A Deformation Quantization Theory for
Non-Commutative Quantum Mechanics

Nuno Costa Dias  Maurice de Gosson
Franz Luef Joao Nuno Prata

April 9, 2010

Abstract

We show that the deformation quantization of non-commutative
quantum mechanics previously considered by Dias and Prata can be
expressed as a Weyl calculus on a double phase space. We study the
properties of the star-product thus defined, and prove a spectral theo-
rem for the star-genvalue equation using an extension of the methods
recently initiated by de Gosson and Luef.
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1 Introduction

The incorporation of space-time non-commutativity in quantum field theory
was considered originally by Snyder [46, 47], Heisenberg [32], Pauli [40] and
Yang [50] as a means to regularize the ubiquitous divergences in quantum
field theories. However, the development of renormalization techniques and
certain undesirable features of non-commutative field theories - such as the
breakdown of Lorentz invariance - have hindered further research in this di-
rection. It was only more recently that new interest in the topic has emerged,
due to important developments in various approaches to the quantization of
gravity. The most prominent result was the discovery that the low energy



effective theory of a D-brane in the background of a Neveu-Schwarz-Neveu-
Schwarz B field lives on a space with spatial non-commutativity [14, 23, 43].
This result reinforces the widely accepted idea that the Planck length con-
stitutes a lower bound on the precision of a measurement of position [42].

To implement these ideas at the level of quantum field theory, one usually
assumes [4, 15, 17, 38, 49| that the space-time coordinates do not commute,
either in a canonical way

[z, 2] = i, (1)

or in a Lie-algebraic way
[z, 2"] = iC’ngB, (2)
where 0* and C}” are real constants for y,v,8 = 0,1,--- ,d. In general

one chooses 8% = 0 (or C3 = 0) (i.e. time is an ordinary commutative
parameter) to avoid problems with the lack of unitarity.

Equations (1,2) can be regarded as a particular case of the more general
deformation [z#, x¥] =i f*(x), where f*(x) are real functions of x such that
antisymmetry and the Jacobi identity are respected [15]. This occurs when
the laboratory frame has a space-time dependent motion. As suggested in
[34] it is likely that f* have a fixed value in the cosmic microwave back-
ground radiation frame, which may be considered as approximately fixed in
the celestial sphere. For this reason we shall adopt the simpler canonical sit-
uation (1) in this work. Moreover, there is an additional bonus. This choice
will simplify drastically the theory in technical terms, since - as we shall
see - one is able to construct symplectomorphisms to the usual canonical
(Heisenberg) algebra.

Adopting this point of view many authors have addressed the problem of
testing the existence of space-time non-commutativity in nature by resort-
ing to a (non-relativistic, one particle) quantum mechanical approximation
to the full quantum field theory. This generalization of quantum mechanics
obtained by considering canonical extensions of the Heisenberg algebra is
usually referred to as non-commutative quantum mechanics (NCQM) [27].
Many physical applications of NCQM have been considered, in particular the
quantum Hall effect [16, 22, 48], quantum mechanics on the non-commutative
sphere [39], gravitational quantum well [10], non-commutative supersym-
metric quantum mechanics [31], non-commutative Chern-Simmons theory
21, 48], the Landau problem [33], and the hydrogen atom [13].



We shall thus consider time to be a commutative parameter and the re-
maining spatial coordinates to be canonically non-commutative. We shall
also assume non-commuting momenta. There are several reasons for this.
First of all, it seems more symmetrical. But, perhaps more importantly,
there are various instances where momentum non-commutativity leads to im-
portant effects. In [7, 10] it was shown that momentum non-commutativity
yields larger corrections than the configurational counterpart, and it is there-
fore more susceptible to experimental verification. Moreover, recent results
in the context of non-commutative quantum cosmology [4, 5, 6] have re-
vealed that momentum non-commutativity may be a decisive ingredient for
the solution of the singularity problem of black holes.

Here and in a series of papers, we will develop various mathematical
aspects of NCQM, notably the deformation quantization, spectral results
28], the geometry of the uncertainty principle [11, 35, 36] and the connection
with modulation spaces [24, 30].

In Dias and Prata [2, 3] two of us have discussed various aspects of NCQM
related to Flato—Sternheimer deformation quantization [8, 9]. In this paper
we propose an operator theoretical approach, based on previous work de
Gosson and Luef [28] (the remaining two of us). In that article it was shown
that the Moyal-Groenewold product a b of two functions on R?" can be
interpreted in terms of a Weyl calculus on R?". In fact,

axb= Ab (3)

where A is the phase space operator with Weyl symbol @ defined on R?* @ R?*?
by
a(z,¢) = a(z — 3J¢) (4)
(J is the standard symplectic matrix).
In this paper we show that this redefinition of the starproduct can be
modified so that it leads to a natural notion of deformation quantization for
the NCQM associated with an antisymmetric matrix of the type

e I
= ( 1 th) (5)
where © and N measure the non-commutativity in the position and momen-

tum variables, respectively. We define a new starproduct xo by replacing
formula (3) by

a *q b= AVQb (6)

3



where ﬁg is the operator with Weyl symbol

Gal=.0) = alz - 100). (7)

Of course (7) reduces to (3) when © = N = 0.

In this article we are going to rigorously justify the definition above and
study the properties of this new starproduct xg. The difficulty associated
with the fact that the symplectic form associated with €2 depends on A will
be resolved (we will show that a %q b is well-defined as a starproduct thanks
to supplementary conditions on © and N which are physically meaningful).
In fact *q coincides with the starproduct defined (in terms of the generalized
Weyl-Wigner map [18]) in Eqn. (21) of [2], and where it was shown that it
is related to the standard starproduct. (In the same paper it was concluded
in Eqn. (53) that the generalized starproduct between two polynomials can
be represented as a kind of “Bopp shift” which also turns out to be identical

Notation 1 The generic point of phase space R*" is denoted z = (z,p). We
denote by Sp(2n,R) the standard symplectic group, defined as the group of
linear automorphisms of R®™ equipped with the symplectic form o(z,2') =
Jz-2', J= _OI é . We use the standard notation S(R™) and S'(R™) for
the Schwartz space of test functions on R™ and its dual.

2 Description Of the Problem

Let us begin by explaining what we mean by non-commutativity in the
present context. The study of non-commutative field theories and their con-
nections with quantum gravity (see [1, 17, 20, 43, 49] and the references
therein) leads to the consideration of commutation relations of the type

[Za,%'g] = ihwag y 1 S Oé,ﬁ S 2n (8)

where Q = (Wapg)1<a,g<2n is the 2n X 2n antisymmetric matrix defined by (5)
where © = (0up)1<a,p<n ad N = (Nap)1<a,p<n are antisymmetric matrices
measuring the non-commutativity in the position and momentum variables.
We have set here z, = T, f 1l < a <nand z, = po_pn if n+1 < a < 2n,



where
To =T+ 5l Zﬁ 0ap0zs + 5100y, (9)
@X:]M-ﬁham—+%i§jﬂnmﬁ%ﬂ (10)
It turns out that, as proved in [2], {2 is invertible if
904,31775<h2 for 1<a<pf<nand1<~vy<d<n. (11)

We will assume from now on that these conditions are satisfied; that this
requirement is physically meaningful is well-known (it is fulfilled for instance
in the case of the non-commutative quantum well; see for instance [10, 12]).
Since we will be concerned with a deformation quantization with parameter
h — 0 we will furthermore assume that © and N depend smoothly on A in
such a way that

O(h) = o(h*) and N(h) = o(h?) (12)

(recall that f(h) = o(h™) means that lim,_o(f(R)/A™) = 0). We thus have

. 0 I
%%Q_J_<4'0

(the standard symplectic matrix). It turns out that the conditions (12) are
compatible with numerical results in [10, 12] where it is shown that the esti-
mates 6 < 4 x 1074 m? and n < 1.76 x 107% kg?>m?2s~2 hold. Moreover, the
analysis of non-commutative quantum mechanics in the context of dissipative
open systems, reveals that a transition § — 0 occurs prior to i — 0 [19].

These facts, and the theory developed in [28], suggests that we represent
Z = (Z1, ..., 22n) by the vector operator

Z =z + 3ihQ0, (13)

which acts on functions defined on the phase space R**. Notice that the
conditions (12) show that in the limit 7z — 0 we have the asymptotic formulae

To = To + 3ih0,, + 0(R®) | Pa = pa — 3ih0,, + o(1?). (14)

The “quantization rules” (13) lead us to the consideration of pseudo-differential
operators formally defined by (7).



The underlying symplectic structure we are going to use is defined as
follows. We will denote by s a linear automorphism of R?" such that o = s*w;
equivalently sJs? = Q. Thus s is a symplectomorphism s : (R?*", o) —
(R?*" w). Note that the mapping s is sometimes called the “Seiberg-Witten
map” in the physical literature; its existence is of course mathematically a
triviality (because it is just a linear version of Darboux’s theorem, see [26],
§1.1.2). Writing s in block-matrix form (é, g) the condition sJs? = € is
equivalent to

ABT —BAT =p7'e |, DT —DCT =hr'N |, ADT — BCT =1.

Of course, the automorphism s is not uniquely defined: if s*w = s™w then
s7's’ € Sp(2n,R). Also note that in the limit # — 0 the matrices A~1© and
h~'N vanish and s becomes, as expected, symplectic in the usual sense, that
is s € Sp(2n, R).

3 Definition of the starproduct xq

Let w be the symplectic form on R** defined by w(z,2/) = z - Q712/; it
coincides with the standard symplectic form o when € = J.
We will need the two following unitary transformations:

e The Q-symplectic transform Fy, defined, for a € S(R*"), by

Faa(e) = ()" | det 0 [ i atdhas (1)

R2n

it extends into an involutive automorphism of &’(R?") (also denoted by
Fq) and whose restriction to L?(R*") is unitary;

e The unitary operator Ty () defined, for ¥ € S'(R2") by the formula
To(z0) W(2) = e 00 (2 = 320 (16)

Notice that when Q = J we have To(z0) = T(z9) where T'(zp) is defined
by formula (8) in [28].

Let us express the operator gg = a(z + %ihﬂ@z) in terms of Fpa and
TQ(Z())



Proposition 2 Let A/Q be the operator on R** with Weyl symbol
(=€) = az — 39). (1)

We have
Ag = (5e5)" | detQ\l/z/ Foa(2)Tgo(2)dz. (18)
R?n

Proof. Let us denote by B the right-hand side of (18). We have, setting
u=2z— iz
2 )

BUG) = (55)" [det Q2 / Foa(z)e ¥ EW(z — 120)dz,

27h
R2n

= ()" | det QI‘l/g/ Foal2(z — u)]e 7MW (u)du

R2n

hence the kernel of B is given by
K(z,u) = (2)"]det Q|2 Foa[2(z — u)]en e,

It follows that the Weyl symbol b of B is given by

a0 = [ IR G s RO

()" |det Q712 / "7 Faa(2¢)e™ =< d¢
R2n

that is, using the obvious relation
C- ¢ +2w(z,)=w(2z— Q)
together with the change of variables 2z’ = 2(’,

E(Z, C) = (%)n | det Q|_1/2 / 6_%w(QZ_QC’C/)FQa(QC,)dC,

R2n

= (ﬁ)n\det Q]_l/z/ e_%w(z_%QQ’Z,)FQa(z’)dz'

R2n

that is, using the fact that FFj, is the identity,
bz, ¢) = a(z = $¢) = Ga(z,¢)

which concludes the proof. m
The result above motivates the following definition:
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Definition 3 Let a € §'(R*") and b € S(R*") . The Q-starproduct of a and
b is the element of S'(R*") defined by

a*xqb= ggb. (19)

Note that it is not yet clear from the definition above that *q is a bona
fide starproduct. For instance, while it is obvious that 1 xq b = b (because
the operator Agq with symbol a = 1 is the identity), the formula b*qo 1 = b is
certainly not, and it is even less clear that xq is associative!

4 A New Star-Product Is Born...

It turns out that we can reduce the study of the newly defined starproduct
to that of the usual Groenewold-Moyal product *. For this we will need
Lemma 4 below.

Lemma 4 Let s be a linear automorphism such that o = s*w and define a
automorphism M, : 8'(R*) — S'(R*™) by

M,V (z) = +/|det s|U(sz). (20)
(hence My is unitary on L*(R*")). We have
M,Aq = A'M, (21)

where A! = A//J corresponds to the operator Al acting on L*(R™) with Weyl
symbol a'(z) = a(sz), and hence

My(a*q b) = /| det s|(a’ xb') (22)
where b'(z) = b(sz).

Proof. Formula (22) immediately follows from formula (21). To prove for-
mula (21) one first checks the identities

M, To(z) = T(s '2)M, , M,Fo = F;M,



(the verification of which is purely computational and therefore left to the
reader); using these identities we have

MS_AVQ = (ﬁ)n | det Q|_1/2/ Fga(zo)f(s_lzo)Msdzo
RQn

(ﬁ)n | det s|| det 9‘71/2 / Foa(sz)T(z)Msdz

R2n

(55)" [ det s|'2[det QY2 | M, Foa(2)T(2)M,dz
R2n

(525)" | det s|'/?| det Q| 71/2 / Fy(M,a)(2)T () M,dz

R2n

= A'M;.

|
The double equality
lxga=axql=a (23)

now immediately follows from formula (22): we have

M,(1%qa) = +/|dets|(1xa") = 1% Mya = M,a
hence we recover the equality 1 xq a = a; similarly
My (a*xq 1) = +/|dets|(a' x1) = Myax1= M,a

hence a xq 1 = a.
Let us now prove the associativity of the 2-starproduct:

Proposition 5 Assume that the starproducts a xq (b*q ¢) and (a *q b) xq ¢
are defined. We then have

a*q (b*q c) = (a*qb) *xq c. (24)
Proof. It is of course sufficient to show that
M [a*q (bxq ¢)] = Mg [(a*qb) xq c)]. (25)
We have, by repeated use of (22) together with the definition of Mj,

M, [axq (bxq )] = /| det s|(a’ * (bxq ¢)")
=a' % My(bxq )

= /| det s|[a' x (b' *)].



A similar calculation yields

M [(axq b) xq )] = /| det s| [(a' x ") x ]

hence the equality (25) in view of the associativity of the Groenewold—Moyal
product. m

That we have a deformation of a Poisson bracket follows from the follow-
ing considerations. Let us define an 2-Poisson bracket {-,-}q by

{CL, b}Q = _W(Xa,ﬂa Xb,Q) (26)
where the vector fields X, o and X, o are given by
Xa@ = Q@za s Xb,Q = Q@Zb (27)

In particular {a,b}q is the usual Poisson bracket {a,b} and X, ;, X, are
the usual Hamilton vector fields when © = N = 0. We have the following
asymptotic formula relating both notions of Poisson brackets:

{a,b}q = {a,b} + o(h) for h — 0. (28)
In fact, by definitions (26) and (27),
{a, b}Q = —XmQ . Qile’Q = —00,a-0,b

that is
{a,b}q = {a,b} — A1 (©,a - 0,b+ Ndya - 9,b)

from which (28) follows in view of the conditions (12).
Proposition 6 We have
a*qb—bxga=1ih{a,b} + O(h?). (29)
Proof. We have, since M; is linear,
M,(a*gb—bxga)=+/]dets|(a xb — ¥ *d)
= /| det s|(ih{d’, '} + O(R?))

where, as usual, a/(z) = a(sz) and b'(z) = b(sz). Now, by the chain rule and
the relation Js? = s71(),

Xy = JsT0,a(sz) = s7'Q0.a(s2)
Xy = JsT0.b(s2) = s71Q0,b(s2)
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and hence, using the identities {a’, '} = J Xy - Xy and (sT)1J ts7t = QL
Vdets|{a',b'} = —+/| det s|Js7'1Q0.a(sz) - s1Q0.b(sz)

= /| det 5|0.a(sz) - Q0.b(s2)

= —+/|det 5|Q0.a(s2) - Q71(Q0.b(s2))
- _Msw(Xa,Qa Xb,Q)-

We have thus proven that
Ms(a *Q b— b*g CL) = —ithw(Xa@, ijg) + O(hg)

From this and (28), Eqn. (29) follows. m
More generally, using the approach above, it is easy to show that

frag=">_ Bralf g)h*

k>0

where the By o(f, g) are bi-differential operators. In particular, By o(f,g) = 1
and By o(f,9) = {f, g}, but for k > 2 they differ from those of the usual
Moyal product. We leave these technicalities aside in this article.

5 The Intertwining Property

In [28] two of us defined a family of partial isometries W, : L*(R") —»
L*(R?") indexed by S(R"), and intertwining the operator A = A; and the

~

usual Weyl operator A:
AW, = WyA and WiA = AW, (30)
These intertwiners are defined by

Wotp = (2mh)" W (1), 6) (31)
where W (1), ¢) is the cross-Wigner distribution:

Wwo)©) = ()" [ et ol —tdy (2

and W denotes the adjoint of Wi.
The following result is an extension of Proposition 2 in [28].
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Theorem 7 Let s be a linear automorphism of R*" such that s*w = o. (i)
The mappings Wy 4 : S(R") — S(R*") defined by the formula:

Wi =MW, (33)
are partial isometries L*(R™) — L*(R*") and we have
AW,y = Wiy A' and W}, Aq = AWS, (34)

where A’ is the operator with Weyl symbol o' = a(sz) and W, denotes
the adjoint of Wy 4. (1) The replacement of s by s' such that o = s"w is

o~ ~1 ~ —~ —
equivalent to the replacement of A’ by S, A'S, and of Wy 4 by WS S/_\lquU_l
where S’; is any of the two operators in the metaplectic group Mp(2n,R)

whose projection on Sp(2n,R) is s, = s71s'.

Proof. (i) We have, using the first formula (30) and definition (33),
AW, 5 = M7YAM (M W,)

that is, _ B R R

AQWs,qS = M;1<A/W¢) = M;1W¢A/ = WS7¢A/;
the equality W;(z)AVQ = @W; ¢ 1s proven in a similar way. That W4 is a
partial isometry is obvious since Wy is a a partial isometry and Mj is unitary.
(ii) We have s, = s7's’ € Sp(2n,R) hence a(s'z) = a(ss,2) = d/(s52). Let A”
be the operator with Weyl symbol a”(z) = a'(s,z). In view of the symplectic

covariance property of Weyl operators we have A = 3‘;_ Al g; Similarly,

Wi sth(2) = My (MM W )u(z)
= M " Wyi(s,'2)
- s,qﬂ/}(S;lz)

hence Wy 49 = WS,S‘; dﬁ;w in view of the symplectic covariance of the cross-
Wigner transform (32); the result follows. =

An important property of the mappings Wj 4 is that they can be used to
construct orthonormal bases in L?(R?*") starting from an orthonormal basis
in L*(R").
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Proposition 8 Let (¢;);cr be an arbitrary orthonormal basis of L*(R™); the
functions ®;, = W4 ¢y with (j,k) € F X F form an orthonormal basis of
L*(R*"), and we have ®;, € H; N Hy, with H; = W, 4 (L*(R™)).

Proof. In [28] the property was proven for the mappings Wy, = Wi ; the
lemma follows since W 4, = MWy and M; is unitary. =

6 The xo-Genvalue Equation: Spectral Results
Let us consider the star-genvalue equation for the star-product *gq:
axq W =\VU; (35)

here a can be viewed as some Hamiltonian function whose properties are
going to be described, and ¥ a “phase-space function”. Following definition
(19) the study of this problem is equivalent to that of the eigenvalue equation

AU = \U (36)

for the pseudo-differential operator AQ Using the intertwining relations (34)
it is easy to relate the eigenvalues of Agq to those of Al following the lines in
[28]; for instance one sees, adapting mutatis mutandis the proof of Theorem
4 in the reference, that the operators Ag and A’ have the same eigenvalues
(see Theorem 9 below). Note that it follows from Theorem 7(ii) that the

eigenvalues of A’ do not depend on the choice of s such that s*w = 0.

Theorem 9 The operators Aq and A" have the same eigenvalues. (i) Let X4
be an eigenvector of Al A’w M. Then W = W, 1) is an eigenvector of Aq
corresponding to the same eigenvalue: AU = \U. (ii) Conversely, if ¥ is

an eigenvector of Ag then ¢ = W7,V is an eigenvector of A’ corresponding
to the same eigenvalue.

Proof. That every eigenvalue of A’ also is an eigenvalue of Agq is clear: if
A’y = M\ for some ¢ # 0 then

( s d)l/}) s ¢A ¢ )\Ws qﬂ/}
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and ¥ = Wj 41 # 0 ; this proves at the same time that Wj 41 is an eigenvec-

tor of Ag because Wy, is injective. (ii) Assume conversely that Aq¥ = AW
for U € L*(R*"), U £ 0, and A € R. For every ¢ we have

AW? 0 = Wi, Aql = AW, U

hence A\ is an eigenvalue of A’ and ¥ an eigenvector if ¢ = W7, ¥ # 0. We
have W 41 = WS#,W; ¢‘I’ = P 4V where P4 is the orthogonal projection
on the range H; 4 of Wy 4. Assume that ¢p = 0; then P, 43U = 0 for every
¢ € S(R"), and hence ¥ = 0 in view of Proposition 8. m

Let us give an application of the result above. Assume that the symbol a
belongs to the Shubin class HI')" 0 (R*"); recall [44] that a € HT'™0(R*")
(mg,m; € Rand 0 < p < 1) if a € C®°(R?") and if there exist constants
Co,C1 > 0 and, for every a € N", |a| # 0, a constant C,, > 0, such that for
|z| sufficiently large

Cole|™ < la(z)] < Cilz™ . |02a(2)| < Cala(2)l[z| 7. (37)
The following result (Shubin [44], Chapter 4) is important in our context:

Theorem 10 Leta € HI'™0 (R**) be real, and mo > 0. Then the formally

self-adjoint operator A with Weyl symbol a has the following properties: (i)
A is essentially self-adjoint in L*(R™) and has discrete spectrum; (ii) There
exists an orthonormal basis of eigenfunctions ¢; € S(R") (5 = 1,2,...) with
eigenvalues Aj € R such that lim;_, |\;] = oo.

It follows that:

Theorem 11 Let a € HI™0(R*") be real, and mo > 0. (i) The stargen-
value equation axq ¥ = AV has a sequence of real eigenvalues \; such that
lim;_,o [A;| = o0, and these eigenvalues are those of the operator A’ with
Weyl symbol o' (z) = a(sz). (i) The star-eigenvectors of a are in one-to-
one correspondence with the eigenvectors ¢; € S(R™) of Al by the formula
Opj = Wi 05

Proof. It is an immediate consequence of Theorems 9 and 10. m
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7 Concluding Remarks...

The results using the generalized Weyl-Wigner map [18] seem to be quite
general since they also apply to the case of nonlinear transformations of R?"
(for a review see also section IT of [2]). In particular a more general starprod-
uct than the one of non-commutative quantum mechanics was obtained in
2] (see Eqn.(23) in this reference). A future project could be to extend the
approach of the present paper to this case. Another important topic we have
not addressed in this article is the characterization of the optimal symbol
classes and function spaces associated with the star-product xg. As two of
us have shown elsewhere [29] Feichtinger’s modulations spaces (see [24, 25]
for a review) and the closely related Sjostrand classes [45] are excellent can-
didates in the case of Landau-type operators (which are a variant of the
operators A corresponding to the case 2 = J). It seems very plausible that
these function spaces are likely to play an equally important role in the the-
ory of the star-product xg. Another future project concerns a discussion of
the starproduct x and its connection to Rieffel’s work in deformation quan-
tization as outlined in [41], and the methods introduced in [37] in a different
context.
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