence there exists C’ > 0
such that

= I
[Fn (e, 2)] < (52) 2 / AF" ) (p)ldpa - - dpy < C'e” 2001,
Rn—

Since [y (z)] < C(:B')e_ix% with C(z') < e~ it follows from Hardy’s

1
theorem that we can write ¢ (z) = fl(x/)efﬁx% for some real C*° func-
tion fi; on R 1. Applying the same argument to the remaining variables
Z3, ..., Tp We conclude that there exist C* functions f; for j = 2,...,n, such

that
1 2

Yr(z) = fi(x1, .., Tj, ..., Ty )e 2071, (120)

In view of Lemma 35 above we have ¢ (z) = C'Le_%”ﬂ2 for some constant
Cp; since A = I = LTAL we thus have ¢(z) = Cre=47°/2h a5 claimed.
Proof of (iii). Assume that \; < 1 for j € J, J a subset of {1,...,n}. By
the same argument as in the proof of part (ii) where we established formula
(120), we infer, using Hardy’s theorem in the case ab < 1, that each function

'lbL(CU) = fj(.’L‘l, . i‘vj, ey xn)Qj(.’L'j)eiflh‘r?

(Q; a polynomial) satisfies the estimates (115) for some constants C'4,Cp >
0. One concludes the proof by using once again Lemma 35. =

Let us give a geometric interpretation of Proposition 36. As announced,
it allows us to restate Hardy’s uncertainty principle in a very simple geo-
metric way in terms of the symplectic capacity of a certain phase-space
ellipsoid. let us first have a look on the case n = 1. In this case Hardy’s
uncertainty principle can be restated by saying that if ¢ # 0 then the con-
ditions |[¢(z)| < Coe~ 2% and |Flap(p)| < Che~ 2P imply that the ellipse
Qo p ax® + bp? < h has area

Area(Qqp) > 1h

and if the area of the ellipse {1, is smaller than %h then 1 = 0. In higher
dimensions, once again, the notion of area is replaced by that of symplectic
capacity:

Corollary 37 Let v € L*(R"), ¢ # 0. Assume that
1 1
()| < Cae 2547 and |FMp(p)| < Cpe” 2577, (121)
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Then the symplectic capacity of the ellipsoid
Qap: Az + Bp* <h

satisfies c(®4,p) > 3h where h = 2rh.

Proof. Setting M = [61 g] the equation of Q4 p is Mz? < h. Let

(A7, A, ..., A7) be the symplectic spectrum of M; by Egn. (53) together with
the homogeneity property (SC3) of symplectic capacities, we have ¢(Q4 p) =
mh/A7. In view of Lemma 34 we have A7 = V/Aj where the \; are the
eigenvalues of AB, and by Proposition 36 we must have A\; < 1, hence

C(QA,B) >nh. m

4.2.3 Application to sub-Gaussian states

The following formula is well-known!! Littlejohn [61]; a detailed proof is
given in de Gosson [32], §8.5.1). Let ¢ be a normalized complex Gaussian
(“squeezed state”), written in the form

where X and Y are real symmetric n X n matrices, X positive definite. Then

W(z) = (wh) e wC=* (123)

where
=55 . 5= Koy <% (124)

that is
G = [X }Y,ffy_ly Ygﬂ . (125)

Clearly S € Sp(2n,R) so G is also symplectic.

Remark 38 In a joint paper [64] with Yuri I. Manin the second author has
shown that the Wigner transforms of generalized Gaussians are essential in
the construction of quantum theta functions.

Tt is reputedly due to Bastiaans.
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Setting ¥ = %Gil we consider the “Wigner ellipsoid” Wy, : %E*1z2 <1;
it is the image by S~! of the ball BQ”(\/ﬁ) and has hence symplectic capacity

c(Ws) = c¢(B™(Vh) = Lh.

This suggests that symplectic capacities may be of some use for character-
izing phase space functions which are Wigner distributions. We are going
to see that this is indeed the case. We will need for the proof the following
metaplectic covariance result for mixed states:

Lemma 39 Let p be the density matriz of the state ¢ = dej a1 with
Wigner distribution p = dej o ij Then po poS =25" pS is the density
matriz of the state Sd} Z]EJ oz]S¢J where S € Mp(2n,R) is such that

7(8) = S. In particular we have
W(Sw)(z) = W(5™"2) (126)
for every 1 € L2(R™).

For a proof of this classical property (which is a particular case of the
metaplectic covariance of Weyl calculus, see Proposition 3) see for instance
de Gosson [32], §7.1.3.

Proposition 40 Let 1 be square integrable and assume that there exists a
constant C > 0 and a positive-definite symmetric matric M such that

Wip(z) < Ce™wM== (127)
for all z. Then we must have
(W) > Sh (128)
where Wy, is the Wigner ellipsoid corresponding to the choice ¥ = %Mﬁl.

Proof. (Cf. de Gosson and Luef [37, 38]). In view of Williamson’s theorem
we can find S € Sp(2n,R) such that

W(S™z) < Cem 1 (Ae”+Ap%) (129)

where A% = diag[\],...,\?] and Spec, (M) = (A],. ,)\Z). In view of the
symplectic covariance formula (126) we have Wi (S~ 12) = W(Sy)(z) for
any S € Mp(2n, R) with projection S. Since Sy € L2(R") and c(Wy) is

o7



a symplectic invariant we may thus assume that S is the identity opegator

2
(and hence S = I); this choice reduces the estimate to Wi (z) < Ce™ 7 M=
to the diagonal case

Wp(z) < Ce™ i (A72?+A7p?) (130)

Integrating this inequality in = and p, respectively, we get, using formulae
(134),

()] < Cre i and |Fhy(p)] < Crem A7 (131)
for some constant C7; > 0. In view of the multi-dimensional Hardy uncer-
tainty principle (Proposition 36) the eigenvalues A; of (A%)? must be < 1;
since \; = (/\;-7)2 we must thus have A\ < 1; in view of Eqn. (53) this is
equivalent to the inequality ¢(By) > 1h. m

The following result generalizes Proposition 40 to mixed states:

Proposition 41 Let M > 0 and p be a smooth real function on R*® such
that [go, p(z)dz = 1. Assume that

p(z) < CemnM== (132)

for some constant C > 0 and consider the ellipsoid By : Mz -z < h. If
c(By) < %h then p cannot be the Wigner distribution of a quantum state.

Proof. As in the proof of Proposition 40 we can assume, taking into ac-
count Williamson’s theorem and the invariance of symplectic capacities un-
der canonical transformations, that

p(z) < Ce i (W72 +AP%) (133)

Let us write p(2) = ;e 7 &W1;(2); integrating the inequality (133) in x
and p, respectively we thus have

Z%‘/ Wej(2)dp < Cre 17
- Rn
J

2

Sa; [ Wiy)dp < Cre tA
- Rn
J
In view of the marginal properties

[ we@d =@ [ W= Flee)? s
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these inequalities imply in particular the existence of constants C; > 0 such
that |¢;(x)| < Cje_%A%Q and |Fy;(p)| < Cje_ﬁ/\ap2 and one concludes
as in the proof of Proposition 40. m

As a consequence we get the following result:

Corollary 42 The Wigner distribution p of a mized quantum state cannot
have compact support.

Proof. Suppose that the support of p is contained in some ball B?"(R) C
R?". Let A be a real number such that 0 < A < 1. We can find C > 0
such that p(z) < Ce 1N for all z, which contradicts the statement in
Proposition 41. =

5 A Quantum Phase Space

The possibility of using a notion of quantum cell expressed in terms of
symplectic capacities was first suggested in de Gosson [27]. This notion is
analyzed in depth in the present section.

5.1 Quantum blobs
In [43] Hall and Regginatto remark that

“...uncertainty relations expressed as imprecise inequalities
are not enough to pin down the essence of what is not classical
in quantum mechanics...”

In this subsection we introduce a notion which could provide a better
understanding, by providing a symplectically invariant coarse-graining of
phase space. We suggest to replace the notion of cubic quantum cell famil-
iar from statistical quantum mechanics and thermodynamics by a notion
invariant under canonical transformations.

5.1.1 Definition and first properties

It is usual in statistical quantum mechanics to “coarse grain” phase space in
cubic cells Q(v/h) with edge length equal to v/h = v/2wh. The consideration
of such cells, whose volume is A", is consistent with the Weyl rule for the
number N (A < F) of quantum states with energy A < F, which says that

N(A < EB) 7= (%)))n
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where 2 is the phase space volume within the corresponding energy shell
0Q. The integer N(A < E) is thus roughly the number of quantum cells
that can be “packed” inside §2. One of their main drawbacks with the use
of cubic cells is that they have few symmetries and behave badly under
canonical transformations. We note that the symplectic capacity of Q(\/ﬁ)
can be estimated using Proposition 19; this easily leads to the inequality
c(Q(Vh)) > %77 h. This suggests to replace the usual notion of quantum cell
by a more general notion, invariant under canonical transformations.

Definition 43 The image B of a ball B>*(v/L) by a canonical transfor-
mation is called a “quantum blob”; the image B"™ of B2”(\/ﬁ) by a linear
canonical transformation (i.e. an element of Sp(2n,R) is called a “linear
quantum blob”). [One may of course replace Sp(2n,R) by ISp(2n,R) since
the center of the ball is arbitrary in the definition].

Linear quantum blobs are phase space ellipsoids. A (linear) quantum
blob has (linear) symplectic capacity %h for every (linear) symplectic ca-
pacity: this is an immediate consequence of the canonical invariance of the
notion of symplectic capacity together with the fact that

(B (Vh)) = (B (Vh)) = h.

The symplectic capacity of a quantum blob B (linear, or not) is of the same
order of magnitude as that of a cubic cell; but quantum blobs do not have the
shortcomings of the latter since the image of a quantum blob by a canonical
transformation is again a quantum blob.

Conversely, any subset Q of R” such that cpin(2) > %h for some sym-
plectic capacity ¢ contains a quantum blob B: by definition of ¢y, there
exists a canonical transformation f such that B =f(B**(v/h)) C Q. Simi-
larly, suppose that cit (Q) > %h, then there exists f € ISp(2n,R) such that
f(B*(v/R)) C Q, hence Q contains a linear quantum blob. The symplectic
capacity of a quantum blob B (linear, or not) being %h it is of the same or-
der of magnitude as that of a cubic cell; but quantum blobs do not have the
shortcomings of the latter since the image of a quantum blob by a canonical
transformation is again a quantum blob. It turns out that the limiting case
cin () = Lh is particularly interesting:

Proposition 44 Let Q) be a phase space ellipsoid. Assume that ¢(§2) = %h.
Then Q contains a unique linear quantum blob B'™.

Proof. (Cf. de Gosson [29]). Since all, symplectic capacities (linear or not)
1

agree on ellipsoids, the condition ¢(Q2) = 3h is equivalent to ci% (Q) = Lh.
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Translating if necessary 2 it is sufficient to prove the claim in the case
where all the considered ellipsoids are centered at zero and the elements of
ISp(2n, R) are linear (i.e. in Sp(2n,R)). The assumption ¢l (Q) = 1k thus
means that B2"(v/h) is the largest ball B?"(R) such that S(B>*"(vh)) C Q
for some S € Sp(2n,R). Thus, B = S(B?*(v/h)) is a linear quantum blob
contained in . Assume now that there exists S’ € Sp(2n,R) such that
(B"™) = S'(B?*(v/h)) is also contained in the ellipsoid © and let us show
that (B'")" = B'm; the uniqueness statement will follow. Conjugating if
necessary S and S’ with an adequately chosen symplectic matrix we may

assume, using Williamson’s diagonalization theorem that

QZ)\;’(:UJQ—I—pJQ) <1
j=1

where the A7 are the symplectic eigenvalues of the matrix of 2. The
condition ¢(€2) = 3h means that A = 1. Setting U = S’S~! we have
S" = US. Let us show that U € U(n); the proposition will follows since
then U(B?"(v/h)) = B>*(v/h) so that S(B**(Vh)) = §'(B*(Vh)). Clearly
U € Sp(2n,R) so it suffices, in view of the identity (10) to show that U
is in addition a rotation; for this it is sufficient to check that UJ = JU.
Set R = DY2UD~/? where D = diag[)\{, ..., \9]; we have UTDU = D
hence RTR = I so that R is orthogonal. Let us prove that R is in addi-
tion symplectic. Since J commutes with every power of the diagonal matrix
D we have, taking into account the relation JU = (UT)~1J (because U is
symplectic):

JR = D1/2JUD_1/2 — D1/2(UT)_1JD_1/2
— D1/2(UT)_1D_1/2J — (RT)—IJ

hence RTJR = J so that R is indeed symplectic. Since R is also a rotation
we have R € U(n) and thus JR = RJ. Since U = D~2RD'/? we have

JU = JDY2RDY? — p~Y/2 JRD/?
— D Y2RJDY? = pY2RDY2 ] = UJ

so that U € U(n) as claimed. m

5.1.2 Linear quantum phase space

Let us denote by QPS'™(2n) the set of all linear quantum blobs in R?‘ (the
acronym QPS stands for Quantum Phase Space). We will call QPS'™ (2n)
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the “linear quantum phase space”. It is very easy to equip QPSlin(Zn) with
a natural topology. Consider first the case of a linear quantum blob Bi* =
S(B?"(vh)) centered at the origin; B is a centered ellipsoid uniquely rep-
resented by the inequality (S7S)z -z < h. The symplectic matrix ST is
positive-definite and, conversely, every positive-definite symplectic matrix
can be written in the form S7'S. There is thus a one-to-one correspondence
between centered linear quantum blobs and positive definite symmetric ma-
trices. These matrices form a topological manifold which is homeomorphic
to the coset space Sp(2n,R)/U(n); this immediately follows from the sym-
plectic polar decomposition theorem. As a manifold Sp(2n,R)/U(n) has
dimension

dim(Sp(2n,R)/U(n)) = dim Sp(2n,R) — dim U(n)
=n(2n+1) —n?
=n(n+1).

We can thus identify the set of all linear quantum blobs centered at the
origin with the Euclidean space R*™*1) Now, an arbitrary linear quantum
blob is obtained from a centered quantum blob by a phase space translation;
such translations form a group isomorphic to R??. It follows, by dimension
count, that we have the identification

QPSHH(QTL) = Rn(nJrl) % R2" = Rn(n+3)_

In the case n = 1, corresponding to the phase plane, this identifies the linear
quantum phase space with R%.

Notice that since canonical transformations are volume preserving the
volume of a quantum blob is

n
Vol(B) = Vol(B2"(Vh)) = % (Z) ;
their volume is thus much smaller than that of a traditional quantum cell
(which is A™), and decreases very quickly with n. Thus, for a fixed of h,
the phase space “graining” rapidly becomes less and less “coarse” when the
number of degrees of freedom increases.
The definition of the quantum phase space QPSlin(Qn) we have given is of
a purely geometric nature; it can actually be realized in a more conventional
“functional”. we are going to see in next subsection that one can associate
to every linear quantum blob B = B a Gaussian state

V() ~ Tzg)e 2 (X HM)me
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where X and Y are symmetric n X n matrices, X > 0 and f(zo) the
Heisenberg—Weyl operator (3) (the g are just the squeezed states famil-
iar from quantum optics; see Littlejohn [61] for a thorough study). Now X
and Y each depend on n(n + 1)/2 independent parameters and T'(zg) on 2n
parameters. it follows that the states v depend on

1 1
in(n—k 1)+ En(n—i— 1)+ 2n=n(n+3)

independent parameters; this is just the dimension of QPSlin(Qn). We may
thus identify the linear quantum phase space QPSlin(Qn) with the set of all
squeezed states.

We take the opportunity to remark that one already finds in Little-
john [61] (formula (8.12) p.265) an identification between the set of centered
Wigner distributions of squeezed states and the coset space Sp(2n,R)/U(n).
As Littlejohn notices, that Sp(2n,R)/U(n) is not a group, but just a sym-
metric space, is related to the fact that there is no privileged role for the
standard coherent state

W(a) = (wh) /e 2 T

if one allows canonical transformation. Geometrically speaking, this means
that there is no reason for which we should privilege spherical quantum blobs
B?"(v/h) among all linear quantum blobs B = S(B2"(\/h)).

From the identification of QPS'™ (2n) with the squeezed also follows that
the linear quantum blobs are precisely those which correspond to the sat-
uration of the Robertson—Schrodinger uncertainty principle. That is, if the
Wigner ellipsoid Wy, : %2_122 < 1 is a quantum blob B" then we have

(AX;)*(AP)? = A(X;, Pj)? + 1h?

for = 1,2,...,n. This fact can be checked by calculation, but it is also a
straightforward consequence of the well-known fact that squeezed states are
states of minimum uncertainty.

5.2 The Gaussian state associated with a quantum blob

We are going to see that we can associate a unique canonical quantum state
to every quantum blob. more generally, this will be possible for every phase

space ellipsoid  such that ¢(€2) = $h.
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5.2.1 Quantum blobs and Gaussian states

We begin by stating a technical result which gives a particular factorization
result for symplectic matrices:

Lemma 45 Let S = [é D] be a symplectic matriz. We have
g Ay O Xo —Y
a Co AEI Yo Xo

where
Ag = (AAT + BBT)1/2 = AT
Co = (CAT + DBT)(AAT + BBT)~1/2
Xo+iYy = (AAT + BBT)"Y2(A —iB).
Proof. See de Gosson [32], Proposition 2.29, p.42 and Corollary 2.30, p.43.

[ ]
It immediately follows that:

Proposition 46 Every linear quantum blob B = S(B*"(v/h)) centered at
the origin can be written B = So(B?"(V/h)) where the symplectic matriz Sy

s given by
I 0L O
50 = [P 1} [0 Ll} (135)

AB}

where L and P are symmetric (and L invertible). In fact, if S = [C D

then
L= (AAT + BBT)Y? | p=(CAT + DBY)(4AT + BBT)™1.  (136)

Proof. It is a straightforward consequence of Lemma 45 since the symplectic

X0 —Yp
U_[Yo Xo}

matrix

is a rotation (hence U € U(n)) and thus leaves B2"(v/h) invariant since it
is centered at the origin. m
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Remark 47 The matrices (135) form a subgroup of the symplectic group
Sp(2n,R). That subgroup is the isotropy subgroup (or “stabilizer”) St(0 x
R™) of the plane of momentum coordinates. To each element Sy € St(0 x
R™) correspond metaplectic operators :|:§0 which are products of unitary
rescalings (16) and chirps (15), and are thus local operators. In that sense,
the passage from a quantum blob to another is, on the quantum level, a local
operation.

The results above enable us to prove the main result of this section:

Proposition 48 Let B“" be a linear quantum blob centered at zo: B =
So(B?"(20,Vh)) with Sy given by (135) with P and L symmetric.
(i) The function

Wis(z) = (xh) e 19C—0" G = () 7Sy

s independent of the choice of Sy and is thus uniquely determined by the
quantum blob B.

(ii) The function Wpg is the Wigner distribution of the Gaussian state:
W = W (T (20)¢8) with

o 1/4
Yp(x) = (?ﬂ'%))g> exp [—;ﬁ(X +iY)zr-x (137)

where the symmetric matrices X and Y are given by
X +iY =L 2—iP. (138)
Proof. Let us prove (i). Since
W (T (20)v8)(2) = W (T (20)48) (2 — 20)
it is no restriction to assume that zg = 0. Let S and S’ be such that
B = S(B*™(Vh) = S'(B*(Vh)).

By homogeneity we will then have S~1S'(B?"(r)) = B?"(r) for all radii r
and hence S~18’ preserves every ball centered at the origin; it must thus be a
rotation and since it is also symplectic we therefore have S~1S" = U € U(n).
We have S’ = SU hence (S"7)~1(S")~! = (S7)~1S~! and we are done. Proof
of (ii). In view of (135) we have

L2+ PL?P —PIL?

(Sg)_lsal = _L2P L2
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Writing as in (125)

o X+vYXxly yx-!
B Xy X1
we get formula (138). m

An important consequence of this result is:

Corollary 49 Let Q be a phase space ellipsoid such that c(Q) = %h. There
erists a unique Gaussian quantum state associated with €.

Proof. This immediately follows from Proposition 48 using the uniqueness
statement in Proposition 44. m

Remark 50 When Q is a Wigner ellipsoid Wy, the equality c(Ws) = 3h
means that the Robertson—Schrédinger uncertainty inequalities are partially
saturated (i.e., at least one of the n inequalities is an equality).

Let us generalize this to the case of mixed states. Assume that p is
the density matrix of a sub-Gaussian mixed state, of the type considered in
Subsection 4.2.3. that is, we assume that there exists a constant C' > 0 such
that )

p(z) < CemwM== (139)

and consider the Wigner ellipsoid By : Mz -z < h. We have seen that if
c(Bar) < %h then p cannot be the Wigner distribution of a quantum state.
Let us consider the case where B is a quantum blob; in this case we have
M = (ST)7157! and we must have equality in (139) for an appropriate
choice of the constant C' and we are led back to the case investigated in
Proposition 48: p is the Wigner transform of a pure Gaussian state, and
there is nothing more to say. Suppose now that we have c¢(Bys) = %h.
Then Bj; contains a unique quantum blob B and Proposition 48 allows us
again to associate to p a unique pure Gaussian state (137). Notice that if
c(By) > %h, that is, if p is the density matrix of a general (sub-)Gaussian
state there is no way we can associate a unique pure Gaussian to p, because
there is enough room in Bjs to send a ball B2*(v/h) inside it using many
(in fact infinitely many) canonical transformations (see de Gosson [28] for a
detailed discussion).
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5.2.2 Quantum blobs and averaging
Let us begin by proving a positivity result for the averaging of Weyl opera-
tors over quantum blobs.

Let A 2% 4 be a Weyl operator; one of the features of Weyl calculus is
the fact that the condition a > 0 is neither necessary nor sufficient to ensure
non-negativity of the operator A. However, if we average a non-negative
symbol over a quantum blob, then we will get a non-negative operator.

Let the function

ps(z) = <217r>n (det 2)~1/2 exp <—;z—122> (140)

be a normalized phase space Gaussian. We recall that for such Gaussians
we have

px * Py = Prisy (141)
(cf. any book on elementary probability theory).

Proposition 51 Assume that a > 0 and let py be given by Eqn. (140).
Let Wy, : %2*122 <1 be the corresponding Wigner ellipsoid. If c(Wx) > %h

~ Weyl . . N
then the Weyl operator Asx, “ax px 18 non-negative: Ax, > 0.

Proof. We must show that (Ax[¢) > 0 for every ¢ € L2(R™). In view of
the density of the Schwartz space of rapidly decreasing functions in L?(R"™)
is is sufficient to assume that ¢ € S(R™). We have

(Asplp) = / (a % p=) (W (2)dz;

R2n

taking into account the fact that py is an even function we get

(Asyplyp) = //RM a(u)psn(z — u)Wi(z)dudz

_ /R aw [ /R ps(z = W W(=)dz | du
= [, atwps < Wo)w)d

In view of Proposition 52(i) we have ps; * W1 > 0 hence pn * W1 > 0. m
Here is an example that certainly deserves to be generalized to more
general situations. Let

1
H = %(pQ + m2w2$2)
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be the one-dimensional harmonic oscillator Hamiltonian and choose

px(z) = Wexp {—%‘2(95 +p )}

where o > 0. Set Hy, = H * px(2); a straightforward calculation shows that

2
Hx(z)=H(z)+ ;—m(l +mw?) > H(z2) + c*w.

Assume now that the ellipse 22 +p? < 202 contains a quantum blob (in this
case the image of the disk 22 +p? < h by an area-preserving mapping of the
plane). This is equivalent to the condition 62 > 17 and hence Hx(z) > hw.
We have thus recovered, as lower bound, the ground energy level of the
harmonic oscillator.

It has been known since de Bruijn [7, 8] that the “average” W1 x ®p of
a Wigner distribution W1 over an elementary Gaussian ®p(z) = e~ 171*/R g
such that:

Wi ®r >0 if R®=h (142)
Wi ®p >0 if R? > h. (143)

In our terminology this amounts to say that if we average a Wigner
distribution over a ball containing the trivial quantum blob B?*(v/h) we
will obtain a positive function (this is essentially Husimi’s [49] procedure
for constructing a non-negative distribution function starting from a quasi-
distribution). The general notion of quantum blob allows us to improve
considerably this result.

Proposition 52 Let X > 0 be a covariance matriz and Wy : %2—122 <1
the associated covariance matriz. Let py, be a Gaussian (140).

(i) If Wy, is a linear quantum blob (in which case ¢(Wsx) = $h for every
symplectic capacity c) then Wi % py, > 0;

(i) if c(Wx) > $h then W1 x ps, > 0.

Proof. (i) If Wy is a quantum blob B then ¥ = A~1STS for some S €
Sp(2n,R) hence there exists a Gaussian state 15 such that py = Wipg. It
follows from the positivity condition (144) that we have

Wipx ps = Wepx Wepp 2> 0.
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(ii) If ¢(Wx) > 3h then there exists S € Sp(2n,R) such that Wy, contains
S(B?"(v/h)) as a proper subset. Let g = h~1ST'S; we have ¥ — ¥y > 0 and
hence px = pu_5, * px, in view of formula (141). It follows, using formula
(141), that

Wi ps = (Wip * ps_5,) * pgy > 0

as claimed. m
A classical result is that the convolution of two Wigner distributions W
and W ¢ yields a positive function; in fact

Wi« Wo = (2nh)"|FEW (¥, ¢*)[? (144)

where ¢'(z) = ¢(—z) and W (-,-) is the cross-Wigner distribution (see for
instance Folland [19], Proposition 1.99 or de Gosson [32], §8.5, for proofs).
This does not mean that the convolution of two Wigner distributions is
itself a Wigner distributions: see the very pertinent discussion of this fact
in Narcowich [72, 73]. However:

Theorem 53 Let B = S(B*(Vh)) be a (linear) quantum blob and 15 the
associated Gaussian state (formula (137)). The convolution product W =
px * Wapg is the Wigner distribution of a Gaussian mized state with Wigner

distribution )

ps,8 (2) = (mh) ™"V det M M'=" (145)

where the symplectic spectrum of M' is the image of that of M = %hz_l by
the mapping A — /(1 + \).

Proof. (Part of this was proven in de Gosson [32], Theorem 9.35). Let us
write M = %hZ‘l so that

ps(2) = (7h) " (det M)/ 2e~# M=,
Since Wp(z) = (7771)_”67%&2 we have, by definition of the convolution

product,

W (z) = (wh) =" (det M)1/2/ o EM(z—2)2 ~ 1G22 g
R2n

W(Sz) — (wh)_2"(det M)I/Q/ 6_%STMS(Z_Z”)26_%‘Z//|2d2’”.
R2n
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Replacing if necessary S by another symplectic matrix we may assume in
view of Williamson’s theorem that

A" 0
T _ _
SMS_D_[O Ao}

with A7 = diag [A], ..., A

9] and hence

W(Sz) _ (ﬂ_h)an(det M)1/2/ 67%D(Z7Z”)267%‘Z//‘de”
]RQn

= exp [—;D(I +D) 2. z]

where the last equality is obtained by a straightforward calculation of one-
dimensional Gaussian integrals (D is diagonal). It follows that

W(z)=e M M = (57)'D(I+ D)t

Let us calculate the symplectic capacity of the ellipsoid €' : M'2z? < h. We
have J(S™1)T = SJ hence

JM'=S[JD(I+ D) '] 5!

hence the symplectic spectrum of M’ is that of D(I+D)™!; since D(I+D)~!
already is in Williamson diagonal form the symplectic eigenvalues of M’ are
the numbers A7 = A7(1 + )\37)*1. We thus have A7 < 1 for j = 1,...,n
and hence ¢(Q) > %h. It follows, using Corollary 32, that py,5 is a density
operator. H

6 EBK Quantization and Symplectic Capacities

Until now the notion of symplectic capacity we have been using has essen-
tially been limited to linear one. In this section we will need the notion
in its full generality since we are going to use highly nonlinear canonical
transformations (the passage from Cartesian coordinates to action-angle co-
ordinates).

6.1 A heuristic example

The fact that the ground energy level of a one-dimensional harmonic oscil-
lator with Hamiltonian



is different from zero can heuristically be justified using the Heisenberg un-
certainty relation Ap,Az > 1h. (See Sudarshan et al. [90] for variations
on this theme.) In fact, the inequality Ap,Ax > %h prevents us from as-
signing simultaneously a precise value to both position and momentum, the
oscillator cannot be at rest. To show that the lowest energy has the value
%hw predicted by quantum mechanics one then argues that since we cannot
distinguish the origin from a phase plane trajectory whose all points lie in-
side the double hyperbola p,z < %h, we must require that at least one point
(x,p,) of that trajectory is such that |p,z| > %h. Multiplying both sides of
the trivial inequality )

Pz + mwz? > 2lpz| > h
mw

by w/2 we then get

2
E= DPa + 1mw2:z:2 > lhw

2m = 2 2
which is the correct lower bound for the quantum energy. The argument
above can also be reversed: since the lowest energy of an oscillator with
frequency w and mass m is %hw, the minimal phase space trajectory will be
the ellipse

P, _
mhw  (h/mw)

that ellipse encloses a surface with area %h.

We are going to extend the discussion above (in a rigorous way) to a class
of Hamiltonian systems which can be explicitly integrated using “action-
angle” variables. Let us first review some basic notions from the theory of
integrable Hamiltonian systems and their semiclassical (EBK) quantization.

6.2 Integrable Hamiltonian systems and EBK quantization

Although integrable systems are rather the exception among all Hamil-
tonian systems, many important physical problems are integrable: the multi-
dimensional harmonic oscillator, the motion in a central force field, two cen-
ter Newtonian gravitational motion, Lagrange, Euler and Kovalevsky tops,
to name a few (see for instance Arnol’d [2] for detailed examples). The inter-
est of such systems in classical mechanics comes from the fact that they are
(in principle) exactly solvable using the so-called “action-angle variables”.
These systems are also very attractive in quantum mechanics (at least in its
semiclassical version) because they can be “quantized” semi-classically, that
is by imposing constraints on the classical motions (the EBK conditions).
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6.2.1 Action-angle variables

Let us review some basic notions about integrable Hamiltonian systems. For
a complete and rigorous treatment of integrability in the sense below see for
instance Arnol’d [2] or the Appendix A.2 in Hofer and Zehnder’s book [47];
Goldstein [22] or Landau and Lifschitz [57] give a very readable account of
the topic, perhaps more accessible to physicists less familiar with techniques
from differential geometry.

Definition 54 A time-independent Hamiltonian H on R?" is “completely
integrable” (for short: “integrable”) if there exists a symplectomorphism f :
(x,p) — (¢,1) (in general not globally defined) such that the composed
function K = H o f only depends explicitly on the action variables I =

(Ilv"'vln):

H(z) = H(f(¢,1)) = K(D). (146)
The numbers w;(I) = w;(L1,...,1,,) defined by
0 = S0 (147)

are called the “frequencies of the motion”. We will write w(I) = (w1 (1), ..., wn(I))

and call w = w(I) the “frequency vector”.

The Hamilton equations for K are

dp; 0K dl; 0K

U UL (148)

since 0K/0¢; = 0 for all j = 1,2,...,n these equations can be explicitly
solved by quadratures, yielding the solutions

¢;(t) = w;(1(0))t + ¢(0) , L;(t) = I;(0). (149)
The flow (/) determined by K is thus given by
FE(6,1) = (Dt +6,1). (150)

A typical (but rather trivial) example is provided by the n-dimensional
harmonic oscillator: consider the n-dimensional harmonic oscillator Hamil-
tonian in normal form

H= Z p] + x
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an define new variables (¢,I) by z; = (/2Ljcos¢; and p; = /2I;sin¢;
for 1 < j < n; we assume I; > 0 and the angles ¢; are chosen such that
0 < ¢; < 2m. In these new variables the Hamiltonian H takes the simple
form

K(I) = Zn:wjlj (151)
j=1

(observe that K does not contain ¢); the transformation f : (x,p) — (¢,1)
being canonical outside the origin of R?" the procedure described above
applies.

More generally, one can always define action-angle variables when the
manifold V" is compact:

Theorem 55 Assume that Iy = H, Fy, ..., F,, are n independent constants
of the motion in involution on an open dense subset of R®™. Set F =
(Fy, F, ..., F,) and assume that F~1(z) is a compact and connected n-
dimensional manifold. Then:

(i) there exists a neighborhood V of F~(0) in R™, an open subset U of
R"™ and a canonical transformation

[ (R/2TZ)" xV — U.

(ii) Setting (z,p) = f(p,1) the Hamiltonian becomes K(I) = H(z,p)
in the (¢,1) variables, and the motion thus takes place on a n-dimensional
submanifold V" of R*™ such that

fFV") = {lo} x (R/27Z)".

Notice that the last statement in (i) follows from Eqn. (150) due to the
identification of I-coordinates modulo 27r. The action variables I = (Iy, ..., I,,)
are constructed as follows: choose a basis (v;) for the 1-cycles on T" and set

1
I; = j{ pdx. (152)
2m Jy,;

for 1 <j<n.

The manifold V" is Lagrangian, that is, it has dimension n as a manifold,
and the tangent spaces T, V™ are isotropic: o(X(z),Y (z)) = 0 for every pair
of tangent vectors to V at z. This property follows from the fact that the
constants of motion Fi, F», ..., F;, are in involution.
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6.2.2 EBK quantization of Lagrangian manifolds

Let V" be a Lagrangian submanifold of (R?", o) (typically, V" will be a torus
T™ associated to an integrable Hamiltonian system, as described above).

Definition 56 A Lagrangian manifold V' is said to be semiclassically quan-
tized if it satisfies the “EBK” (or “Keller—-Maslov” ) quantization conditions

1 1
—— @ pdx — ~ml[y| is an integer >0 (153)

2mh . 4

for every 1-cycle v in V™. The integer mly| is the Maslov index of the
(homotopy class) of 7.

The condition (153) has its origin in earlier work of Einstein, Brillouin,
and Keller (hence the acronym EBK). In its modern, and mathematically
rigorous form it goes back to the work of Maslov [69] (who elaborated on
the earlier work of Keller [55]), Maslov and Fedoriuk [70], Arnol’d'? [1, 2],
and Leray [58, 59]. In de Gosson [32] one of us has given a detailed study
of the Maslov index and of related mathematical objects. See Littlejohn
[61] for a very clear description of the Maslov index at an elementary (but
rigorous) level. Roughly speaking, the Maslov index is used to character-
ize the “caustics” of a Lagrangian manifold through a counting procedure;
for instance the Maslov index of a circle in the phase plane and described
counterclockwise is +2.

A Lagrangian torus T™ being a Lagrangian manifold we can apply the
EBK conditions to T™; in view of the definition (152) of the action variables
and using the fact that the Maslov index of a positively oriented circle is
equal to 2 (see [24, 32, 70]) these conditions are equivalent to

I =(N;+3)h (154)

where N; is any integer > 0. The corresponding semi-classical energy levels
are then calculated by inserting these values in K (). More precisely: let
I=(Iy,...,1,) be the action variables corresponding to the basic one-cycles
AL, ...,7™ on V™. These are defined as follows: let 4',...,37™ be the loops in

12 According to Arnol’d himself, the first citatiion was originally intended to be a referee
report on Maslov’s work.
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T"(Ry, ..., R,) defined, for 0 <t < 2, by

L(t) = Ry(cost, 0, ...,0;sint, 0, ..., 0)
72(t) = R(0,cost, ...,0;0,sint, ..., 0)

F'(t) = R,(0,...,0,cost;0, ...,0,sin t).

]

The basic one-cycles 7', ...,y' of V" are then just

=AY e = A,
The action variables being given by

1

1
Ii=— ¢ Idp=— d 1<i< 1
1= f, ¢ 27T]£jpm, <j<n (155)

the EBK quantization conditions (153) imply that we must have
I =(Nj+im(y)h for 1<j<n (156)

each N; being an integer > 0. Writing H(x,p) = K(I) the semiclassical
energy levels are then given by the formula

By, N, = K((N1+ gm(Y)) R, ooy (N + gm(y')) (157)

where N, ..., N, range over all non-negative integers; they correspond to the
physical “quantum states” labeled by the sequence of integers (Ny, ..., Ny,).

We do not discuss here the ambiguity that might arise in the calculation
of the energy because of the non-uniqueness of the angle action coordinates;
that ambiguity actually disappears if one requires that the system under
consideration is non-degenerate, that is 92K (I) # 0.

Let us discuss EBK quantization when the Hamiltonian H is a positive
definite quadratic form:

1
HM(Z)ZgMz-z , M > 0. (158)

We denote by H); Hamiltonian operator obtained from Hj; by the usual
Weyl quantization procedure. We are going to prove the following claim:

Proposition 57 The exact energy levels (= eigenvalues) of EfM are ob-
tained by the EBK quantization of the Lagrangian manifolds associated to
Hyy;.
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Proof. In view of Williamson’s theorem there exists S € Sp(2n,R) such
that

A 0O
T — —
srusp=[¥ 0]
with A7 = diag[A{, ..., A7] where the A7 are the symplectic eigenvalues of
M. We will use in what follows the notation A7 = wj; which is more in
conformity with physical tradition. Thus
"1
Hy(z) = Hp(Sz) =) _ 5 (@3 +p5)
j=1
and, by the symplectic covariance property of Weyl calculus H M= SH D§ -1
where S € Mp(2n,R) is any of the two metaplectic operators associated
with the symplectic matrix S. The spectra oAf Hys and Hp are the same: if
Hytp = Evp for some 9 € L?(R™) then Hp(S~'¢) = E(S~'9) and we have
S—14 € L2(R™) because metaplectic operators are unitary. The eigenvalues
of the self-adjoint operator

J=1

are the numbers .
1

Eny,..N, = Z(Nj + 5w (159)

7=1
where the N; are integers > 0. Let us check that these numbers are pre-
cisely those obtained by the EBK quantization procedure; since the latter
is preserved by symplectic transformations, our claim will follow. This is
actually folklore, because Hp is just a sum of (rescaled) harmonic oscillator

Hamiltonians. The n equations

2 2 _ 2
;+p;=7r;

define a Lagrangian torus T"(R) = S{(R;) x - - x SL(R,,); the fundamental
group 71(T") = Z" is generated by the loops v;n) = (0,...,0,7;,0,...,0)
where

v(t) = Rj(cost,sint) , 0 <t < 2m;
since m(y;) = 2 the EBK conditions (153) become

1 1
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for some non-negative integer N;. The value of Hp on the quantized torus
T™(R) is precisely given by Egn. (159). m

What we did above was just to use action-angle variables quantization
in disguise: setting

xzj = y/2ljcos¢; , pj = +/2l;sin¢j;

one easily verifies that the change of variables (z,p) — (¢, 1) is canonical
and in these coordinates we have

Hp(z) = K1) =Y wjl;.
j=1

The Hamilton equations for K are just %(ﬁj = wj and %Ij = 0 hence the I;
are constants of the motion; clearly they are independent and in involution:
{I;, 1} = 0 so the relations

I, =1;(0),1<j<n

define Lagrangian tori V;q). The EBK quantization conditions are then
given by formula (156) and one recovers the energy values (159) using for-
mula (157).

6.3 EBK quantization and symplectic capacities

The main original results of this subsection are Theorem 58 and its con-
sequence, Corollary 61. We begin our discussion with an elementary and
informal example illustrating the relationship between the uncertainty prin-
ciple and the ground energy of a harmonic oscillator.

6.3.1 Symplectic quantization of quadratic Hamiltonians

In the introduction to this section we briefly discussed a relationship be-
tween Heisenberg’s uncertainty principle and the ground level of the one-
dimensional harmonic oscillator. Recall that we used a heuristic argument
to justify the fact that the Hamiltonian trajectory in the plane was an el-
lipse enclosing a surface {2 with area at least %h. In the case n = 1 this area
coincides with the symplectic capacity ¢(2) in view of Proposition 16 so that
we could as well write this condition ¢(Q2) > Sh. Let us discuss what this
condition leads to in higher dimensions. For this consider the n-dimensional
anisotropic harmonic oscillator described by the Hamiltonian function

|
H =) o (p} + mjwiaf). (160)
g=1"""
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The solutions of the corresponding Hamilton equations are given by the
formulae

1
zj(t) = x;(0) cosw;t + ——p;(0) sinw;t (161)
;W
p;(t) = —mjw;z;(0) sinw;t + p;(0) cos w;t (162)

so the classical motion takes place on the subspace €2 of R?" product of the
n ellipses

1 2,2
Q;: %( —i—m]w]m]) €j
where ¢; is the energy of the j-th oscillator:

—(pj(()) + meQxJ (0)?).

€; =
J .
2m;

Let f be the linear transformation of R?” taking each pair of conjugate
coordinates (z;,p;) to the re-scaled pair

(@, p) = ((myw;) ™ 2a;, (mjw;)'?p;).

It is immediate to verify that f is symplectic, and that f(€2) is a polydisk:

f(Q) = B3(\/2€1/w1) x - - - x BX(\/2€,/wn).

It follows from the symplectic invariance of symplectic capacities and from
formula (63) that

Cmin () = cmin(f(Q)) =27 IIljiIl(Ej/wj).

Let us now require that cpmin(Q) > %h. This condition is equivalent to
€ > %hwj for j = 1,2, ...,n. Since the total energy is £ = Z;‘Zl €; this leads
to the lower bound .

where Fgrounq is the correct ground—energy level of the anisotropic harmonic
oscillator.
Assume again that the Hamiltonian is of the type

ground (163)

l\')\»ﬂ

1
Hy(z) = iMz'z
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as in Subsection 6.2.2 (Egn. (158)). Using Williamson’s theorem we can
reduce the study of Hj; to the normal case

n
1
p(S2) zziwj xj —I—p]
7j=1

where the frequencies w; are the symplectic eigenvalues of M. The same
argument as for the anisotropic harmonic oscillator shows that we again
have the lower bound (163) for the energy of the system with Hamiltonian
Hyy.

We are going to see that the procedure above can be extended to all
integrable Hamiltonian systems.

6.3.2 Generalization to integrable Hamiltonians

The ground level corresponds to the case where the formulae (156) reduce
to I; = 1m(y9)h for 1 < j < n; since m[y7] = 2, this means that I; = 3A.
Introducing the canonical variables X; = \/E cos ¢; and X; = \/E sin ¢
the motion is given by X; = Vhcos ¢j, P; = Vhsin ¢; and thus takes place
on the torus Ty, .4 = T (v, ..., V&), product of n circles with radius /7.
Since

Cmin (Tground)

=nh=3%h

we conclude, using the invariance of symplectic capacities under canonical
transformations, that in the original variables x,p the motion takes place
on a Lagrangian manifold Vgl ound Such that ¢(V?, 1h The following

ground)
result generalizes this observation:

Theorem 58 Assume that V™ is compact and connected and that there ex-
ists a canonical transformation f : V" — T™ = T"(Ry, ..., R,). Consider
the set V* = f~1(D") where D" = D"(Ry,...,Ry,) is the polydisk whose
boundary is the torus T".
(i) If V™ satisfies the EBK condition (153), then for every symplectic
capacity ¢ we have
(V") > in (164)

where the set V" is defined by f(V*) = D" (f the mapping (x,p) — (¢,1)).
In particular, V* contains a quantum blob B.

(i3) If conversely V™ satisfies (164), and the frequencies w; are every-
where > 0 then the energy E of the motion carried by V™ is such that

E > Ey=K(3h,..,3h); (165)
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In view of Eqn. (168) we have m(y’) > 2 for every basic one-cycle v on
V" and hence

En,..N, > Eo = K(3h, ..., 3h); (166)

2

the number Eqy is a lower bound for the quantized energy levels En, . N,
given by Eqn. (157).

Proof. (i) Since capacities are symplectic invariants, we may assume with-
out restricting the generality of the argument that V" is the torus T" itself.
Since . ) .

Li=—¢ pdr=— ¢ Lidp; =-R3

J 2T ,Yj p 2T ,7j J (;S] 2 J

the quantization conditions (156) are equivalent to the conditions
R} = (2N; + §m(y/))h.

As a manifold V" (and hence T") has dimension n; we must thus have R; > 0
for every j, and this implies that m(+7) > 0 for every basic one-cycle 7. It
follows that
. 2 1 . y
“ > 2 J .

1%13'1271}2] > 2h1%1j1£nm(’y)>0 (167)
We next observe that the torus T" = T"(Ry, ..., R,) is an oriented manifold
(because it is a product of circles, which are oriented manifolds). It follows
that V* = f~1(T") is also oriented (symplectomorphisms are orientation
preserving). The Maslov index m(+7) of every basic one-cycle on V" is even,

and hence

i 7 > 2.
 Inf m(y7) =2 (168)

It follows from the inequalities (167) and (168) that we have

c(D"(Ry, ..., Ry)) = Trlg;in}zf. > ih

as was to be proven. (ii) Assume that conversely
(V™) = ¢(D") > Sh.
The motion takes place on a torus T" = T"(Ry, ..., Ry,) such that

7 inf RJQ-Z %h
1<j<n

and we thus have
I = — Ldd. =
J R ?;



The assumption
wj(I) = 0, K(I) > 0

implies that K is an increasing function of the variables I = (Iy,...,1,) and
we thus have
E=K(,..,1,) > K(3h, ..., 3h).

In view of Eqn. (168) we have m(y/) > 2 for every basic one-cycle 4/ on V"
and hence

Eny..N, > K(3R,...,51)

which ends the proof. m

Remark 59 The observant reader will notice from the proof above that it
1$ the first instance we use the invariance of symplectic capacities under the
action of arbitrary (non-linear) canonical transformations.

At this point it is perhaps useful to note that if we had imposed the EBK
quantization conditions (153) on the tori T™ themselves (and not on the
Lagrangian manifolds V™) then the number Ej in (165) effectively coincides
with the ground energy level; but in the general case we have Fy < En, . n,-
This is due to the fact that V™ can have more caustic points than T™ has:
the notion of caustic is not intrinsically attached to the Lagrangian manifold
itself, but is instead related to the representation of that manifolds that is
used (see the lucid discussion in Littlejohn [61]).

Another obvious consequence of the considerations above is:

Proposition 60 The EBK quantization rules (153) are equivalent to the
following conditions

Proof. This immediately follows from the identity cmin(D"(R)) = mR2, .
]

From Theorem 58 we easily deduce the following form of the uncertainty
principle for integrable systems. Let us call a planar curve A “simple” if
it can be smoothly deformed into a circle. It follows from a deep result of
Dacorogna and Moser [12] that if A = OA then there exists an area-preserving
diffeomorphism f such that f(A) is a disk with same area.

Corollary 61 Let V™ be a compact and connected Lagrangian manifold as-

sociated to a Liouville-integrable Hamiltonian system. If V™ satisfies the
EBK quantization conditions (153) then the following property holds: Let
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A; be a connected subset in the x;,p; plane bounded by a simple curve \;.
If A; contains the projection of V" then we have

Area(Aj) > 1h (169)
for every 5 =1,2,..n.

Proof. Recall from Theorem 131 that if V" is quantized then (V") > Lh.
Let us first assume that A; is a circle S} (R). Then V" C Z;(R) and hence

th <c(V") < e(Zj(R)) = TR?

proving the claim in that case. If A; is not a circle, choose an area-preserving
diffeomorphism f of the z;, p; plane taking A; into a circle S Jl(R) The phase
space transformation F' taking (z;,p;) into f(xj,p;) and leaving all other
coordinates unchanged is symplectic, and the projection of F(V™) lies inside
S}-(R). We have

(V) = o(F (V") < e(Z;(R)) = Area(A;)

hence again Area(A;) > 1h. =

We note that the result above can also be directly deduced from Gro-
mov’s theorem: if ¢(V") > %h for every symplectic capacity ¢ then, in
particular, cmin(V™) > 2h. The largest ball B*"(R) that can be squeezed
inside V" by a symplectomorphism f has therefore radius V7, and the area
of the orthogonal projection of f(B?"(v/h)) on any x;,p; plane is then at
least %h.

7 Open Questions and Perspectives

Here is a —certainly non-exhaustive!— list of open topics and problems related
to the main themes of this paper, and which could be (hopefully) attacked
using methods from symplectic topology.

7.1 Other uncertainty principles

The usual uncertainty principle of quantum mechanics is expressed in terms
of variances and covariances of the involved variables; these are calculated
using a wavefunction or its Wigner transform). Less known by physicists
is the uncertainty principle of Donoho and Stark [13], widely used in signal
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theory and time-frequency analysis. Let us say that a function ¢ € L?(R"™)
is e-concentrated on a (measurable) subset X of R™ if

/ () P < 2|1,
XC

The Donoho—Stark uncertainty principle says that if 1) # 0 is € x-concentrated
on X and its Fourier transform F4) is € p-concentrated on P C R" then we
must have

Vol(X) Vol(P) > (1 —ex —ep)?.

It would be interesting to reformulate this property using the notion of
symplectic capacity; a first step might be to evaluate cpin(X x P); a more
global approach could consist in translating the Donoho—Stark uncertainty
principles into a property of the Wigner distribution of ¢ and to estimate
the “concentration support” of W1 using some symplectic capacity ¢ (or
all).

It would also be very interesting to see whether there is a symplectic
interpretation of Luo and Zhang’s [67] information-theoretical approach to
the Robertson—Schrédinger uncertainty principle; Luo and Zhang’s approach
seems to be very promising since it allows to distinguish between classical
and quantum uncertainty in mixed sates. Perhaps their ideas could be recast
in terms of the quantum phase space?

7.2 EBK quantization

We have seen in Subsection 6 that the minimal Lagrangian torus V" carrying
a quantized motion has symplectic capacity %h. Conversely, the condition
(V) = %h characterizes the ground energy level, and allows us to calculate
it explicitly. A natural question that arises is the following: can we char-
acterize the excited levels using symplectic capacities? Experimenting with
a simple system (the one-dimensional harmonic oscillator) does apparently
not give any valuable clue. It seems that the difficulty comes from the fact
that we do not know of any generalized symplectic capacities which allow to
distinguish between polydisks; the situation would certain clarify if we were

able to find a sequence (c)r>1 of capacities (normalized or not) such that
cr(D*(R)) = nR2 if

D*"(R) = Bf(R1) x B3(Rp) x - - x B (Ry)

(in which case V* = 9D?*(R)). Perhaps such capacities would allow a
reformulation of the Keller-Maslov conditions in terms of symplectic objects.
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One of us has shown in [25] that if one assumes that the semi-classical
wavefunctions are of a certain type familiar from geometric quantization (see
for instance de Gosson [24], Chapter 5), then the knowledge of the ground
level automatically leads to all the excited energy levels. This approach,
based on method from algebraic topology (the theory of covering spaces), is
however indirect, and does not solve the problem posed above.

7.3 Adiabatic invariance

The notion of adiabatic invariance in its modern form has its roots in the
1916 work of Ehrenfest. Roughly stated, “adiabatic invariance” refers to
the approximate conservation of certain quantities (for instance the action
of periodic orbits, or the ratio energy/frequency) under slow modifications
of certain parameters of the system under consideration. The archetypical
example is “Einstein’s pendulum”, discussed by Einstein and Lorentz during
the Solvay Conference of 1911. That example goes as follows: consider a bob
swinging on a string which is slowly being drawn up or down through a hole.
The initial long pendulum has a Hamiltonian H;, whose phase space trajec-
tories are concentric ellipses; the bob is running along one of them. As the
pendulum’s length is varied, the phase space trajectories become squashed
horizontally so that after some time 7' the pendulum has a Hamiltonian
Hy, whose phase space trajectories are again concentric ellipses, but with
a different shape. The bob will again be running around one of them. The
question is: which one? The answer is: along the one with the same area as
the initial ellipse. In this case the area is related to the action integral and
the Hofer-Zehnder capacity c¢? discussed in Subsection 3.2.2 relates the
notion of symplectic capacity to that of action (the relationship is obvious
when n = 1). Since we have (formula (46))

AL(Q) :yé pdx
“Ymin

for every compact convex subset of phase space it is natural to conjecture
that ¢ (or perhaps more general symplectic capacities?) might be ade-
quate for the description of adiabatic properties in higher dimensions. the
first author has examined this possibility in [26, 31], but there is still much
work needed to come to a conclusive and general theory.

7.4 Guth’s “catalyst map”

In Subsection we mentioned a possible physical application of Guth’s em-
bedding result [44] for polydisks. The argument is the following. Let us
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consider a physical system consisting of three particles moving along a line
(the z-axis); the phase space is thus here RS, Assume that the system is, at
initial time ¢t = 0 in a polydisk D(e, 1,1) = B?(¢) x B3(1) x B3(1) where ¢ is
very small. We thus have very good knowledge of the state of the first parti-
cle and medium knowledge of the states of the two other particles. Consider
now the generalized polydisk D(2¢, 10, 00) = B#(2¢) x B3(10¢) x R2. If € is
small enough Guth [44] shows that there exists a canonical transformation
f sending D(e, 1, 1) into D(2¢, 10e, 00). This amounts to say that we can in
some way evolve the system so that one loses a little knowledge about the
first particle, and gains much knowledge about the second particle, but at
the expense of all the knowledge about the third particle. Following Guth’s
terminology, the first particle has thus played the role of a catalyst: its
state comes out almost unchanged, but with its help the two other particles
have interacted in a way they could not have done on their own! For this
reason Guth calls the embedding f the “catalyst map”. It would certainly
be very interesting to push the argument further, and apply it for larger
system. An understanding of the catalyst map, and its generalization to
higher-dimensional systems is still lacking; Proposition 18 would certainly
be helpful to understand the situation provided that the constant C'(n) in
the estimates (49) is known, at least with some precision (Guth’s result is a
mathematical existence theorem, and it seems hard to extract from it any
numerical value for C(n)).

7.5 Wigner spectrum and uncertainty

We have briefly discussed in Subsection 4.1.3 the relation between the pos-
itivity of an operator p and the uncertainty principle, and mentioned the
KLM conditions. In [72] Narcowich introduces the notion of Wigner spec-
trum WS(p) of a trace-class self-adjoint operator p on L?(R"). By defin-
ition, W S(p) is the set of all real numbers 7 such that p is positive semi-
definite, that is for which p, is of n-positive type. Thus, p is a density
matrix if and only if & € WS(p). The set WS(p) is closed and bounded
and hence compact. As Brocker and Werner [6] point out, pure states with
positive Wigner distributions are just the usual coherent states, and it is
easy to see that the Wigner spectrum of such a state contains the interval
[0,R]. Tt would certainly be very interesting to study the Wigner spectrum
and its properties from the point of view of the “quantum blobs” we have
introduced. We mention that Costa Dias and Prata [11] have obtained de-
cisive results that certainly deserve to be studied further; for instance these
authors show that the only pure states having full Wigner spectrum are
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Gaussians; this property is certainly related in some way to the notion of
quantum phase space QPShn(Qn) introduced in our paper.

7.6 Flandrin’s conjecture

According to this conjecture we would have

/ W (2)dz < |l
Q

for all square integrable functions ¥ when 2 is a convex subset of the phase
plane R%. (we have equality for Q = R2. The conjecture of Flandrin says
that over convex sets ) the positive and negative values of the Wigner
distribution W1 cancel each other to an extent that the integral over €2 does
not exceed the integral over the whole plane. In particular the set of z such
that W1 > 0 can never be a convex set, unless it is the whole plane. Flandrin
proved in [18] that this conjecture is true for balls of radius v/%. Janssen
showed in [50] that this follows from the well-known fact that the Wigner
distribution of Hermite functions are Laguerre polynomials. It would be
very interesting to generalize Flandrin’s results to the n-dimensional case;
the present authors wouldn’t be too surprised if the notion of quantum
capacity (and the related concept of quantum blob) played a key role in this
generalization.

7.7 Modulation spaces

The approach outlined in this paper has been almost purely geometrical,
and we have been somewhat sloppy with issues related to functional spaces.
There is however a very interesting point which deserves to be studied in
depth. In our discussion of the covariance matrix in Subsection 4.1.1 we
imposed the integrability condition (75) to the quasi-distribution p; this
condition ensures that the associated covariance matrix is well-defined. Let
us introduce the following generalization of this condition. Namely, for s > 0
we consider those quasi-distributions p such that

/ ()1 + |2%)/2dz < oo (170)
RQn

condition (75) corresponds to the choice s = 2. Writing p = >, a;W1); con-
dition (170) is satisfied as soon as 1); is in the Feichtinger modulation space
M}(R™) which plays an ubiquitous role in time-frequency analysis and signal
theory (see Feichtinger [16, 17]; Grochenig gives a comprehensive study of
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these spaces in his book [39]). The spaces M} (R") are Banach spaces; they
have many useful properties, for instance they are invariant under meta-
plectic operators. In particular, ¢ € M}(R") implies F+) € ML(R™). Tt is
reasonable to conjecture that the modulation spaces M} (R"™) are the “right”
spaces to use when dealing with quantum mechanical states, mixed, or pure.
We hope to come back to this important functional-analytical topic in a near
future.
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