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ForewordIn 1946, D. Gabor suggested using a regularly spa
ed, dis
rete set of timeand frequen
y translates of a single gaussian as a basis for expandingsquare-integrable fun
tions. Su
h an expansion 
an be thought of intu-itively as a type of Fourier de
omposition, in whi
h the 
oeÆ
ients measure(broadly speaking) the frequen
y 
omponents of the part of the fun
tion
ontributed by a parti
ular interval of time|\the musi
al s
ore", in N.C.deBruijn's evo
ative term. This far-rea
hing idea, forms of whi
h arose in-dependently in quantum me
hani
s and ele
tri
al engineering, has beenextensively developed in re
ent years. A major for
e behind the 
urrentadvan
es has been the general theory of frames|systems of elements, likeGabor's, into whi
h an arbitrary element in a Hilbert spa
e 
an be stablyexpanded, generally not uniquely.The interest in frames formed by translates in time and frequen
y of asingle fun
tion stems from both pra
ti
e and theory, and has grown in rangeand sophisti
ation. On the abstra
t side, as proposed in 1987 by R. Howeand T. Steger, questions about them 
an be formulated in terms of operatoralgebras. The view from Fourier analysis suggests un
ertaintly prin
iplesthat govern how well fun
tions 
an be lo
alized in time and in frequen
y.The desire to use su
h systems in pra
ti
al 
omputation leads to questionsabout their density, rates of 
onvergen
e, and quality of approximation.There are also new appli
ations.Many of these aspe
ts and approa
hes are dis
ussed in the present vol-ume, whi
h gives a 
omprehensive pi
ture of the 
urrent state of this area.Henry LandauJune 2002
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This is page 1Printer: Opaque this1Introdu
tionHans G. Fei
htinger and Thomas Strohmer
Within the last de
ade, if not earlier, Gabor analysis has establisheditself as a ri
h and fertile �eld of mathemati
al analysis.Both the understanding of the mathemati
al foundations and the eÆ-
ien
y of algorithms related to Weyl{Heisenberg families, whether framesor Riesz bases, have rea
hed a level so that it makes sense to investigate ap-pli
ations of all kinds. Various new dire
tions within Gabor analysis arosefrom the in
reased interest of mathemati
ians working in other areas su
has pseudodi�erential operators, operator algebras, or in appli
ations su
has wireless 
ommuni
ation. In many 
ases Gabor systems are used, oftenunder di�erent names, in an ad ho
 manner, and 
loser investigations ofpossible links to the systemati
 theory of Gabor analysis are likely to opennew possibilities. At the same time, as part of a broad and systemati
 de-velopment of the �eld, various fundamental questions of Gabor analysishave been ta
kled re
ently|questions that have not been 
onsidered thusfar.After the \�rst Gabor book" Gabor Analysis and Algorithms: Theoryand Appli
ations (H. G. Fei
htinger and T. Strohmer, eds., Birkh�auser,Boston, 1998) and the beautiful, self-
ontained des
ription of the math-emati
al foundations of Gabor analysis by K. Gr�o
henig (Foundations ofTime-frequen
y Analysis, Birkh�auser, Boston, 2001), the present book do
-uments some of the ongoing resear
h a
tivities and provides insight into theri
hness of the �eld and its potential for further development. In dis
over-ing 
onne
tions to established theories and relevant new appli
ations, anex
iting future of Gabor analysis 
an be predi
ted for years to 
ome.Gabor analysis has frequently be
ome the meeting point for interdis
i-plinary resear
h a
tivities be
ause it 
ombines mathemati
al breadth andopenness toward a variety of appli
ations outside of mathemati
s. We hopethat the reader will appre
iate the e�orts of the authors involved in thisvolume to support these 
laims. The book 
ontains survey 
hapters as wellas a number of results that have not been published previously. We are
on�dent that both experts and novi
es will �nd the book useful for theirwork.



2 Hans G. Fei
htinger and Thomas Strohmer1.1 Re
ent Trends in Gabor AnalysisTo give our readers an idea of some interesting re
ent developments in Ga-bor analysis, let us des
ribe in a nutshell a (
ertainly subje
tive) sele
tionof problem 
ir
les whi
h have 
ome to our attention during the last twoyears. The diversity of topi
s, many of whi
h are linked to dire
tions 
ov-ered by one of the 
hapters, is another indi
ation for the potential of thisbran
h of mathemati
al analysis.Following the majority of publi
ations on the subje
t in the last sev-eral years, one may 
ome to the 
on
lusion that the 
entral problem ofGabor analysis is to �nd out whether or not a Weyl{Heisenberg familygenerated from a �xed Gabor atom g along a time-frequen
y latti
e of theform aZd � bZd is a frame in L2(Rd ). Usually one has to assume that gsatis�es some regularity 
onditions and that the latti
e 
onstants (a; b) aresuÆ
iently small in order to obtain a positive answer. Likewise, one mayask whether a triple (g; a; b) generates a Riesz basis for its 
losed linearspan. One dis
overs that this is true under the same 
onditions on g forsuÆ
iently large latti
e 
onstants (a; b). Admittedly, �nding a 
ompletedes
ription for some �xed atom g, or even better, a 
omprehensive 
lassof atoms, is typi
ally a mathemati
ally 
hallenging problem. So far it hasbeen solved only for the Gaussians (frames o

ur if and only if ab < 1) anda few other spe
ial 
ases.Nevertheless this question should be seen as only one of the basi
 ques-tions in the �eld, but not as the most essential problem. Indeed, if no time-frequen
y 
on
entration of the overall Gabor system is required (i.e., theGabor atom and its dual) it is easy to generate orthonormal bases of Weyl{Heisenberg type, e.g., using the box- or the sin
-fun
tion. This does not
ontradi
t the Balian{Low prin
iple, whi
h only implies that orthonormalbases of Weyl{Heisenberg type 
annot have a good uniform time-frequen
y
on
entration.However, if we go ba
k to Gabor's original suggestions of 1946 
on
erningthe 
hoi
e of the Gaussian fun
tion, it is evident that he was motivated bythe desire to use building blo
ks with optimal time-frequen
y 
on
entration.Furthermore, he was apparently hoping for uniqueness of 
oeÆ
ients by
hoosing the Neumann latti
e (a = b = 1), so \the" Gabor 
oeÆ
ientswould be a very natural obje
t for the interpretation of a signal. Whathas been overlooked in this approa
h is that the pri
e to be paid in thissituation is high instability (or, more pre
isely, the violation of both theframe and the Riesz basis property) and even worse, the fa
t that thebehavior of Gabor 
oeÆ
ients (if they are well de�ned at all) is not lo
al ina time-frequen
y sense. This problem is due to the properties of the dualfun
tion (in the sense of Bastiaans) whi
h is notoriously nasty (not even inL2), having very little smoothness and also poor de
ay.



1. Introdu
tion 3From this point of view one may spe
ulate that Dennis G�abor1 himselfwould have been more satis�ed with the situation that o

urs by using aGaussian for ab < 1, in 
onjun
tion with the use of the 
anoni
al dualeg. In this situation the uniqueness of the 
oeÆ
ients is enfor
ed by theminimal norm property of the (
anoni
al) frame 
oeÆ
ients. Sin
e eg is aS
hwartz fun
tion as well, one has a very good time-frequen
y lo
ality of theoverall system and the Gabor 
oeÆ
ients a
tually des
ribe the lo
al time-frequen
y behavior of the fun
tions that are analyzed. Hen
e, althoughGabor systems, for whi
h both g and eg are well 
on
entrated in the time-frequen
y sense, 
annot be a (Riesz) basis for L2(Rd ) they are a lot moreuseful in many 
ases than orthonormal bases of box-fun
tions or a systemof Gaussians at 
riti
al density, i.e., with a = b = 1.For a more re�ned des
ription of smoothness (in the sense of Sobolevnorms) or de
ay of fun
tions, a suitable family of fun
tion spa
es is needed.In the last few years it has turned out that the family of modulation spa
esplays the analogous role in the 
ontext of Gabor analysis as the family ofBesov and Triebel{Lizorkin spa
es with respe
t to wavelet expansions. Onemay express this fa
t loosely by saying that the membership of fun
tionsor distributions in su
h modulation spa
es 
an be 
ompletely des
ribed bythe behavior of their Gabor 
oeÆ
ients with respe
t to \any good" Ga-bor frame. A pre
ise mathemati
al des
ription of this situation is possibleusing the 
on
epts of Bana
h frames and Riesz proje
tion bases respe
-tively, whi
h 
an be applied to families of ve
tors in Bana
h spa
es (notonly to Hilbert spa
es, as the standard frame 
on
ept), for example, to thefamily of modulation spa
es in our 
ase. In the 
ontext of tempered distri-butions it is suÆ
ient to use Gabor atoms, whi
h belong to the S
hwartz
lass themselves together with their dual atom. Su
h systems allow one to
hara
terize the membership of a fun
tion f in the 
lassi
al S
hwartz spa
eby polynomial de
ay (of any order) of its Gabor 
oeÆ
ients, just to give atypi
al example.That the frame property (usually formulated in the L2-
ontext) alreadyautomati
ally implies that the dual atom eg has essentially the same time-frequen
y 
on
entration as the atom g itself, expressed by a weighted L1-
ondition of its ambiguity fun
tion over phase spa
e, is one of the importantre
ent results in Gabor analysis (in its general form due to Gr�o
henig andLeinert).There is also another important bran
h of Gabor analysis for whi
h mod-ulation spa
es and their variants have be
ome a natural tool, i.e., the the-ory of pseudodi�erential operators. After �rst results studying the map-ping properties of 
lassi
al pseudodi�erential operators between modula-tion spa
es, nowadays various kinds of symbols are des
ribed a

ording to1In 
ontrast to the usual spelling of the word \Gabor" as a te
hni
al term as in\Gabor analysis" the original Hungarian name is spelled with an a

ent, i.e., G�abor.



4 Hans G. Fei
htinger and Thomas Strohmertheir membership in modulation spa
es. The improvement of the 
lassi
alCalderon{Vaillan
ourt theorem, due to Heil and Gr�o
henig, is 
ertainly oneof the highlights in this dire
tion.If we look 
loser at the situation en
ountered with \oversampled" (buttime-frequen
y well-
on
entrated) Gabor systems, we re
ognize that de-spite the la
k of linear independen
e, su
h \good" Gabor frames are notonly suitable for the 
hara
terization of modulation spa
es, but usually gohand in hand with a lot of robustness. One 
an show that they exhibit a
ertain stability toward small (uniform) jitter errors o

urring at all thesampling points. Even more surprising, one 
an show that the dual atomsdepend 
ontinuously on the latti
e parameters. At the same time, variousauthors have begun to study more 
arefully the ex
ess of Gabor frames,showing among other things that the terminology of \oversampling" is jus-ti�ed in the sense that it is possible to remove even in�nite subfamilies fromsu
h a Gabor frame while preserving the frame property. The frames whi
hare 
onstituted by the remaining families are typi
al examples of irregularGabor families, be
ause the parameter set whi
h is used to generate theseframes in a 
oherent way is usually not a latti
e anymore. Re
ently therehas been mu
h interest again in the generi
 
ase: Gabor families generatedby well-spread point families in the time-frequen
y plane, suÆ
ient 
on-ditions for forming a Gabor frame under various 
onditions, or stabilityinvestigations, leading to the observation that in most 
ases it is possibleto allow some small uniform jitter error without losing the frame property.There are many good arguments to look at Gabor analysis from anabstra
t harmoni
 analysis point of view. The basi
 
on
epts of time-frequen
y analysis in general are two 
ommutative groups of operators,the time- and the frequen
y-shifts. Sin
e these 
on
epts are well de�nedfor fun
tions on arbitrary lo
ally 
ompa
t abelian (LCA) groups G, it isnatural to des
ribe Gabor analysis in the 
ontext of LCA groups, and to re-pla
e the time-frequen
y plane by the abstra
t phase spa
e G� bG, where bGis the dual group. For example, the Janssen representation and the Walnutrepresentation of the frame operator are indeed valid in this more general
ontext. However, one should distinguish between results whi
h are ob-tained from the 
orresponding statements for the Eu
lidean 
ase just by akind of trans
ription, and those whi
h are be
oming intrinsi
ally harder,when formulated in this generality.One of the bene�ts of the more abstra
t point of view is the fa
t that
ertain stru
tural properties be
ome more transparent. For example, theappearan
e of the latti
e 
onstants (1=b; 1=a) 
an be understood, on
e itis 
lear that they generate the adjoint time-frequen
y latti
e. On the otherhand, the adjoint latti
e �Æ is well de�ned for any latti
e � in phase spa
e.Moreover, this abstra
t understanding of Gabor analysis is even attra
tivefor engineers: it avoids a repetitive treatment of the 
ase of one and severalvariables, dis
rete or 
ontinuous, or the �nite, i.e., dis
rete and periodi

ase.



1. Introdu
tion 5In addition we mention that the more general 
ontext also naturally sug-gests formulating results in Gabor analysis for arbitrary latti
es � withinphase spa
e, and not just for produ
t latti
es (often referred as \the separa-ble 
ase"), whi
h are of the form aZd� bZd, or more generally, AZd�BZdfor invertible d� d matri
es A and B. Again, su
h a viewpoint enables oneto see things in their natural 
ontext, but also in
reases the freedom todesign Gabor systems by allowing more 
exibility in the 
hoi
e of latti
es.Within Gabor analysis various interesting numeri
al problems arise. Animportant 
ontext is �nite-dimensional Gabor analysis, i.e., the expansionof a ve
tor of �nite length into a double sum of Gabor atoms by 
hoosingappropriate 
oeÆ
ients. Until a few years ago this problem had been 
on-sidered a numeri
ally intensive task, be
ause of the non-orthogonality ofWeyl{Heisenberg families. But meanwhile a deeper understanding of thestru
ture of this problem has enabled the development of fast algorithms.Although Gabor families with good time-frequen
y 
on
entration have tobe linearly dependent, this does not ne
essarily imply that one is dealingwith a \general linear problem" requiring the 
al
ulation of the pseudo-inverse of a huge matrix. On the 
ontrary, the dual frame for a Gaborframe is known to be itself a Gabor frame, determined by the dual Gaboratom eg, whi
h is the solution to the linear equation Seg = g, where S isthe positive de�nite frame operator. This leads to a highly stru
tured lin-ear system of equations (due to the 
ommutation relations satis�ed by theframe operator), for whi
h a number of interesting algorithmi
 approa
hesexist. Furthermore, the determination of the 
orresponding tight Gaboratom h = S�1=2g 
an be 
arried out in a numeri
ally eÆ
ient way nowa-days.This situation allows us to 
arry out Gabor analysis for real-world signals(even two-dimensional \signals," images) with standard mathemati
al soft-ware, and to demonstrate the pra
ti
al 
onsequen
es of theoreti
al observa-tions. It is also possible to implement operators su
h as Gabor multipliersor time-variant �lters eÆ
iently using these tools.At the same time it has happened several times that observations result-ing from numeri
al experiments have lead to the dis
overy of stru
turalproperties of Gabor systems. We believe that even more of these numeri-
al experiments need to be 
arried out in the future, and that algorithmi
questions (for example, in the dire
tion of real-time appli
ations) shouldplay a larger role in the �eld in the near future.Some of the most interesting re
ent appli
ations of Gabor analysis are inthe area of digital and wireless 
ommuni
ation. For instan
e, the di�erentways to express the duality of Gabor families and the Ron{Shen prin
ipleestablish deep 
onne
tions between Gabor frame theory and OrthogonalFrequen
y Division Multiplexing (OFDM), whi
h is an important trans-mission s
heme for wireless 
ommuni
ation. A

ording to the Balian{Lowprin
iple one 
annot have at the same time minimal redundan
y of Ga-bor systems and good time-frequen
y lo
alization. Thus the design of low



6 Hans G. Fei
htinger and Thomas Strohmerredundan
y Gabor systems is intimately related to the design of OFDMsystems of high spe
tral eÆ
ien
y.That this is not only true \in prin
iple" but that advan
ed methodsfrom Gabor analysis may serve as a basis for the optimization of OFDMtransmission pulses with signi�
ant performan
e gains has been veri�edby the re
ent release of a new short radio wave 
ommuni
ation system ofwhi
h we are aware.Existing qualitative results on the time-frequen
y lo
alization of Gaborframes and their asso
iated 
anoni
al dual and tight frames 
ertainly pro-vide useful guidelines in appli
ations. On the other hand, one has to admitthat the mere existen
e of \some positive 
onstant C > 0 su
h that : : :" may often be insuÆ
ient information in order to prefer a given Gaborsystem over some other. For this reason we believe that it will be ne
essaryto re�ne 
urrent time-frequen
y lo
alization results to obtain more quan-titative estimates for wide 
lasses of Gabor systems, not only the very fewones whi
h allow a 
omplete analyti
 treatment. Let us re
all in this 
on-text that most results 
on
erning lo
alization are 
on
erned with 
anoni
aldual (and tight) frames, whereas in pra
ti
e it may be advantageous to usealternative dual frames satisfying additional 
onstraints that are perhapsnot satis�ed by the 
anoni
al dual frame (su
h as a �xed support length).Examples like those given above and des
ribed in more detail in thisbook are typi
al of a situation where the ex
hange between appli
ation ar-eas, and pure and applied mathemati
s is working out in a mutually fruitfulway. Many questions arising from the pra
ti
al problems lead to interestingtheoreti
al issues, sometimes even to fundamental mathemati
al problems.On the other hand, some of the most theoreti
al parts of mathemati
s 
anbe used to derive results in Gabor analysis whi
h are relevant for 
ertainappli
ations and be
ome useful later in the design of a
tual te
hni
al sys-tems.1.2 Outline of the BookHeisenberg's Un
ertainty Prin
iple is at the 
ore of time-frequen
y analy-sis and is one of the driving for
es behind Gabor analysis. In Chapter 2,Karlheinz Gr�o
henig demonstrates that every time-frequen
y representa-tion 
omes with its own version of the un
ertainty prin
iple. The 
lassi
alun
ertainty prin
iple is an inequality that involves both a fun
tion f and itsFourier transform f̂ . Gr�o
henig develops a general approa
h to deriving newun
ertainty prin
iples by interpreting the pair (f; f̂) as a time-frequen
yrepresentation, repla
ing it by a di�erent time-frequen
y representationsu
h as the Wigner distribution and deriving the 
orresponding inequality.He shows that this approa
h 
an be extended to other 
lassi
al un
ertaintyprin
iples su
h as Hardy's theorem.



1. Introdu
tion 7When does a triple (g; a; b), with g 2 L2(R), time shift parameter a andfrequen
y shift parameter b generate a Gabor frame? This is one of thebasi
, yet most diÆ
ult problems in Gabor theory. Even for windows as\elementary" as the Gaussian, hyperboli
 se
ants, or (one-sided or two-sided) exponentials, this problem has proven to be highly non-trivial. InChapter 3, A.J.E.M. Janssen is able to identify three 
lasses of windowsthat do lead to Gabor frames under rather general 
onditions. The �rsttwo 
lasses 
omprise non-negative windows that satisfy 
ertain de
ay and
onvexity 
onditions, respe
tively. The 
ru
ial fa
t is that both window
lasses have Zak transforms whi
h have only a few zeros per unit square.In the se
ond part of Chapter 3, Janssen 
onsiders the diÆ
ult question forwhi
h a; b; 
 generates (�
; a; b) a Gabor frame where �
 is the 
hara
teristi
fun
tion on the interval [0; 
℄. A graphi
al illustration of the author's �ndingexhibits an appealing shape whi
h is known as Janssen's tie.In Chapter 4, Pete Casazza and Mark Lammers analyze the propertiesof the bra
ket produ
t of two L2(R)-fun
tions f; g de�ned byhf; gia =Xn2Zf(t� na)g(t� na):The authors show that, similar to the standard inner produ
t, this innerprodu
t gives rise to a Bessel inequality, a Riesz representation theorem,and a Gram{S
hmidt orthogonalization pro
edure. The authors then ap-ply this to show that all operators asso
iated to a Gabor system have a\
ompression" with regard to this fun
tion-valued inner produ
t. It turnsout that for this bra
ket produ
t there is an equivalen
e between frames oftranslates and Gabor frames.Chapters 5{7 fo
us on the interplay between Gabor analysis and operatortheory. A variety of pro
edures in signal pro
essing, su
h as time-frequen
ylo
alization or thresholding algorithms, involve the pointwise multipli
ationof Gabor 
oeÆ
ients by some (
hara
teristi
) fun
tion. The 
orrespondinglinear operators are 
alled Gabor multipliers. In Chapter 5, Hans GeorgFei
htinger and Krzysztof Nowak present an introdu
tion to the theoryof Gabor multipliers. They des
ribe how the properties of these operatorsare governed by the de
ay of the multiplier sequen
e, the time-frequen
y
on
entration properties of the Gabor window, and the time-frequen
y-latti
e. These properties are des
ribed in terms of the mapping propertiesof the 
orresponding Gabor multiplier between modulation spa
es, or mem-bership in some operator ideal. Furthermore, the authors 
hara
terize theeigenvalue behavior of su
h operators.\Aspe
ts of Gabor Analysis and Operator Algebra" is the title of the
hapter by Jean-Pierre Gabardo and Deguang Han. In this 
hapter theauthors use the 
onne
tion between operator algebras generated by trans-lation and modulation operators and Gabor analysis to study propertiesof Gabor frames. Using methods from von Neumann algebra theory theyare able to derive 
onditions for a square-integrable fun
tion to generate



8 Hans G. Fei
htinger and Thomas Strohmera subspa
e Gabor frame and to 
hara
terize those subspa
e Gabor framesthat admit a unique dual Gabor frame.Pseudodi�erential operators arise naturally in a variety of areas in math-emati
s, s
ien
e, and engineering, in
luding partial di�erential equations,quantum me
hani
s, and signal pro
essing. Chapter 7, by Chris Heil, illus-trates that Gabor frames provide a 
onvenient tool for analyzing spe
tralproperties of pseudodi�erential and integral operators. Among other thingshe derives a suÆ
ient 
ondition of an integral operator or the symbol of apseudodi�erential operator whi
h implies that the operator is tra
e-
lass.His results improve 
lassi
al results due to H�ormander and Daube
hies.When using frames in appli
ations we are 
onfronted with the prob-lem of the numeri
al 
omputation of the inverse frame operator. Sin
ein general the frame operator is a
ting in an in�nite-dimensional Hilbertspa
e, we have to approximate its inverse by �nite-dimensional methods.In Chapter 8, Ole Christensen and Thomas Strohmer review and extendsome methods for approximation of the inverse frame operator. Further-more, they develop more spe
i�
 methods for the 
omputation of dual andtight Gabor frames.The Balian{Low theorem implies that we 
annot 
onstru
t Gabor Rieszbases for L2(R) with good time-frequen
y lo
alization. This limitation leadsto the introdu
tion of Wilson bases for L2(R). In appli
ations we haveto work with signals of �nite length, i.e., signals de�ned on an interval.In Chapter 9, Kai Bittner investigates the 
onstru
tion of biorthogonalWilson bases on the interval. His 
onstru
tion is based on a Zak transformfor periodi
 fun
tions and an unfolding operator for periodi
 Wilson bases.He also presents fast numeri
al algorithms for 
onstru
ting these Wilsonbases and their duals.Chapter 10, by Jean-Pierre Antoine and Fabio Bagarello, is a fas
inat-ing appli
ation of time-frequen
y analysis and wavelet theory to quantumme
hani
s. Un
ertainty relations 
onstitute one of the most 
hara
teristi
features of a quantum system. As an illustration of the phase spa
e lo
aliza-tion problem of quantum me
hani
al systems, Antoine and Bagarello studya two-dimensional ele
tron gas in a magneti
 �eld, su
h as en
ountered inthe Fra
tional Quantum Hall E�e
t (FQHE). They analyze a general pro
e-dure for 
onstru
ting an orthonormal basis for the lowest Landau level (i.e.,the lowest energy level), and dis
uss the phase spa
e lo
alization problemsen
ountered in this 
ontext. The authors then show how wavelet theory 
anhelp over
ome some of these limitations. Detailed examples from waveletanalysis, su
h as the Littlewood{Paley and splines bases, are given. Fur-thermore, the authors exhibit a striking equivalen
e between FQHE statesand basis ve
tors stemming from a multiresolution analysis.Chapters 11 and 12 are 
on
erned with the use of Gabor systems inimportant appli
ations su
h as digital signal pro
essing and wireless 
om-muni
ation. In Chapter 11, Radu Balan and Ingrid Daube
hies analyzetwo 
lasses of optimization problems 
on
erning the intera
tion between
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tion 9sto
hasti
 pro
esses and Gabor systems. In the �rst 
ase, signal en
odingfor transmission in noisy 
hannels, the authors investigate how well a fun
-tion f 
an be approximated from its noisy Gabor 
oeÆ
ients for optimally
hosen (dual pairs of) window fun
tions. In the se
ond 
ase, the signalapproximation problem, they analyze how well a sto
hasti
 signal 
an beapproximated by a Gabor-type expansion. The right fun
tional spa
es tostudy these problems are identi�ed. The authors give expli
it solutions inthe Zak transform domain. These two problems are 
losely related and itturns out that the optimizer in both 
ases is generi
ally ill-lo
alized, simi-lar to the Balian{Low phenomenon. A number of numeri
al examples areprovided.One of the most fas
inating re
ent appli
ations of Gabor theory is in thearea of wireless 
ommuni
ation. In Chapter 12, Helmut B�ol
skei uses Gabortheory to analyze and design transmission systems for mobile wireless 
om-muni
ation. One of the key fa
tors determining the performan
e of wirelessOrthogonal Frequen
y Division Multiplexing (OFDM) systems is the time-frequen
y lo
alization of the transmitter and re
eiver pulse shaping �lters.OFDM based on o�set quadrature amplitude modulation (OQAM) 
ir
um-vents the disadvantage of a standard OFDM system, namely that it 
an-not simultaneously provide maximal spe
tral eÆ
ien
y and time-frequen
ywell-lo
alized pulse shapes (due to the Balian{Low theorem). The authorestablishes relations between OQAM/OFDM and Wilson and Gabor ex-pansion. The pulse shaping �lter design problem is studied in detail andseveral numeri
al examples are provided.A
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