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Abstract
We de�ne and study some properties of operators formally given byeA = a � 1

2
x+ i@y;

1
2
y � i@x

�
:

In particular we show that when eA is essentially self-adjoint and the sym-
bol a belongs to a certain Shubin class then the spectrum of eA is discrete
and coincides with that of the usual Weyl operator A = aw(x;�i@x). In
addition, the eigenvalues of eA are in this case in�nitely degenerate and
the corresponding eigenfunctions can be obtained from those of A using
a family of isometries L2(Rn) �! L2(R2n) indexed by the eigenfunctions
of A.

MSC [2000]: Primary 35S99, 35P05; Secondary 35S05, 45A75
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1 Introduction

This article is devoted to a study of the spectral properties of a class of pseudodif-
ferential operators eA : S(R2n) �! S(R2n) which can be formally writteneA = a

�
1
2x+ i@y;

1
2y � i@x

�
(1)

when a belongs to some conveniently de�ned symbol class on R2n. These oper-
ators generalize the �Landau Hamiltonian�eH = �

�
@2x + @

2
y

�
+ i (x@y � y@x) + 1

4 (x
2 + y2) (2)

describing the motion of charged particles in a uniform magnetic �eld which
corresponds to the choice a(x; �) = x2 + �2 in (1) (Landau and Lifschitz [5]).
We therefore �nd it appropriate to call eA a �Landau operator�.
We will prove the following properties of the Landau operators:
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� The operator eA and the standard Weyl operator A = aw(x;�i@x) are in-
tertwined by the elements of a family (W�)�2S of isometries of L2(Rn) onto
a closed subspace of L2(R2n), the index set S consisting of all Schwartz
functions with unit L2 norm;

� The operators eA and A = aw(x;�i@x) have the same eigenvalues, and if
u is an eigenfunction of A then each W�u is an eigenfunction of eA for the
same eigenvalue; this property already exhibits the fact (well-known for
the operator (2) that the eigenvalues of eA are very degenerate;

� We �nally state a very precise result (Theorem 6) when a is real and
belongs to a Shubin class H�m1;m0

� (R2n) with m0 > 0; in this case the

spectrum of eA is discrete and we are able to describe explicitly all the
eigenfunctions in terms of those of the operator A.

Notation 1 The generic point of T �Rn = R2n is denoted by z = (x; �) and
that of T �R2n = R4n by (z; �). We denote by S(Rn) is the Schwartz space of
rapidly decreasing functions on Rn; its dual S 0(Rn) is the space of tempered
distributions). The scalar product of two functions u; v 2 L2(Rn) is denoted by
(ujv) and that of U; V 2 L2(R2n) by ((U jV )). The corresponding norms are
jjujj and jjjU jjj: The space R2n is equipped with the standard symplectic form �;
in coordinates �(z; z0) = Jz � z0 where J(x; �) = (�;�x) (� always denotes the
usual Euclidean scalar product on Rn or R2n), that is �(z; z0) = � � :x0 � �0 � x:
The standard symplectic form on T �R2n = R4n is de�ned by !(z; �; z0; � 0) =
� � z0 � � 0 � z:

2 The Landau Operators eA
We assume that the reader is reasonably familiar with the standardWeyl pseudodif-
ferential calculus as exposed in, for instance, Folland [1], Chapter 2, or Hörman-
der [4], §18.5.

2.1 De�nition and Main Properties

Let A = aw(x;D) be the Weyl operator with symbol a 2 S 0(Rn):

Au(x) = (2�)�n
ZZ

R2n
ei(x�y)��a( 12 (x+ y); �)u(y)dyd�

for u 2 S(Rn) the integral being interpreted in some suitable way (oscillatory
integral, for instance). We can rewrite this de�nition as

Au = (2�)�n
Z
R2n

F�a(z0)T (z0)udz0

where F�a(z0) = Fa(Jz0) is the symplectic Fourier transform of a, and T (z0)
is the Heisenberg�Weyl operator:bT (z0)u(x) = ei(�0�x�

1
2 �0�x0)u(x� x0) (3)
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if z0 = (x0; �0). We will also need the family of mappings W� : S 0(R2n) �!
S 0(R2n) de�ned, for � 2 S(R2n) with jj�jj = 1, by

W�u(z) =
�
�
2

�n=2
W (u; �)( 12z): (4)

where W (u; �) is the cross-Wigner transform of the pair (u; �) (it is the Weyl
symbol of the operator with kernel (2�)�nu
 �). Explicitly:

W�u(z) = (2�)
�n=2

e
i
2 ��x

Z
Rn
e�i��yu(y)�(x� y)dy:

It follows from the usual properties of the cross-Wigner transform that W� :
S(Rn) �! S(R2n); it extends by continuity and density into a linear mapping
W� : L

2(Rn) �! L2(R2n). Using the relation (W �
�U jv) = ((U jW�)) for U 2

S(R2n), v 2 S(Rn), one readily veri�es that the adjoint W �
� : L2(R2n) �!

L2(Rn) is given by the formula

W �
�U(y) = (2�)

�n=2
Z
R2n

ei��(y�
1
2x)�(x� y)U(x; �)dxd�: (5)

The main result of this section is the following proposition, the second part
of which was already proven in [3], Chapter 10. Formula (6) below justi�es a
posteriori the notation (7).

Proposition 2 Let a 2 C1(R2n) and de�ne ea 2 C1(R4n) by
ea(z; �) = a

�
1
2z � J�

�
: (6)

(i) The operator eA = eaw(z;�i@z) is given by
eAU(z) = (2�)�n Z

R2n
F�a(z0) eT (z0)U(z)dz0 (7)

where U 2 S(R2n) and

eT (z0)U(z) = e�
i
2�(z;z0)U(z � z0): (8)

(ii) Each W� is a linear isometry of L2(Rn) onto a closed subspace H� of
L2(R2n) and we have

eT (z0)W� =W�T (z0) , eAW� =W�A (9)

and
W �
�
eT (z0) =W �

�T (z0) , W �
�
eA = bAW �

� : (10)

Proof. (i) Let eB be the operator de�ned by

eBU(z) = (2�)�n Z
R2n

F�a(z0) eT (z0)U(z)dz0:
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We are going to show that eA = eB. The kernel of eB is

K(z; u) =
�
1
2�

�n
2 e

i
2�(z;u)F�a(z � u) (11)

as is easily seen by performing the change of variables u = z � z0 and noting
that �(z; z � u) = ��(z; u). The Weyl symbol of eB is thus

eb(z; �) = Z
R2n

e�i���K(z + 1
2�; z �

1
2�)d�

hence, using the identity �(z + 1
2�; z �

1
2�) = ��(z; �),

eb(z; �) = � 12� �n Z
R2n

e�i���e�
i
2�(z;�)F�a(�)d�: (12)

By de�nition of the symplectic Fourier transform we have

e�i���F�a(�) =
�
1
2�

�n Z
R2n

e�i���e�i�(�;z)a(z)dz

hence, observing that �(�; z) + � � � = �(�; z + J�),

e�i���F�a(�) =
�
1
2�

�n Z
R2n

e�i�(�;z)tJ�a(z)dz = F�(tJ�a)(�)

where tJ�a(z) = a(z � J�). Formula (12) can thus be rewritten as

eb(2z; �) = � 12� �n Z
R2n

e�i�(z;�)F�(tJ�a)(�)d�;

the symplectic Fourier transform being involutive we have eb(2z; �) = tJ�a(z).
The identity eA = eB follows. (ii) Recalling Moyal�s identity

((W (u; �)jW (v;  ))) =
�
1
2�

�n
(ujv)(�j )

we have ((W�ujW�v)) = (ujv) henceW� is an isometry. Let us set P� =W�W
�
� .

We have P� = P �� and, since W
�
�W� is the identity on L2(Rn), P 2� = P� hence

P� is the orthogonal projection of L2(R2n) onto a closed subspace H�; that
subspace is precisely the range of W�. The proof of the intertwining relationseT (z0)W� = W�T (z0) and W �

�
eT (z0) = W �

�T (z0) is purely computational, using
the explicit de�nitions of the involved operators (see [3], Theorem 10.10(i)). The
formulae eAW� = W�A and W �

�
eA = bAW �

� follow taking de�nition (7) of eA into
account.

Remark 3 The operators eT (z0) satisfy the same commutation relations as the
Heisenberg�Weyl operators T (z0) and one can prove that they correspond to an
irreducible unitary representation of the Heisenberg group on each of the Hilbert
spaces H� (see [3], §10.3.1).
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2.2 Composition and Adjoint

We are going to prove that the product of two Landau operators (when de�ned)
is again a Landau operator, and that the adjoint of a Landau operator is ob-
tained �as in standard Weyl calculus�by taking the complex conjugate of the
symbol.
Recall that if A and B have Weyl symbols a and b then the Weyl symbol of

the product C = AB is given by

c(z) =
�
1
4�

�2n Z
R2n

e
i
2�(z

0;z00)a(z + 1
2z
0)b(z � 1

2z
00)dz0dz00: (13)

Proposition 4 (i) The symbol ec of the product eC = eA eB of two Landau oper-
ators is ec(z; �) = c

�
1
2z � J�

�
where c is the Weyl symbol of the product AB.

Hence eA eB =gAB: (14)

(ii) The symbol of the adjoint eA� is the complex conjugate ea of the symbol ea ofeA. Hence eA� is (essentially) self-adjoint if and only if a is real.
Proof. In view of formula (13) the Weyl symbol of eA eB is given by

ec(z; �) = � 14� �4n Z
R4n

e
i
2!(z

0;�0;z00;�0)a
�
1
2 (z +

1
2z
0)� J(� + 1

2�
0)
�
�

b
�
1
2 (z �

1
2z
00)� J(� � 1

2�
00)
�
dz0dz00d� 0d� 00

with ! is the symplectic form on T �R2n = R4n. De�ning new variables u0 =
1
2z
0 � J� 0 and u00 = 1

2z
00 � J� 00 this formula becomes

ec(z; �) = � 14� �4n Z
R4n

I(u; u00)a( 12 (z + u
0)� J�)�

b( 12 (z � u
00)� J�)dz0dz00du0du00

with

I(u; u00) =

Z
Rn
exp

�
� i
2
(�(z0; z00 � u00)� �(u0; z00))

�
dz0dz00:

Using the properties of the Fourier transform I(u; u00) is easily calculated and
one �nds that it is equal to (4�)2ne

i
2�(u

0;u0); formula (14) follows. Part (ii) of
the proposition follows from formula (6) and the fact that ea is the Weyl symbol
of eA viewed as an operator S(R2n) �! S(R2n).

3 Shubin Classes and Landau Operators

3.1 The Shubin classes H�m1;m0
� and HGm1;m0

�

We recall the following de�nitions and results from Shubin [6] (Chapter 4). Let
m0, m1, and � be real numbers such that m0 � m1 and 0 < � � 1. The symbol
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class H�m1;m0
� (R2n) consists of all functions a 2 C1(R2n) such that for jzj

su¢ ciently large the following properties hold:

C0jzjm0 � ja(z)j � C1jzjm1 (15)

for some C0; C1 � 0 and, for every � 2 Nn there exists C� � 0 such that

j@�z a(z)j � C�ja(z)jjzj��j�j: (16)

We denote by HGm1;m0
� (R2n) the class of operators A with � -symbols a� be-

longing to H�m1;m0
� (R2n); this means that for every � 2 R there exists a� 2

H�m1;m0
� (R2n) such that

Au(x) = (2�)�n
ZZ

R2n
ei(x�y)��a� ((1� �)x+ �y; �)u(y)dyd�;

choosing � = 1
2 this means, in particular, that every Weyl operator with a 2

H�m1;m0
� (R2n) is inHGm1;m0

� (R2n). It turns out that the condition a 2 H�m1;m0
� (R2n)

is also su¢ cient, because if a� 2 H�m1;m0
� (R2n) is true for some � then it is true

for all � .
The main appeal of Shubin�s classes comes from the following property, which

is essential for the proof of the main result (Theorem 6):

(Sh) Let A 2 HGm1;m0
� (R2n) with m0 > 0. If A is formally self-adjoint, that

is if (Aujv)L2 = (ujAv)L2 for all u; v 2 C10 (Rn), then A is essentially
self-adjoint and has discrete spectrum in L2(Rn). Moreover there exists
an orthonormal basis of eigenfunctions �j 2 S(Rn) (j = 1; 2; :::) with
eigenvalues �j 2 R such that limj!1 j�j j =1.

3.2 The main theorem

The key to the relationship between the spectral properties of operators A 2
HGm1;m0

� (R2n) and the corresponding Landau operators is following property
of the isometries W�:

Proposition 5 Assume that (�j)j is an orthonormal basis of L2(Rn). Then
the vectors �j;k = W�j�k form an orthonormal basis of L2(R2n) and we have
�j;k 2 Hj \Hk.

Proof. Since the W�j are isometries the vectors �j;k form an orthonormal
system. It is thus su¢ cient to show that if U 2 L2(R2n) is orthogonal to the
family (�j;k)j;k (and hence to all the spaces H�j ) then U = 0. Assume that
((U j�jk)) = 0 for all j; k: Since

((U j�jk)) = ((U jW�j�k)) = (W
�
�jU j�k)
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it follows that W �
�j
U = 0 for all j since (�j)j is a basis; using the anti-linearity

of W� in � we have in fact W �
�U = 0 for all � 2 L2(Rn). Let us show that this

implies that U = 0. In view of formula (5) we have

W �
�U(y) = (2�)

�n=2
Z
R2n

ei��(y�
1
2x)�(x� y)U(x; �)dxd�

=

Z
Rn
F�1(2)U(x; y �

1
2x)�(x� y)dx

where F�1(2) is the inverse partial Fourier transform of U in the second set of
variables. The condition W �

�U = 0 for all � 2 S(Rn) implies that F(2)U = 0
and hence U = 0. That �j;k 2 Hj \ Hk is clear by de�nition of the Hilbert
spaces Hj .
We now have all the elements needed to prove the main result of this article.

Theorem 6 Let A 2 HGm1;m0
� (R2n). (i) The operators A and eA have same

eigenvalues; if u is an eigenfunction of A corresponding to the eigenvalue � then
U� = W�u is an eigenfunction of eA corresponding to �, for every �, and we
have U� 2 S(R2n). (ii) Assume in addition that m0 > 0 and that A is formally
self-adjoint. Then eA has discrete spectrum (�j)j2N and limj!1 j�j j =1; (iii)
The eigenfunctions of eA are in this case given by �jk = W�j�k where the �j
are the eigenfunctions of A; (iv) We have �jk 2 S(R2n) and the �jk form an
orthonormal basis of L2(R2n).

Proof. (i) That every eigenvalue of A also is an eigenvalue of eA is clear: if
Au = �u for some u 6= 0 then

eA(W�u) =W�Au = �(W�u)

and W�u 6= 0 because W� is injective; this proves at the same time that W�u is
an eigenfunction of eA. Assume conversely that eAU = �U for U 6= 0 . For every
� we have, using the equality W �

�
eA = AW �

� ,

AW �
�U =W �

�
eAU = �W �

�U

hence � is an eigenvalue of A and W �
�U will be an an eigenfunction of A if it is

di¤erent from zero. Let us prove this is indeed the case. Recall thatW�W
�
� = P�

is the orthogonal projection on H�. Assume that W �
�U = 0; then P�U = 0 for

every � 2 S(Rn), and hence U = 0 in view of Proposition 5; but this is not
possible since U is an eigenfunction. That we have U� 2 S(R2n) is clear since
W� : S(Rn) �! S(R2n): Properties (ii)�(iv) immediately follows from (i) using
property (Sh) of the Shubin classes HGm1;m0

� (R2n).
The symbol a(z) = x2 + �2 of the Landau Hamiltonian (2) is in H�2;21 (R2),

hence Theorem 6 applies. The eigenvalues of eH are those of the Hermite oper-
ator �@2x + x2 and are thus the numbers �j = 2j + 1 (j = 0; 1; 2; :::) and the
corresponding eigenfunctions �j are conveniently rescaled Hermite functions.
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Using well-known formulae expressing the cross-Wigner transforms of pairs of
Hermite functions in terms of Laguerre polynomial Lkj of degree j and order k
(see e.g. Folland [1]) one recovers the usual expressions

�j+k;k(z) = (�1)j 1p
2�

�
j!

(j+k)!

� 1
2

2�
k
2 zkLkj ( 12 jzj

2)e�
jzj2
4

and �j;j+k = �j+k;k for k = 0; 1; 2; ::: for the eigenfunctions of eH found in the
physics literature (see e.g. Landau and Lifschitz [5]).

4 Conclusions and Comments

We have shown in this article that the study of the spectral properties of oper-
ators obtained from a symbol by using the �quantization rules�

xj �! fXj =
1
2xj + i@yj , yj �!fYj = 1

2yj � i@xj

is equivalent to that of the usual Weyl quantization. One can actually show
that we obtain the same spectra with any choice of quantization satisfying the

canonical commutation relation
hfXj ;fYki = i�jk

1
2x+ i@y;

1
2y� i@x: In particular,

this is true for the alternative choice

xj �! cXj = xj +
1
2 i@yj , yj �!cYj = yj � 1

2 i@xj

(�Bopp shifts�) which is of great interest in deformation quantization. In fact,
denoting by bA the operator a( bX; bY ) one can show that for any function 	 2
S(R2n) we have bA	 = a?	 where ? is the Moyal star-product. The �rst part of
Theorem 6 can then be restated by saying that the study of the �star-genvalue
equation�a?	 = �	 is reduced to that of the eigenvalue problem A = � ; the
corresponding eigenfunctions are then obtained by using the modi�ed transform
W 0
� de�ned byW

0
� = (2�~)n=2W ( ; �). We will come back to this relationship

in a forthcoming paper.
One of the reasons for which Shubin introduced the classes H�m1;m0

� and
HGm1;m0

� we used in this article was to study global hypoellipticity. In fact,
he showed that if a 2 H�m1;m0

� (R2n) then the conditions u 2 S 0(Rn) and
Au 2 S(Rn) imply u 2 S(Rn). Although it is not true that the condition
a 2 H�m1;m0

� (R2n) implies that eA 2 HGm1;m0
� (R4n) it is possible to show that

the global hypoellipticity property carries over to Landau operators; see de
Gosson[2]. In particular one recovers the global hypoellipticity of the Landau
Hamiltonian (2) which was proven by Wong [7] using very di¤erent methods.

Acknowledgement 7 This work has been �nanced by the Austrian Research
Agency FWF (Projekt �Symplectic Geometry and Applications to TFA and
QM�, Projektnummer P20442-N13).
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