
Weyl-Heisenberg frames for subspa
es ofL2(R).Peter G. Casazza and Ole Christensen �De
ember 22, 1999Abstra
tAWeyl-Heisenberg frame fEmbTnaggm;n2Z = fe2�imb(�)g(��na)gm;n2Zfor L2(R) allows every fun
tion f 2 L2(R) to be written as an in�nitelinear 
ombination of translated and modulated versions of the �xedfun
tion g 2 L2(R). In the present paper we �nd suÆ
ient 
onditionsfor fEmbTnaggm;n2Z to be a frame for spanfEmbTnaggm;n2Z , whi
h,in general, might just be a subspa
e of L2(R) . Even our 
ondition forfEmbTnaggm;n2Z to be a frame for L2(R) is signi�
antly weaker thanthe previous known 
onditions. The results also shed new light on the
lassi
al results 
on
erning frames for L2(R), showing for instan
e thatthe 
ondition G(x) :=Pn2Z jg(x�na)j2 > A > 0 is not ne
essary forfEmbTnaggm;n2Z to be a frame for spanfEmbTnaggm;n2Z . Our workis inspired by a re
ent paper by Benedetto and Li [1℄, where the rela-tionship between the zero-set of the fun
tion G and frame propertiesof the set of fun
tions fg(� � n)gn2Z is analyzed.1 Preliminaries and notation.Let H denote a separable Hilbert spa
e with the inner produ
t < �; � > linearin the �rst entry. Let I denote a 
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Weyl-Heisenberg frame sequen
es 2We say that fgigi2I � H is a frame (for H) if there exist 
onstants A;B > 0su
h that Ajjf jj2 �Xi2I j < f; gi > j2 � Bjjf jj2; 8f 2 H:In parti
ular a frame for H is 
omplete, i.e., spanfgigi2I = H. In 
ase fgigi2Iis not 
omplete, fgigi2I 
an still be a frame for the subspa
e spanfgigi2I ; inthat 
ase we say that fgigi2I is a frame sequen
e. The numbers A;B thatappear in the de�nition of a frame are 
alled frame bounds.Orthonormal bases and, more generally, Riesz bases, are frames. Re
allthat fgigi2I is a Riesz basis for H if spanfgigi2I = H and9A;B > 0 : AXi2I j
ij2 � jjXi2I 
igijj2 � BXi2I j
ij2; 8f
igi2I 2 `2(I):If fgigi2I is a Riesz basis for spanfgigi2I , we say that fgigi2I is a Riesz se-quen
e.The present paper deals with frames having a spe
ial stru
ture: all elementsare translated and/or modulated versions of a single fun
tion. Let L2(R)denote the Hilbert spa
e of fun
tions on the real line whi
h are square in-tegrable with respe
t to the Lebesgue measure. First, de�ne the followingoperators on fun
tions f 2 L2(R):Translation by a 2 R : (Taf)(x) = f(x� a); x 2 R:Modulation by b 2 R : (Ebg)(x) = e2�ibxf(x); x 2 R:A frame for L2(R) of the form fEmbTnaggm;n2Z is 
alled a Weyl-Heisenbergframe (or Gabor frame). For a 
olle
tion of di�erent papers 
on
erning thoseframes we refer to the monograph [5℄.SuÆ
ient 
onditions for fEmbTnaggm;n2Z to be a frame for L2(R) has beenknown for about 10 years. The basi
 insight was provided by Daube
hies [3℄.A slight improvement was proved in [6℄:



Weyl-Heisenberg frame sequen
es 3Theorem 1.1: Let g 2 L2(R) and suppose that(1) 9A;B > 0 : A � Xn2Z jg(x� na)j2 � B for a:e: x 2 R(2) limb!0Xk 6=0jjXn2Z TnagTna+ kb gjj1 = 0:Then there exists b0 > 0 su
h that fEmbTnaggm;n2Z is a Weyl-Heisenbergframe for L2(R) for all b 2℄0; b0[:The proof of Theorem 1.1 is based on the following identity, valid for all
ontinuous fun
tions f with 
ompa
t support whenever g satis�es (1):(3) Xm;n2Z j < f;EmbTnag > j2= 1b Z jf(x)j2G(x)dx+ 1bXk 6=0 Z f(x)f(x� k=b)Xn2Z g(x� na)g(x� na� k=b)dx:An estimate of the se
ond term in (3) now shows that fEmbTnaggm;n2Z isa
tually a frame for all values of b for whi
h(4) Xk 6=0jjXn2Z TnagTna+ kb gjj1 < A:A more re
ent result 
an be found in [4℄ : in Theorem 2.3 it is provedthat if (1) is satis�ed and there exists a 
onstant D < A su
h that(5) Xk 6=0 Xn2Z jg(x� na)g(x� na� kb )j � D for a:e: x 2 R;then fEmbTnaggm;n2Z is a frame for L2(R) with bounds A�Db ; B+Db : The readershould observe that [4℄ does not provide us with a generalization of the re-sults in [3℄, [6℄ in a stri
t sense: there are 
ases where (5) is satis�ed but(4) is not, and vi
e versa. The main point is that other 
onditions (that areeasy to 
he
k) for fEmbTnaggm;n2Z to be a frame 
an be derived from (5), 
f.Theorem 2.4 in [4℄.



Weyl-Heisenberg frame sequen
es 4De�ne the Fourier Transform F(f) = f̂ of f 2 L1(R) byf̂(y) = Z f(x)e�2�iyxdx:As usual we extend the Fourier Transform to an isometry from L2(R) ontoL2(R). We denote the inverse Fourier transformation of g 2 L2(R) by F�1gor �g. It is important to observe the following 
omutator relations, valid forall a 2 R: FTa = E�aF ; FEa = TaF :We need a result from [2℄. The basi
 insight was provided by Benedetto andLi [1℄, who treated the 
ase a = 1.Theorem 1.2:Let g 2 L2(R). Then fTnaggn2Z is a frame sequen
e withbounds A;B if and only if0 < aA � Xn2Z jĝ(x+ na )j2 � aB for a:e: x for whi
hXn2Z jĝ(x + na )j2 6= 0:In that 
ase fTnaggn2Z is a Riesz sequen
e if and only if the set of x forwhi
h Pn2Z jĝ(x+na )j2 = 0 has measure zero.Theorem 1.2 leads immediately to an equivalent 
ondition to (1). De�nethe fun
tion G and its kernel NG byG : R! [0;1℄; G(x) := Xn2Z jg(x� na)j2;NG = fx 2 R j G(x) = 0g:Corollary 1.3:fEna ggn2Z is a frame sequen
e with bounds A;B if and onlyif 0 < Aa �Xn2Zjg(x� na)j2 � Ba for a:e: x 2 R�NG:In that 
ase fEna ggn2Z is a Riesz sequen
e i� NG has measure zero.Proof: The inequality0 < Aa �Xn2Zjg(x� na)j2 � Ba for a:e: x 2 R�NG



Weyl-Heisenberg frame sequen
es 5holds if and only if(6) 0 < Aa �Xn2Z jg([x� n℄a)j2 � Ba for a:e: x 2 R�NG:By Theorem 1.2, (6) is equivalent to fTna �ggn2Z being a frame sequen
ewith bounds A;B. Applying the Fourier transformation this is equivalentto fEna ggn2Z being a frame sequen
e with bounds A;B.Q.E.D.2 The results.In the rest of the paper we 
on
entrate onWeyl-Heisenberg frames fEmbTnaggm;n2Z.Our �rst result gives a suÆ
ient 
ondition for fEmbTnaggm;n2Z to be a framesequen
e. Our 
ondition for fEmbTnaggm;n2Z to be a frame for L2(R) issigni�
antly weaker than the 
onditions mentioned in se
tion 1.Let L2(R�NG) denote the set of fun
tions in L2(R) that vanishes at NG.Theorem 2.1: Let g 2 L2(R); a; b > 0 and suppose that(7) A := infx2[0;a℄�NG "Xn2Z jg(x� na)j2 �Xk 6=0jXn2Z g(x� na)g(x� na� kb )j# > 0(8) B := supx2[0;a℄Xk2Z jXn2Z g(x� na)g(x� na� kb )j <1:Then fEmbTnaggm;n2Z is a frame for L2(R�NG) with bounds Ab ; Bb :Proof: First, observe that spanfEmbTnaggm;n2Z � L2(R � NG): Now 
on-sider a fun
tion f 2 L2(R � NG) whi
h is bounded and has support in a
ompa
t set. The Heil-Walnut argument (3) is valid under the assumption(8) and it gives that(3) Xm;n2Z j < f;EmbTnag > j2= 1b Z jf(x)j2 Xn2Z jg(x� na)j2dx+ 1bXk 6=0 Z f(x)f(x� k=b)Xn2Z g(x� na)g(x� na� k=b)dx:



Weyl-Heisenberg frame sequen
es 6We want to estimate the se
ond term above. For k 2 Z, de�neHk(x) := Xn2Z Tnag(x)Tna+k=bg(x):First, observe that Xk 6=0jT�k=bHk(x)j= Xk 6=0jT�k=b Xn2Z Tnag(x)Tna+k=bg(x)j= Xk 6=0jXn2Z Tna�k=bg(x)Tnag(x)j= Xk 6=0jXn2Z Tna+k=bg(x)Tnag(x)j= Xk 6=0jXn2Z Tna+k=bg(x)Tnag(x)j= Xk 6=0jHk(x)jNow, by a slight modi�
ation of the argument in [4℄ Theorem 2.3,jXk 6=0 Z f(x)f(x� k=b)Xn2Z g(x� na)g(x� na� k=b)dxj� Xk 6=0 Z jf(x)j � jTk=bf(x)j � jHk(x)jdx= Xk 6=0 Z jf(x)jqjHk(x)j � jTk=bf(x)jqjHk(x)jdx� Xk 6=0�Z jf(x)j2jHk(x)jdx�1=2�Z jTk=bf(x)j2jHk(x)jdx�1=2� �Xk 6=0 Z jf(x)j2jHk(x)jdx�1=2 � �Xk 6=0 Z jTk=bf(x)j2jHk(x)jdx�1=2= �Z jf(x)j2Xk 6=0jHk(x)jdx�1=2 � �Z jf(x)j2Xk 6=0jT�k=bHk(x)jdx�1=2= Z jf(x)j2Xk 6=0jHk(x)jdx:Note that Pk 6=0jHk(x)j = Pk 6=0jPn2Z Tnag(x)Tna+k=bg(x)j is a periodi
 fun
-tion with period a. By (3) and the assumption (7) we now haveXm;n2Z j < f;EmbTnag > j2



Weyl-Heisenberg frame sequen
es 7� 1b Z jf(x)j2 "Xn2Z jg(x� na)j2 �Xk 6=0jXn2Z g(x� na)g(x� na� kb )j# dx� Ab jjf jj2:Similary, by (3) and (8),Xm;n2Z j < f;EmbTnag > j2� 1b Z jf(x)j2 "Xn2Z jg(x� na)j2 +Xk 6=0jXn2Z g(x� na)g(x� na� kb )j# dx= 1b Z jf(x)j2Xk2ZjXn2Z g(x� na)g(x� na� kb )j� Bb jjf jj2:Sin
e those two estimates holds on a dense subset of L2(R�NG), they holdon L2(R � NG). Thus fEmbTnaggm;n2Z is a frame for L2(R � NG) with thedesired bounds.Q.E.D.The advantage of Theorem 2.1 
ompared to the results in se
tion 1 is that we
ompare the fun
tions Pn2Z jg(x � na)j2 and Pk 6=0jHk(x)j pointwise ratherthan assuming that the supremum of Pk 6=0jHk(x)j is smaller than the in-�mum of Pn2Z jg(x � na)j2. It is easy to give 
on
rete examples whereTheorem 2.1 shows that fEmbTnaggm;n2Z is a frame for L2(R) but where the
onditions in se
tion 1 are not satis�ed:Example: Let a = b = 1 and de�neg(x) = 8><>: 1 + x if x 2 [0; 1℄12x if x 2 [1; 2[0 otherwiseFor x 2 [0; 1[ we haveG(x) = Xn2Z jg(x� n)j2 = g(x)2 + g(x+ 1)2 = 54(x + 1)2



Weyl-Heisenberg frame sequen
es 8and Xk 6=0jXn2Z g(x� n)g(x� n� k)j = (1 + x)2so by Theorem 2.1 fEmTnggm;n2Z is a frame for L2(R) with bounds A =14 ; B = 54 . But infx2RG(x) = 54 andXk 6=0jjXn2Z TngTn+kgjj1 = 4;so the 
ondition (4) is not satis�ed. (5) is not satis�ed either.Remark: It is well known that G being bounded below is a ne
essary
ondition for fEmbTnaggm;n2Z to be a frame for L2(R), 
f. [3℄. Theorem2.1 shows that this 
ondition is not ne
essary for fEmbTnaggm;n2Z to be aframe sequen
e. However, it is impli
it in (7) that G has to be boundedbelow on R � NG in order for Theorem 2.1 to work, and an easy modi�
a-tion of the proof in [3℄ shows that this is a
tually a ne
essary 
ondition forfEmbTnaggm;n2Z to be a frame for L2(R�NG). We shall later give examplesof frame sequen
es for whi
h G is not bounded below on R�NG.In 
ase g has support in an interval of length 1b an equivalent 
onditionfor fEmbTnaggm;n2Z to be a frame sequen
e 
an be given. First, observe thatby (3) this 
ondition on g implies that for all 
ontinuous fun
tions f with
ompa
t support, we haveXm;n2Z j < f;EmbTnag > j2 = 1b Z jf(x)j2G(x)dx:It is not hard to show that this a
tually holds for all f 2 L2(R), 
f [6℄.Corollary 2.2: Suppose that g 2 L2(R) has 
ompa
t support in an intervalI of length jIj � 1=b. Then fEmbTnaggm;n2Z is a frame sequen
e with boundsA;B if and only if0 < bA � Xn2Z jg(x� na)j2 � bB; for a:e: x 2 R�NG:In that 
ase fEmbTnaggm;n2Z is a
tually a frame for L2(R�NG):



Weyl-Heisenberg frame sequen
es 9Proof: Suppose that g has support in an interval I of length jIj � 1b . If0 < bA � G(x) � bB for a.e. x 2 R�NG, it follows from Theorem 2.1 thatfEmbTnaggm;n2Z is a frame sequen
e with the desired bounds. Now supposethat fEmbTnaggm;n2Z is a frame sequen
e with bounds A;B. Then, for everyinterval I of length jIj = 1=b and every fun
tion f 2 L2(I),Xm;n j < f;EmbTnag > j2 = 1b ZR jf(x)j2G(x)dx � Bkfk2:But this is 
learly equivalent toG(x) = Xn2Z jg(x� na)j2 � Bb a:e::To prove the lower bound for G we pro
eed by way of 
ontradi
tion. Supposethat for some � > 0 we have 0 < G(x) � (1��)Ab on a set of positive measure.In this 
ase there is a set � of positive measure and supported in an intervalof length � 1b so that 0 < G(x) � (1 � �)Ab on �. Then, for any fun
tionf 2 L2(R) supported on �, we haveXm;n j < f;EmbTnag > j2 = 1b ZR jf(x)j2G(x)dx� (1� �)Abb ZR jf(x)j2dx = (1� �)Akfk2:Sin
e G(x) > 0 on �, there is a k 2 Z so that ��Tkag is not the zerofun
tion. With �0 := � \ Supp(Tkag) we havef := ��0Tkag 2 spanfEmbTkaggm2Z � spanfEmbTnaggm;n2Z;so the above 
al
ulation shows that the lower bound for fEmbTnaggm;n2Z isat most (1� �)A, whi
h is a 
ontradi
tion. ThusG(x) � bA for a:e: x 2 R�NG:In 
ase the 
ondition in Cor. 2.2 is satis�ed, it follows from Theorem 2.1that fEmbTnaggm;n2Z is a frame for L2(R�NG).Q.E.D.



Weyl-Heisenberg frame sequen
es 10For fun
tions g with the property that the translates Tnag; n 2 Z; havedisjoint support we 
an give an equivalent 
ondition for fEmbTnaggm;n2Z tobe a frame sequen
e. De�ne the fun
tion~G(x) : R! [0;1℄; ~G(x) =Xm2Z jg(x+ mb )j2:Proposition 2.3: Let g 2 L2(R); a; b > 0 and suppose that(9) supp(g) \ supp(Tnag) = ;; 8n 2 Z � f0g:Then fEmbTnaggm;n2Z is a frame sequen
e with bounds A;B if and only ifthere exist A;B > 0 su
h thatbA �Xm2Z jg(x+ mb )j2 � bB for a.e. x 2 R�N ~G:In that 
ase, fEmbTnaggm;n2Z is a Riesz sequen
e i� N ~G has measure zero.Proof: Be
ause of the support 
ondition (9), it is 
lear that fEmbggm2Zis a frame sequen
e i� fEmbTnaggm;n2Z is a frame sequen
e, in whi
h 
asethe sequen
es have the same frame bounds. But by Corollary 1.3 fEmbggm2Zis a frame sequen
e with bounds A;B i�bA �Xm2Z jg(x+ mb )j2 � bB for a.e. x 2 R �N ~G:Also, fEmbTnaggm;n2Z is a Riesz sequen
e i� fEmbggm2Z is a Riesz sequen
e,whi
h, by Cor. 1.3, is the 
ase i� N ~G has measure zero. Q.E.D.We are now ready to show that G being bounded below on R � NG ( bya positive number) is not a ne
essary 
ondition for fEmbTnaggm;n2Z to be aframe sequen
e.Example: Let a; b > 0 and suppose that 1ab =2 N . Chose � > o su
h that[0; �℄ + na \ [1b ; 1b + �℄ = ;; 8n 2 Z:This implies that � < min(a; 1b ). De�neg(x) := 8>><>>: x if x 2 [0; �℄q1� (x� 1b )2 if x 2 [1b ; 1b + �℄0 otherwise



Weyl-Heisenberg frame sequen
es 11Then the 
ondition (9) in Proposition 2.3 is satis�ed. Also, for x 2 [0; �℄,~G(x) =Xm2Z jg(x+ mb )j2 = g(x)2 + g(x+ 1)2 = 1and for x 2℄�; 1b ℄, we have ~G(x) = 0: Thus, by Proposition 2.3 fEmbTnaggm;n2Zis a frame sequen
e. But for x 2 [0; �℄,G(x) = Xn2Z jg(x� na)j2 = x2:Thus G is not bounded below by a positive number on R �NG. By the re-mark after Theorem 2.1 this implies that spanfEmbTnaggm;n2Z 6= L2(R�NG):For ab > 1 it is even possible to 
onstru
t an orthonormal sequen
e hav-ing all the features of the above example. For example, let a = 2; b = 1and g(x) := 8><>: x if x 2 [0; 1℄p2x� x2 if x 2℄1; 2℄0 otherwiseSin
e Xm2Z jg(x+ mb )j2 = 1; 8x;it follows by Proposition 2.3 that fEmT2nggm;n2Z is a Riesz sequen
e withbounds A = B = 1, whi
h implies that fEmT2nggm;n2Z is an orthonormalsequen
e. But G(x) = Pn2Z jg(x� 2n)j2 is not bounded below on R�NG.G being bounded above is still a ne
essary 
ondition for fEmbTnaggm;n2Zto be a frame sequen
e (repeat the argument in Cor. 2.2). ~G also has to bebounded above:Proposition 2.4: If fEmbTnaggm;n2Z is a frame sequen
e with upper boundB, then Xm2Z jg(x+ mb )j2 � B a:e:Proof: If fEmbTnaggm;n2Z is a frame sequen
e then fF�1EmbTnaggm;n2Z =fTmbEna�ggm;n2Z is a frame sequen
e with the same bounds. In parti
ular the



Weyl-Heisenberg frame sequen
es 12sequen
e fTmb�ggm;n2Z has the upper frame bound B. By Theorem 1.2 (or,more pre
isely, the proof of it in [2℄) it follows thatXm2Z jg(x+mb )j2 � B for a:e: xIt follows that Pm2Z jg(x+ mb )j2 � B a:e: Q.E.D.Remark: Re
all that a wavelet frame for L2(R) has the formf 1an=2 g( xan �mb)gm;n2Z ;where a > 1; b > 0 and g 2 L2(R) are �xed.As well as Weyl-Heisenberg frames, wavelet frames play a very importantrole in appli
ations. The theory for the two types of frames was developed atthe same time, with the main 
ontribution due to Daube
hies. Several resultsfor Weyl-Heisenberg frames has 
ounterparts for wavelet frames. For exam-ple, Theorem 5.1.6 in [6℄ gives suÆ
ient 
onditions for f 1an=2 g( xan �mb)gm;n2Zto be a frame based on a 
al
ulation similar to (3).Also our results for Weyl-Heisenberg frames has 
ounterparts for waveletframes. The ideas in the proof of Theorem 2.1 
an be used to modify [6℄,Theorem 5.1.6, whi
h leads to the following:Theorem 2.5:Let a > 1; b > 0 and g 2 L2(R) be given. LetN := f
 2 [1; a℄j Pn2Z jĝ(an
)j2 = 0g and suppose thatA := inf j
j2[1;a℄�N 24Xn2Z jĝ(an
)j2 �Xk 6=0 Xn2Z jĝ(an
)ĝ(an
 + k=b)j35 > 0;B := supj
j2[0;a℄ Xk;n2Z jĝ(an
)ĝ(an
 + k=b)j <1:Then f 1an=2 g( xan �mb)gm;n2Z is a frame sequen
e with bounds Ab ; Bb :A
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