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2 Canoni
al subgroups1. Introdu
tionLet H 1 denote the three{dimensional Heisenberg group. The groups H 1 o SL(2;R),R2 o SL(2;R) and their double 
overings play an important role in time{frequen
yanalysis, that is in phase spa
e analysis in dimension one (see [F℄). Despite their basi
relevan
e, no referen
e 
ontaining detailed information about the stru
ture of theirsubgroups is available in the literature. This paper �lls this gap, providing 
onvenienttables of all 
onne
ted Lie subgroups of H 1 oSL(2;R) and R2 oSL(2;R) up to inner
onjugation: for ea
h 
onjuga
y 
lass we exhibit a natural representative (that is a\
anoni
al" subgroup) together with its normalizer and 
entralizer.The main step in the problem at hand is 
learly to derive an expli
it des
ription ofthe 
onjuga
y 
lasses of all Lie subalgebras of R2 o sl(2;R) and h1 o sl(2;R) underthe adjoint a
tions of the 
orresponding 
onne
ted Lie groups. The result 
on
erningh1 o sl(2;R) has also an interesting interpretation in terms of Poisson polynomialalgebras. Indeed, it is well-known that h1 o sl(2;R) is 
anoni
allly isomorphi
, as aLie algebra, to the algebra P2 of polynomials in two indeterminates and degree � 2equipped with the usual Poisson bra
ket ff; gg. Under the isomorphism, the adjointa
tion 
orresponds to aÆne 
oordinate 
hanges. Thus, we 
lassify Poisson subalgebrasof P2 up to aÆne 
oordinate 
hanges.Our approa
h 
an be applied to derive analogous 
lassi�
ations for all 
onne
ted Liegroups that are lo
ally isomorphi
 to either H 1oSL(2;R) or R2oSL(2;R). The groupslo
ally isomorphi
 to H 1oSL(2;R) are of the form H 1oSL(m) or H red1 oSL(m) , whereH red1 = H 1=Z is the redu
ed Heisenberg group and SL(m) is the m{sheet 
overing ofSL(2;R), the 
ase of 
ountably many sheets 
orresponding to the universal 
overing.The groups lo
ally isomorphi
 to R2 o SL(2;R) are its 
overings R2 o SL(m) .Our primary interest in these 
lassi�
ation results 
omes from the issues addressed in[DN℄, where 
omplete lists are needed for di�erent purposes. On the one hand, wewant to des
ribe all possible reprodu
ing formulas { for fun
tions in L2(R) { that ariseby restri
ting the extended metaple
ti
 (proje
tive) representation of the double 
overof R2 o SL(2;R) to its subgroups. A reprodu
ing formula of this sort re
e
ts, on thelevel of fun
tions, the properties of those aÆne transformations of the time{frequen
yplane that are en
oded in the given subgroup H . Moreover, the appropriate notion ofequivalen
e of two su
h formulas { in a sense made pre
ise in [DN℄ { may be translatedinto 
onjuga
y of the 
orresponding groups. Thus, the normalizers N(H) providefurther useful information. In the same paper we also analyze the 
ommutative operatoralgebras 
onsisting of bounded fun
tions of Pw , the Weyl pseudodi�erential operatorde�ned by a real polynomial P of degree � 2. The sensible redu
tion pro
edure, inthis 
ase, is provided by the 
lassi�
ation up to inner 
onjugation of the one{parametersubgroups of R2 o SL(2;R), in the sense that any su
h operator algebra is 
onjugateto one of the �ve 
anoni
al algebras 
orresponding to the �ve non{
onjugate one{parameter subgroups.The paper is organized as follows. In Se
tion 2 we introdu
e the groups and algebras weshall be 
on
erned with. In Se
tion 3 we present our 
lassi�
ation results together with



De Mari and Nowak 3all the expli
it parametrizations. In Se
tion 4 we prove the main theorems. Finally, inSe
tion 5 we brie
y dis
uss Poisson polynomial algebras and 
overing groups.2. Preliminaries and notationThe group SL(2;R) is the group of 2� 2 real matri
es with determinant equal to oneand its Lie algebra is identi�ed with sl(2;R), the spa
e of 2�2 real, tra
eless matri
eswith 
ommutator as bra
ket. The adjoint a
tion of SL(2;R) on sl(2;R) is the usualmatrix 
onjugation Ad gX = gXg�1 . The linear a
tion of SL(2;R) on R2 gives riseto the semidire
t produ
t R2 o SL(2;R), where the multipli
ation is de�ned by�[ q1p1 ℄ ; g1��[ q2p2 ℄ ; g2� = �[ q1p1 ℄ + g1 [ q2p2 ℄ ; g1g2�:Consequently, the bra
ket of (X1; A1); (X2; A2) 2 R2 o sl(2;R) is[(X1; A1); (X2; A2)℄ = (A1X2 � A2X1; [A1; A2℄):Observe that R2 o SL(2;R) a
ts naturally on the time{frequen
y plane R2 by�[ qp ℄ ; g� � [ x� ℄ = g [ x� ℄ + [ qp ℄ : (2.1)The exponential mapping exp : R2 o SL(2;R) ! R2 o sl(2;R) takes the formexp t(X;A) = �Z t0 e�AX d�; etA�;whereas the adjoint a
tion of ([ qp ℄ ; g) 2 R2 o SL(2;R) on (X;A) 2 R2 o sl(2;R) isAd([ qp ℄ ; g)(X;A) = (gX � gAg�1 [ qp ℄ ; gAg�1):Denote by H 1 the three{dimensional Heisenberg group, that is R2 � R with produ
t:(q1; p1; t1) � (q2; p2; t2) = (q1 + q2; p1 + p2; t1 + t2 � 12(q1p2 � p1q2)):Sometimes it is more 
onvenient to write x = [ qp ℄ 2 R2 and express the produ
t interms of the simple
ti
 form ! . Thus if x1; x2 2 R2 and!(x1; x2) = tx1Jx2; J = [ 0 1�1 0 ℄ ;we have (x1; t1) � (x2; t2) = (x1 + x2; t1 + t2 � 12!(x1; x2)). The Lie algebra h1 of H 1may be identi�ed with R2 � R with bra
ket[(X1; t1); (X2; t2)℄ = (0;�!(X1; X2)):The a
tion of SL(2;R) on H 1 given by the automorphisms A � (x; t) = (Ax; t) givesrise to the semidire
t produ
t H 1 o SL(2;R), where the multipli
ation is given by((x1; t1); g1)((x2; t2); g2) = ((x1; t1) � (g1x2; t2); g1g2):so that its Lie algebra g = h1 o sl(2;R) of H 1 o SL(2;R) has bra
ket[(X1; t1);A1); ((X2; t2);A2)℄ = ((A1X2 � A2X;�!(X1; X2)); [A1; A2℄):The exponential mapping 
an be shown to beexp t((X; u);A) = �Z t0 e�AX d�; tu� 12 Z t0 !(X; Z v0 e�AX d�) dv); etA)�;



4 Canoni
al subgroupswhile the adjoint a
tion of ((y; s); g) 2 H 1 o SL(2;R) on ((X; z);A) 2 h1 o sl(2;R) is��gX � gAg�1y; z � !(y; gX � 12gAg�1y)�; gAg�1�: (2.2)3. Classifi
ation results3.1. Canoni
al subalgebras of R2 o sl(2;R). As agreed, sl(2;R) is the Lie algebraof 2� 2 tra
eless matri
es with 
ommutator as bra
ket. The elementsH = [ 1 00 �1 ℄ ; J = [ 0 1�1 0 ℄ ; U = [ 0 10 0 ℄satisfy [H;U ℄ = 2U and generate the algebrask = ntJ : t 2 Ro ;a = ntH : t 2 Ro ;n = ntU : t 2 Ro ;no a = ntH + uU : t; u 2 Ro .By means of the immersion X 7! ([ 00 ℄ ; X) of sl(2;R) in R2 o sl(2;R) we shall identifyk, a, n, no a and sl(2;R) itself as subalgebras of R2 o sl(2;R). Similarly, by takingsemidire
t produ
ts with R2 we writeR2 o k = n([ sr ℄ ; tJ) : r; s; t 2 Ro ;R2 o a = n([ sr ℄ ; tH) : r; s; t 2 Ro ;R2 o n = n([ sr ℄ ; tU) : r; s; t 2 Ro ;R2 o (no a) = n([ sr ℄ ; tH + uU) : r; s; t; u 2 Ro .Next, let Rq = n[ s0 ℄ : s 2 Ro � R2 ; Rp = n[ 0r ℄ : r 2 Ro � R2 : (3.1)The subs
ripts q and p 
ome from thinking of the plane as phase{spa
e, with positionq and momentum p. By means of the immersion [ sr ℄ 7! ([ sr ℄ ; 0) of R2 in R2 o sl(2;R)we shall identify Rq as a subalgebra of R2 o sl(2;R). Thus, we may 
onsiderRq o a = n([ s0 ℄ ; tH) : s; t 2 Ro ;Rq � n = n([ s0 ℄ ; tU) : s; t 2 Ro ;Rq o (no a) = n([ s0 ℄ ; tH + uU) : s; t; u 2 Ro .It should be observed that n a
ts on Rq by zero, so that their produ
t is a
tuallydire
t, whereas k does not a
t on Rq . Finally, 
onsider the diagonal of Rp �n, writtenp = n([ 0t ℄ ; tU) : t 2 Robe
ause the orbits of the 
orresponding group in the time{frequen
y plane are parabolas(see Theorem 3.3). Its ve
tor spa
e dire
t sum with Rq leads to the abelian Lie algebraRq � p = n([ sr ℄ ; rU) : r 2 Ro .The Lie algebras we have introdu
ed, hereafter referred to as 
anoni
al, exhaust a listof representatives for the 
onjuga
y 
lasses of subalgebras of R2 o sl(2;R).



De Mari and Nowak 5Theorem 3.1. Any proper Lie subalgebra h of R2 o sl(2;R) is 
onjugate to one ofthe following non{
onjugate 
anoni
al Lie algebras, listed together with h(1) = [h; h℄,h(2) = [h(1); h(1)℄, h(2) = [h; h(1)℄ and their algebrai
 stru
ture.dim/n. h h(1) h(2) h(2) stru
ture(1:i) k 0 0 0 abelian(1:ii) a 0 0 0 abelian(1:iii) n 0 0 0 abelian(1:iv) p 0 0 0 abelian(1:v) Rq 0 0 0 abelian(2:i) no a n 0 n solvable(2:ii) Rq o a Rq 0 Rq solvable(2:iii) Rq � n 0 0 0 abelian(2:iv) Rq � p 0 0 0 abelian(2:v) R2 0 0 0 abelian(3:i) Rq o (no a) Rq � n 0 Rq � n solvable(3:ii) sl(2;R) sl(2;R) sl(2;R) sl(2;R) semisimple(3:iii) R2 o k R2 0 R2 solvable(3:iv) R2 o a R2 0 R2 solvable(3:v) R2 o n Rq 0 0 solvable(4:i) R2 o (no a) R2 o n Rq R2 o n solvableIn the �rst 
olumn, the �rst index denotes dimension.3.2. Canoni
al subgroups of R2 oSL(2;R). By means of the exponential mappingit is easy to 
ompute the 
onne
ted subgroups that 
orrespond to the 
anoni
al Liealgebras des
ribed in Theorem 3.1. For the reader's 
onvenien
e, we give expli
itparametrizations of su
h groups. Most notations are self{explanatory. First of all, putk� = exp �J = h 
os � sin �� sin � 
os � i ;at = exp tH = h et 00 e�t i, and ds = alog s = h s 00 s�1 i, s > 0;ut = exp tU = [ 1 t0 1 ℄ .The above generate the 
anoni
al subgroups of SL(2;R), namelyK = nk� : � 2 Ro = SO(2;R);A = nds : s > 0o ;N = nut : t 2 Ro ;NA = nutds1=2 : t 2 R; s > 0o .Along with the above groups, we shall 
onsider the following variants�N = n[ " t0 " ℄ : " = �1; t 2 Ro ;�NA = n[ a t0 a�1 ℄ : a 6= 0; t 2 Ro ;� = �A = ndiag(a; a�1) : a 6= 0o ;�0 = h�; Ji (group generated by � and J ).



6 Canoni
al subgroupsThe normalizer N(�) and 
entralizer Z(�) in SL(2;R) of the 
anoni
al groups K , Aand N of SL(2;R) and of the 
anoni
al algebras k, a and n of sl(2;R) areN(K) = Z(K) = K = N(k) = Z(k);N(A) = N(a) = �0 , Z(A) = Z(a) = �;N(N) = N(n) = �NA, Z(N) = Z(n) = �N ,as one 
he
ks by dire
t 
omputation. Finally,R2 oK = n([ qp ℄ ; k�) : p; q; � 2 Ro ;R2 o A = n([ qp ℄ ; ds) : p; q 2 R; s > 0o ;R2 �N = n([ qp ℄ ; ut) : p; q; t 2 Ro ;R2 oNA = n([ qp ℄ ; utds1=2) : p; q; t 2 R; s > 0o.Rq o A = n([ q0 ℄ ; ds) : q 2 R; s > 0o;Rq �N = n([ q0 ℄ ; ut) : q; t 2 Ro ;Rq oNA = n([ q0 ℄ ; utds1=2) : q; t 2 R; s > 0o .P = n(h t22t i ; ut) : t 2 RoRq � P = n([ qt ℄ ; ut) : r 2 Ro .Theorem 3.2. Any 
onne
ted Lie subgroup of R2 o SL(2;R) is 
onjugate to one ofthe following non{
onjugate subgroups, listed together with their normalizers N(�) and
entralizers Z(�).dim/n. group N(�) Z(�)(1:i) K K K(1:ii) A �0 �(1:iii) N Rq o�NA Rq o�N(1:iv) P P P(1:v) Rq Rq o�NA Rq �N(2:i) NA �NA �I(2:ii) Rq o A Rq o� I(2:iii) Rq �N R2 ��NA Rq �N(2:iv) Rq � P R2 �N Rq � P(2:v) R2 G I(3:i) Rq oNA Rq o�NA I(3:ii) SL(2;R) SL(2;R) �I(3:iii) R2 oK R2 oK I(3:iv) R2 o A R2 o�0 I(3:v) R2 �N R2 o�NA I(4:i) R2 oNA R2 o�NA IIn the �rst 
olumn, the �rst index denotes dimension.



De Mari and Nowak 7For some purposes (see [DN℄) it is of interest to des
ribe the geometri
 nature of theorbits of the various 
anoni
al groups in the time{frequen
y plane. We shall also usesu
h stru
tures to show that the 
anoni
al groups are mutually non{
onjugate.Theorem 3.3. The orbits of the 
anoni
al subgroups of R2 o SL(2;R) on the planeR2 = f[ x� ℄ : x; � 2 Rg relative to the a
tion (2.1) are:dim/n. group orbits(1:i) K 
ir
les 
entered at the origin; the origin;(1:ii) A bran
hes of hyperbola x� = 
ost.; the four half{axes; the origin;(1:iii) N points on the x{axis; horizontal lines;(1:iv) P parabolas of the form x = 12�2+ 
ost.;(1:v) Rq the x axis;(2:i) NA the half{planes � > 0 and � < 0; the two half x axes; the origin;(2:ii) Rq o A the half{planes � > 0 and � < 0; the x axis;(2:iii) Rq �N horizontal lines;(2:iv) Rq � P the plane;(2:v) R2 the plane;(3:i) Rq oNA the half{planes � > 0 and � < 0; the x axis;(3:ii) SL(2;R) the pun
tured plane; the origin;(3:iii) R2 oK the plane;(3:iv) R2 o A the plane;(3:v) R2 �N the plane;(4:i) R2 oNA the plane.3.3. Canoni
al subalgebras of h1osl(2;R). As it is 
lear from the formula express-ing the bra
ket in h1 o sl(2;R), its 
enter isz = n�([ 00 ℄ ; z); 0� : z 2 Ro:For a real parameter � , we putk� = n�([ 00 ℄ ; �t); tJ� : t 2 Ro ;a� = n�([ 00 ℄ ; �t); tH� : t 2 Ro ;n� = n�([ 00 ℄ ; �t); tU� : t 2 Ro ;no a� = n�([ 00 ℄ ; �t); tH + uU� : t; u 2 Ro .If � = 0, the 
orresponding subs
ript will be omitted. The �rst three are obviouslyabelian, while no a� is solvable, its derived algebra being n. Next we 
onsiderz� k = n�([ 00 ℄ ; z); tJ� : z; t 2 Ro ;z� a = n�([ 00 ℄ ; z); tH� : z; t 2 Ro ;z� n = n�([ 00 ℄ ; z); tU� : z; t 2 Ro ;z� (no a) = n�([ 00 ℄ ; z); tH + uU� : z; t; u 2 Ro ;z� sl(2;R) = n�([ 00 ℄ ; z); tH + uU + wJ� : z; t; u; w 2 Ro ,



8 Canoni
al subgroupswhose algebrai
 stru
ture is readily seen: the �rst three are abelian and the fourth issolvable sin
e the 
entral fa
tor does not play any role; the last one is redu
tive be
auseit stands as the produ
t of its 
enter and its derived algebra, whi
h is semisimple. Other
anoni
al semidire
t produ
ts are:h1 o k = n�([ sr ℄ ; z); tJ� : s; r; z; t 2 Ro ;h1 o a = n�([ sr ℄ ; z); tH� : s; r; z; t 2 Ro ;h1 o n = n�([ sr ℄ ; z); tU� : s; r; z; t 2 Ro ;h1 o (no a) = n�([ sr ℄ ; z); tH + uU� : s; r; z; t; u 2 Rofor whi
h the algebrai
 stru
ture is less obvious but follows by simple 
omputationsand is stated in Theorem 3.4. By means of the immersion [ sr ℄ 7! (([ sr ℄ ; 0); 0) of R2 inh1o sl(2;R) we shall identify Rq as a subalgebras of h1o sl(2;R). Its dire
t sum withthe 
enter will be denoted for shortRqZ = n�([ s0 ℄ ; z); 0� : s; z 2 Ro .By means of Rq and RqZ we de�ne natural semidire
t produ
tsRq o a� = n�([ s0 ℄ ; �t); tH� : t; s 2 Ro; � 2 R ;Rq � n� = n�([ s0 ℄ ; �t); tU� : t; s 2 Ro; � 2 R ;Rq o (no a�) = n�([ s0 ℄ ; �t); tH� : t; s 2 Ro; � 2 R ;RqZ o a = n�([ s0 ℄ ; z); tH� : s; z; t 2 Ro ;RqZ � n = n�([ s0 ℄ ; z); tU� : s; z; t 2 Ro ;RqZ o (no a) = n�([ s0 ℄ ; z); tH + uU� : s; z; t; u 2 Ro .Noti
e that n a
ts on RqZ by zero, so that their semidire
t produ
t is a
tually dire
t.Finally, the set{theoreti
 inje
tion (X;A) 7! ((X; 0);A) of R2osl(2;R) in h1osl(2;R)maps p into a subalgebra of the latter, denoted in the same way. Therefore we writez� p = n�([ 0r ℄ ; z); rU� : z; r 2 Ro;RqZ � p = n�([ sr ℄ ; z); rU� : s; r; z 2 Ro .The notation RqZ�p re
e
ts the fa
t that this algebra is the ve
tor spa
e dire
t sum ofRqZ and p and not their dire
t produ
t as Lie algebras. As for the algebrai
 stru
ture,observe that z�p is abelian while RqZ�p is nilpotent, be
ause [RqZ�p;RqZ�p℄ = z.It is isomorphi
, but not 
onjugate, to the Heisenberg algebra h1 .The Lie algebras we have introdu
ed, hereafter referred to as 
anoni
al, exhaust a listof representatives for the 
onjuga
y 
lasses subalgebras of h1 o sl(2;R), as stated inthe next 
lassi�
ation result.Theorem 3.4. Any proper Lie subalgebra h of h1o sl(2;R) is 
onjugate to one of thefollowing types of Lie algebras, listed together with h(1) = h(1) = [h; h℄, h(2) = [h(1); h(1)℄,h(2) = [h; h(1)℄ and their algebrai
 stru
ture.



De Mari and Nowak 9dim/N. h h(1) h(2) h(2) stru
ture(1:i) z 0 0 0 abelian(1:ii) k�; � 2 R 0 0 0 abelian(1:iii) a�; � 2 R 0 0 0 abelian(1:iv) n�; � 2 R 0 0 0 abelian(1:v) p 0 0 0 abelian(1:vi) Rq 0 0 0 abelian(2:i) z� k 0 0 0 abelian(2:ii) z� a 0 0 0 abelian(2:iii) z� n 0 0 0 abelian(2:iv) no a�; � 2 R n 0 n solvable(2:v) Rq o a�; � 2 R Rq 0 Rq solvable(2:vi) Rq � n�; � 2 f0;�1g 0 0 0 abelian(2:vii) z� p 0 0 0 abelian(2:viii) RqZ 0 0 0 abelian(3:i) Rq o (no a�); � 2 R Rq � n 0 Rq � n solvable(3:ii) z� (no a) n 0 n solvable(3:iii) RqZ o a Rq 0 Rq solvable(3:iv) RqZ � n 0 0 0 abelian(3:v) sl(2;R) sl(2;R) sl(2;R) sl(2;R) semisimple(3:vi) RqZ � p z 0 0 nilpotent(3:vii) h1 z 0 0 nilpotent(4:i) h1 o k h1 z h1 solvable(4:ii) h1 o a h1 z h1 solvable(4:iii) h1 o n RqZ 0 z solvable(4:iv) RqZ o (no a) Rq � n 0 Rq � n solvable(4:v) z� sl(2;R) sl(2;R) sl(2;R) sl(2;R) redu
tive(5:i) h1 o (no a) h1 o n RqZ h1 o n solvableIn the �rst 
olumn, the �rst index denotes dimension. Moreover, whenever a parameterappears, algebras 
orresponding to distin
t parameters are not 
onjugate.3.4. Canoni
al subgroups of H 1 o SL(2;R). First of all, it is 
lear thatZ = n�(0; z); I� : z 2 Ro .is the 
enter of H 1 o SL(2;R). The groupsK� = n�(0; t�); kt� : t 2 Ro , � 2 R ;A� = n�(0; t�); at� : t 2 Ro , � 2 R ;N� = n�(0; t�); ut� : t 2 Ro , � 2 R ;NA� = n�(0; s�); utas� : s; t 2 Ro , � 2 R .
orrespond to K , A, N and NA for � = 0, in whi
h 
ase the subs
ript will be omitted.Some groups arise as dire
t produ
ts of the form Z � H , where H is a subgroup ofSL(2;R), like Z�K , Z�A, Z�N , but also, for example Z��, Z��0 . Lie groups
ontaining semidire
t fa
tors like Rq or RqZ are written in the natural way, namely



10 Canoni
al subgroupsRq o A� = n�([ q0 ℄ ; t�); at� : q; t 2 Ro , � 2 R ;Rq �N� = n�([ q0 ℄ ; t�); ut� : q; t 2 Ro , � 2 R ;Rq o (NA�) = n�([ q0 ℄ ; s�); utas� : q; s; t 2 Ro , � 2 R ;RqZ �N = n�([ q0 ℄ ; z); ut� : q; t; z 2 Ro ;RqZ oNA = n�([ q0 ℄ ; z); utds1=2� : q; t; z 2 R; s > 0o ;RqZ o�N = n�([ q0 ℄ ; z);n� : q; z 2 R; n 2 �No ;RqZ o�NA = n�([ q0 ℄ ; z); b� : q; z 2 R; b 2 �NAo .The last groups we need arise by starting from the Lie group P whose Lie algebra isp � h1osl(2;R) (see se
tion 3.3) and su

essively taking normalizers in H 1oSL(2;R).They 
orrespond to the algebras p, z� p and RqZ � p, respe
tively, that isP = n�(h 12 t2t i ; 112 t3); ut� : t 2 Ro ;Z � P = n�(h 12 t2t i ; z + 112 t3); ut� : t; z 2 Ro = N(P );RqZ � P = n�([ qt ℄ ; z); ut� : q; t; z 2 Ro = N(Z � P ):It should be observed that the one{dimensional group P written above proje
ts ontothe subgroup P � R2 o SL(2;R) 
onsidered in se
tion 3.2 under the quotient mapmodulo the 
enter Z . Indeed, H 1 o SL(2;R)=Z ' R2 o SL(2;R). We are now in aposition for stating the main 
lassi�
ation result at the level of groups.Theorem 3.5. Any 
onne
ted Lie subgroup of H 1 o SL(2;R) is 
onjugate to one ofthe following non{
onjugate subgroups, listed together with their normalizers N(�) and
entralizers Z(�).dim/n. group N(�) Z(�)(1:i) Z G G(1:ii) K�; � 2 R Z �K Z �K(1:iii) A�; � 2 R n f0g Z �� Z ��(1:iv) A Z ��0 Z ��(1:v) N�; � 2 R n f0g RqZ o�N RqZ o�N(1:vi) N RqZ o�NA RqZ o�N(1:vii) P Z � P Z � P(1:viii) Rq RqZ o�NA RqZ �N(2:i) Z �K Z �K Z �K(2:ii) Z � A Z ��0 Z ��(2:iii) Z �N RqZ ��NA RqZ ��N(2:iv) NA�; � 2 R Z ��NA Z ��I(2:v) Rq o A�; � 2 R RqZ o� Z(2:vi) Rq �N RqZ o�NA RqZ �N(2:vii) Rq �N�; � 2 f�1g RqZ o�N RqZ �N(2:viii) Z � P RqZ � P Z � P(2:ix) RqZ H 1 o�NA RqZ �N



De Mari and Nowak 11(3:i) Rq o (NA�); � 2 R RqZ o�NA Z(3:ii) Z �NA Z ��NA Z ��I(3:iii) RqZ o A RqZ o� Z(3:iv) RqZ �N H 1 o�NA RqZ �N(3:v) SL(2;R) Z � SL(2;R) Z ��I(3:vi) RqZ � P H 1 oN Z(3:vii) H 1 G Z(4:i) H 1 oK H 1 oK Z(4:ii) H 1 o A H 1 o�0 Z(4:iii) H 1 oN H 1 o�NA Z(4:iv) RqZ oNA RqZ o�NA Z(4:v) Z � SL(2;R) Z � SL(2;R) Z ��I(5:i) H 1 oNA H 1 o�NA ZIn the �rst 
olumn, the �rst index denotes dimension.4. Proofs4.1. Proof of Theorem 3.1. In the 
ourse of the proof of Theorem 3.1 we shall useProposition 4.3 below, a variant of the next well{known result.Proposition 4.1. Any non{trivial subalgebra of sl(2;R) is 
onjugate to either n, a,k or no a.Re
all that the adjoint a
tion of ([ qp ℄ ; g) 2 R2 o SL(2;R) on (X;A) 2 R2 o sl(2;R) isgiven by Ad([ qp ℄ ; g)(X;A) = (gX � gAg�1 [ qp ℄ ; gAg�1):Proposition 4.2. Any subalgebra h of R2osl(2;R) is 
onjugate to a subalgebra �h forwhi
h �2(�h) 2 nf0g; n; a; k; no a; sl(2;R)o , where �2 is the proje
tion �2(X;A) = A.Proof. Observe that �2 is a Lie algebra homomorphism intertwining the adjointa
tions of R2 o SL(2;R) and SL(2;R), and apply Proposition 4.1. utWe shall prove that any subalgebra h of R2 o sl(2;R) is 
onjugate to one of the listedones. The fa
t that they are mutually non{
onjugate follows from Theorem 3.2, whereit is proved that the same property holds for the 
orresponding 
onne
ted subgroupsby inspe
ting the stru
tures of their orbits in the time{frequen
y plane. We shallnot write the expli
it 
al
ulations leading to the des
ription of h(1) = h(1) = [h; h℄,h(2) = [h(1); h(1)℄ and h(2) = [h; h(1)℄, nor shall we prove the assertions 
on
erning thealgebrai
 stru
tures be
ause these are all straightforward matters.CASE 1: dimh = 1. In view of Proposition 4.3 we may assume that�2(h) 2 nf0g; n; a; ko:� If �2(h) = f0g, then h � f([ rs ℄ ; 0) : r; s 2 Ro is a one{dimensional subspa
e of R2so that h = Rq up to the linear a
tion of SL(2;R), that is up to 
onjugation.



12 Canoni
al subgroups� Assume next �2(h) 2 fn; a; kg, and let A be either H , U or J . Then there exists(�; �) 2 R2 su
h that h = n�h �t�t i ; tA� : t 2 Ro:� If � = � = 0 then h is either a, k or n.� Suppose next � = 0 and � 6= 0. If A = U , the group elementg = �h 0�1=3 i ; h �1=3 10 ��1=3 i�
onjugates h to p. If A = H , then g = (h 0� i ; I) 
onjugates h to a. If A = J , theng = (h��0 i ; I) 
onjugates h to k.� Finally, suppose � 6= 0 and � = 0. If A = U , then g = ([ 0� ℄ ; I) 
onjugates h to n.If A = H , g = ([ �0 ℄ ; I) 
onjugates h to a. If A = J , g = ([ 0� ℄ ; I) 
onjugates h to k.CASE 2: dimh = 2. In view of Proposition 4.3 we may assume that�2(h) 2 nf0g; n; a; k; no ao:� The 
ase �2(h) = f0g is trivial and yields h = R2 .� Assume next �2(h) 2 fn; a; kg and let A be either H , U or J . Here two 
ases arise:(a) h 
ontains the line f(0; tA) : t 2 Rg;(b) h does not 
ontain the line f(0; tA) : t 2 Rg.In 
ase (a) there exists a non{zero (�; �) 2 R2 su
h thath = n�u [ �� ℄ ; tA� : t; u 2 Ro:The bra
ket of two elements in h takes the form[�u [ �� ℄ ; tA�; �u0 [ �� ℄ ; t0A�℄ = �(tu0 � t0u)A [ �� ℄ ; 0�and the set f(u [ �� ℄ ; tA) : t; u 2 Ro is a Lie algebra if and only if (�; �) is an eigenve
torof A. If A = U , then (�; �) = �(1; 0) for some � 6= 0 and we obtain Rq �n. If A = Hthen either h = f([ s0 ℄ ; tH) : t; s 2 Rg or h = f([ 0s ℄ ; tH) : t; s 2 Ro . The �rst 
ase isRq o a and the se
ond redu
es to Rq o a by 
onjugating with g = (0; J). The 
aseA = J 
annot o

ur be
ause J has no non{zero eigenve
tors.In 
ase (b), for some linear fun
tional �(s; r) we haveh = f�[ sr ℄ ; �(s; r)A� : s; r 2 Ro:The bra
ket of two elements in h takes the form[�[ sr ℄ ; �(s; r)A�; �h s0r0 i ; �(s0; r0)A�℄ = ��(s; r)A h s0r0 i� �(s0; r0)A [ sr ℄ ; 0�and the set f([ sr ℄ ; �(s; r)A) : s; r 2 Rg is a Lie algebra if and only if�(s; r)�(A h s0r0 i)� �(s0; r0)�(A [ sr ℄) = 0for all s; r; s0; r0 2 R . This 
ondition is equivalent tov� 
 tAv� = tAv� 
 vt;



De Mari and Nowak 13where v� is the ve
tor representing the fun
tional �(�; �), that is �(s; r) = h[ sr ℄ ; v� i.The latter 
ondition, in turn, holds if and only if v� is an eigenve
tor of tA. IfA = U , then h = f([ sr ℄ ; �rU) : s; r 2 Rg for some � 6= 0, and g = (0; h ��1=3 00 �1=3 i)
onjugates h to Rq � p. If A = H , then either h = f([ sr ℄ ; �rH) : s; r 2 Rg orh = f([ sr ℄ ; �sH) : s; r 2 Rg for some � 6= 0.Take g = (h 0���1 i ; I) in the �rst 
ase andg = (h 0���1 i ; J) in the se
ond 
ase to 
onjugate h to Rq o a. Again, the 
ase A = J
annot o

ur.� Now we 
onsider the 
ase �2(h) = no a. We 
an represent h in the formh = f�h �(t;u)�(t;u) i ; tH + uU� : t; u 2 Ro;where �(t; u) and �(t; u) are linear fun
tionals on R2 . The bra
ket of two elements inh takes the form[�h �(t;u)�(t;u) i ; tH + uU�; �h �(t0 ;u0)�(t0;u0) i ; t0H + u0U�℄= �(tH + uU) h �(t0 ;u0)�(t0 ;u0) i� (t0H + u0U) h �(t;u)�(t;u) i ; 2(tu0 � t0u)U�;so that the 
ondition(tH + uU) "�(t0; u0)�(t0; u0)#� (t0H + u0U) "�(t; u)�(t; u)# = "�(0; 2(tu0 � t0u))�(0; 2(tu0 � t0u))# (4.1)must be satis�ed for all t; u; t0; u0 2 R . Let v� = (v1; v2) denote the ve
tor representing�; equating the se
ond 
oordinates in (4.1) for
es v2 = 0. Thush = f�h �(t;u)v1t i ; tH + uU� : t; u 2 Ro:Conjugating with g = ([ 0�v1 ℄ ; I) leads ton�h ~�(t;u)0 i ; tH + uU� : t; u 2 Rowith a new fun
tional ~� . Let v~� = (s1; s2) denote the ve
tor representing ~� . Equatingnow the �rst 
oordinates in (4.1) for
es s2 = 0. Conjugating with g = ([ s10 ℄ ; I) thealgebra f([ s1t0 ℄ ; tH + uU) : t; u 2 Rg leads to no a.CASE 3: dimh = 3. In view of Proposition 4.3 we may assume that�2(h) 2 nn; a; k; no a; sl(2;R)o:� The 
ases �2(h) 2 fn; a; kg are trivial and lead to R2 o n, R2 o a and R2 o n,respe
tively.� Assume next �2(h) = no a. Here two 
ases arise:(a) h 
ontains the line f(0; tH) : t 2 Rg;(b) h does not 
ontain the line f(0; tH) : t 2 Rg.In 
ase (a), either h = n�w [ �� ℄ ; tH + uU� : t; u; w 2 Rofor some non{zero ve
tor [ �� ℄ 2 R2 orh = n�[ sr ℄ ; tH + !(s; r)U� : r; s; t 2 Ro
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al subgroupsfor some non-zero linear fun
tional ! on R2 . The set f(w [ �� ℄ ; tH + uU) : t; u; w 2 Rgis a Lie algebra if and only if the ve
tor [ �� ℄ is a simultaneous eigenve
tor of the matri
es[ t u0 �t ℄ for all t; u 2 R . This implies � = 0 and h = Rq o (no a). On the other hand,the set f([ sr ℄ ; tH + !(s; r)U) : r; s; t 2 Rg is a Lie algebra if and only if!�(tH + !(s; r)U) h s0r0 i� (tH + !(s0; r0)U) [ sr ℄� = 2�t!(s0; r0)� t0!(s; r)�for all r; s; t; r0; s0; t0 2 R . Taking t = t0 = 0 we obtainv! 
 tUv! = tUv! 
 v!;where v! represents ! . Hen
e v! = 0, so that this 
ase does not o

ur.In 
ase (b), for some linear fun
tional � on R3h = n�[ sr ℄ ; �(s; r; u)H + uU� : r; s; u 2 Roand this set is a Lie algebra if and only if for all r; s; u; r0; s0; u0 2 R��(�(s; r; u)H + uU) h s0r0 i� (�(s0; r0; u0)H + u0U) [ sr ℄ ; 2(�(s; r; u)u0� �(s0; r0; u0)u)� = 0:Let v� = (t1; t2; t3) 2 R3 represent � . For u = u0 = 0 the above relation redu
es tov~� 
 tHv~� = tHv~� 
 v~� ;where ~�(s; r) = �(s; r; 0). Thus v~� = (t1; t2) is an eigenve
tor of tH = H and eithert2 = 0 or t1 = 0. A dire
t 
omputation shows that if t2 = 0 then also t1 = 0. Thisis not possible be
ause dim�2(h) = 2. Next, one shows that if t1 = 0, then t2t3 = 0.But sin
e t2 
annot vanish, ne
essarily t3 = 0. Hen
eh = n�[ sr ℄ ; t2rH + uU� : r; s; u 2 Roand by 
onjugating with dilations we may assume t2 = 1. A �nal 
onjugation withg = ([ 0�1 ℄ ; I) gives h = Rq o (no a).� Finally, assume �2(h) = sl(2;R). Then, for some linear fun
tionals � and � on R3h = f�h �(t;u;w)�(t;u;w) i ; tH + uU + wJ� : t; u; w 2 Ro:Now, sin
e no a is a subalgebra of sl(2;R), ne
essarilyf�h �(t;u;0)�(t;u;0) i ; tH + uU� : t; u 2 Rois a subalgebra of R2osl(2;R). But this is pre
isely what we had in the 
ase dim h = 2and �2(h) = noa, Therefore we may assume that both (t; u) 7! �(t; u; 0) and (t; u) 7!�(t; u; 0) are the zero fun
tional and there must exist (�; �) 2 R2 su
h thath = f�h �w�w i ; tH + uU + wJ� : t; u; w 2 Ro:As easily seen, the above set is 
losed under taking bra
kets if and only if(tH + uU + wJ) h �w0�w0 i� (t0H + u0U + w0J) h �w�w i = h �2�(tw0�t0w)�2�(tw0�t0w) ifor all t; u; w; t0; u0; w0 2 R . It is now straightforward to 
he
k that this may happen ifand only if � = � = 0. Hen
e h = sl(2;R).



De Mari and Nowak 15CASE 4: dimh = 4. In view of Proposition 4.3 we may assume that�2(h) 2 nno a; sl(2;R)o:� The 
ase �2(h) = no a is trivial and leads to R2 o (no a).� Assume �2(h) = sl(2;R). Then, for some linear fun
tionals � and � on R4h = f�h �(s;t;u;w)�(s;t;u;w) i ; tH + uU + wJ� : s; t; u; w 2 Ro:Arguing as in the previous 
ase, the setf�h �(s;t;u;0)�(s;t;u;0) i ; tH + uU� : s; t; u 2 Romust also be a subalgebra of R2 o sl(2;R). This algebra is three dimensional andproje
ts under �2 onto n o a. Therefore, arguing as we did for this 
ase, we mayassume that for some real number �0 and some fun
tional ~� on R2h = f�h ~�(s;w)�0w i ; tH + uU + wJ� : s; t; u; w 2 Ro:Conjugating with g = ([��00 ℄ ; I) we obtainh = f�h �y(s;t;w)0 i ; tH + uU + wJ� : s; t; u; w 2 Rofor some new fun
tional �y on R3 . Finally,[�h �y(s;t;w)0 i ; tH + uU + wJ�; �h �y(s0;t0;w0)0 i ; t0H + u0U + w0J�℄ =�h t�y(s0;t0;w0)�t0�y(s;t;w)w0�y(s;t;w)�w�y(s0;t0;w0) i ; [tH + uU + wJ; t0H + u0U + w0J ℄�shows that w0�y(s; t; w) � w�y(s0; t0; w0) = 0 for all s; t; w; s0; t0; w0 2 R . Choosingw = w0 = 1 implies that (s; t) 7! �y(s; t; 1) is the zero fun
tional and therefore �ydepends only on w . But then h would be three dimensional, a 
ontradi
tion. Hen
ethis 
ase does not o

ur.Sin
e there are no other 
ases, the proof is 
omplete. ut4.2. Proof of Theorems 3.2 and 3.3. Theorem 3.3 follows from dire
t 
omputa-tions, all of whi
h are elementary. As for Theorem 3.2, the list follows from Theorem3.1 by taking exponentials, and the stru
ture of normalizers and 
entralizers may beestablished by straightforward 
al
ulations. It only remains to be proved that all 
anon-i
al subgroups are mutually non{
onjugate, where 
onjugation in the group, namelyizy = zyz�1 , z; y 2 R2 o SL(2;R), is given byi([ qp ℄;g)([ x� ℄ ; h) = ((I � ghg�1) [ qp ℄ + g [ x� ℄ ; ghg�1):In parti
ular, the SL(2;R){
omponent is given by the usual matrix 
onjugation. Letz 2 R2 o SL(2;R) and denote by �z : R2 ! R2 the a
tion (2.1). If [ x� ℄ 2 R2 and His a subgroup of R2 o SL(2;R), denote by OH[ x� ℄ the orbitOH[ x� ℄ = f�h([ x� ℄) : h 2 Hg:
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al subgroupsIf H and H 0 are 
onjugate subgroups, that is H 0 = iz(H) for some z 2 R2oSL(2;R),then the following obvious relation holds:�z(OH[ x� ℄) = OH0�z([ x� ℄):Thus 
onjugate groups have the same sets of orbits. This fa
t, together with the obser-vation that 
onjugate groups must share dimension and algebrai
 stru
ture, and musthave 
onjugate SL(2;R){
omponents, shows, by simple inspe
tion, that all 
anoni
alsubgroups are mutually non{
onjugate.4.3. Proof of Theorem 3.4. The proje
tion � : h1 o sl(2;R) ! R2 o sl(2;R) givenby ((X; z);A) 7! (X;A) shows that h1osl(2;R)=z is isomorphi
 to R2osl(2;R). Thisis the key observation for the proof, in the form stated in following simple result.Proposition 4.3. Any subalgebra h of h1o sl(2;R) is 
onjugate to a subalgebra �h forwhi
h �(�h) is a 
anoni
al subalgebra of R2 o sl(2;R). Two subalgebras of h1o sl(2;R)are 
onjugate only if they proje
t onto 
onjugate subalgebras in R2 o sl(2;R).Proof. Let P : H 1 o SL(2;R) ! R2 o SL(2;R) denote the proje
tion ((Y; s); g) 7!(Y ; g). Sin
e dP = � , or simply from (2.2), it follows that for X 2 h1 o sl(2;R)and g 2 H 1 o SL(2;R) we have Ad(Pg)(�(X)) = �(Ad gX). Let now Pg be thegroup element that 
onjugates �(h) to a 
anoni
al subalgebra of R2 o sl(2;R). Then�h = Ad g(h) satis�es the �rst assertion. If q1 and q2 are two 
onjugate subalgebras inh1osl(2;R), that is Ad g(q1) = q2 for some g 2 H 1oSL(2;R), then Ad(Pg)(�(q1)) =�(q2), when
e the se
ond assertion utThus we may assume that �(h) is 
anoni
al. In the 
ourse of the proof we see that atmost two 
anoni
al subalgebras proje
t to the same 
anoni
al algebra. In any su
h 
asethe two algebras have di�erent dimensions and 
annot be 
onjugate. This establishesthe fa
t that all algebras appearing in the list are mutually non{
onjugate.CASE 1: �(h) = f0g. Clearly h = z.CASE 2: �(h) = k. There exist �; � 2 R su
h that any X 2 h 
an be writtenX = �([ 00 ℄ ; �t + �z); tJ� for some t; z 2 R . If � = 0, then h = k� . Otherwise put�t+ �z = w and h = z� k.CASE 3: �(h) = a. There exist �; � 2 R su
h that any X 2 h 
an be writtenX = �([ 00 ℄ ; �t + �z); tH� for some t; z 2 R . If � = 0, then h = a� . Otherwise put�t+ �z = w and h = z� a.CASE 4: �(h) = n. There exist �; � 2 R su
h that any X 2 h 
an be writtenX = �([ 00 ℄ ; �t + �z); tU� for some t; z 2 R . If � = 0, then h = n� . Otherwise put�t+ �z = w and h = z� n.CASE 5: �(h) = p. There exist �; � 2 R su
h that any X 2 h 
an be writtenX = �([ 0t ℄ ; �t + �z); tU� for some t; z 2 R . Conjugating with �([ �0 ℄ ; 0); I� thisbe
omes �([ 0t ℄ ; �z); tU� . If � = 0, then h = p. Otherwise put �z = w and h = z� p.



De Mari and Nowak 17CASE 6: �(h) = Rq . There exist �; � 2 R su
h that any X 2 h 
an be writtenX = �([ s0 ℄ ; �s+ �z); 0� for some s; z 2 R . If � 6= 0, put �s+ �z = w and h = RqZ .Otherwise 
onjugate with �([ 0�� ℄ ; 0); I� to get h = Rq .CASE 7: �(h) = n o a. There exist �; �; 
 2 R su
h that any X 2 h 
an bewritten X = �([ 00 ℄ ; �t + �u+ 
z); tH + uU� for some t; u; z 2 R . If 
 6= 0, then put�t+ �u+ 
z = w and h = z� (no a). If 
 = 0, it easily seen that for X and X 0 inthe above parametrization, [X;X 0℄ 2 h only if � = 0. Thus h = no a� .CASE 8: �(h) = Rq o a. There exist �; �; 
 2 R su
h that any X 2 h 
an bewritten X = �([ s0 ℄ ; �t + �s + 
z); tH� for some s; t; z 2 R . If 
 6= 0, then put�t+ �s+ 
z = w and h = RqZ o a. If 
 = 0, it easily seen that for X and X 0 in theabove parametrization, it 
an be [X;X 0℄ 2 h only if � = 0. Thus h = Rq o a� .CASE 9: �(h) = Rq �n. There exist �; �; 
 2 R su
h that any X 2 h 
an be writtenX = �([ s0 ℄ ; �s+�u+
z); uU� for some s; u; z 2 R . If 
 6= 0, then put �t+�s+
z = wand h = RqZ � n. If 
 = 0, 
onjugate with (��h 0��=t i ; 0); at� with t 6= 0 to get��h ts+�t (t2u)0 i ; ( �t2 � 12 �2t2 )(t2u)�; (t2u)U�:Put v = (t2u) and w = ts+ �t (t2u), obtaining��"w0# ; [2� � �22t2 ℄v)�; vU�:By suitably 
hoosing t we may let (2� � �2=2t2) 2 f0;�1g. Thus h = Rq � n� .CASE 10: �(h) = Rq � p. There exist �; �; 
 2 R su
h that any X 2 h 
an bewritten X = �([ qt ℄ ; �q + �t + 
z); tU� for some q; t; z 2 R . It easily seen that for Xand X 0 in the above parametrization,[X;X 0℄ = ��[ 00 ℄ ; q0t� qt0�; 0�;so that ne
essarily q0t� qt0 = � � 0 + � � 0 + 
z for all q; t; q0; t0 2 R and some z . This
an only happen if 
 6= 0. Put then �t+ �s+ 
z = w and h = RqZ � p.CASE 11: �(h) = R2 . There exist �; �; 
 2 R su
h that any X 2 h 
an be writtenX = �([ qp ℄ ; �q+ �p+ 
z); 0� for some p; q; z 2 R . It easily seen that for X and X 0 inthe above parametrization, [X;X 0℄ = ��[ 00 ℄ ; q0p� qp0�; 0�;so that ne
essarily q0p� qp0 = � � 0+ � � 0+ 
z for all q; p; q0; p0 2 R and some z . This
an only happen if 
 6= 0. Put then �t+ �s+ 
z = w and h = h1 .CASE 12: �(h) = Rq o (no a). There exist �; �; 
; Æ 2 R su
h that any X 2 h 
anbe written X = �([ q0 ℄ ; �t + �u + 
q + Æz); tH + uU� for some q; t; u; z 2 R . If Æ 6= 0



18 Canoni
al subgroupsthen put �t+ �u+ 
q + Æz = w and h = RqZ o (no a). If Æ = 0, it easily seen thatfor X and X 0 in the above parametrization,[X;X 0℄ = ��h tq0�t0q0 i ; 0�; 2(tu0 � t0u)U�;so that ne
essarily 0 = � � 0+ 2�(tu0� t0u)+ 
(tq0� t0q) for all q; t; u; q0; t0;0 u 2 R andsome z . This 
an only happen if � = 
 = 0. Thus h = Rq o (no a�).CASE 13: �(h) = sl(2;R). There exist �; �; 
; Æ 2 R su
h that any X 2 h 
an bewritten X = �([ 00 ℄ ; �a + �b + 

 + Æz); ([ a b
 �a ℄� for some a; b; 
; z 2 R . If Æ 6= 0 thenput �a + �b + 

 + Æz = w and h = z � sl(2;R). If Æ = 0, it easily seen that for Xand X 0 in the above parametrization, [X;X 0℄ 2 h only if0 = �(b
0 � b0
) + 2�(ab0 � a0b) + 2
(
a0 � 
0a)for all a; b; 
; a0; b0; 
0 2 R , so that ne
essarily 0 = � = � = 
 . Thus h = sl(2;R).CASE 14: �(h) = R2 o k. There exist �; �; 
; Æ 2 R su
h that any X 2 h 
an bewritten X = �([ qp ℄ ; �q + �p + 
t + Æz); tJ� for some q; p; t; z 2 R . If Æ 6= 0 then put�q + �p+ 
t + Æz = w and h = h1 o k. If Æ = 0, it easily seen that for X and X 0 inthe above parametrization, [X;X 0℄ 2 h only ifpq0 � qp0 = �(tp0 � t0p) + �(qt0 � q0t)for all p; q; t; p0; q0; t0 2 R , whi
h is impossible for all �; � 2 R .CASE 15: �(h) = R2 o a. There exist �; �; 
; Æ 2 R su
h that any X 2 h 
an bewritten X = �([ qp ℄ ; �q + �p + 
t + Æz); tH� for some q; p; t; z 2 R . If Æ 6= 0 then put�q + �p + 
t + Æz = w and h = h1 o a. If Æ = 0, it easily seen that for X and X 0 inthe above parametrization, [X;X 0℄ 2 h only ifpq0 � qp0 = �(tq0 � t0q) + �(pt0 � qp0t)for all p; q; t; p0; q0; t0 2 R , whi
h is impossible for all �; � 2 R .CASE 16: �(h) = R2 o n. There exist �; �; 
; Æ 2 R su
h that any X 2 h 
an bewritten X = �([ qp ℄ ; �q + �p+ 
u+ Æz); uU� for some q; p; u; z 2 R . If Æ 6= 0 then put�q + �p+ 
t+ Æz = w and h = h1 o n. If Æ = 0, it easily seen that for X and X 0 inthe above parametrization, [X;X 0℄ 2 h only ifpq0 � qp0 = �(tp0 � t0p)for all p; q; t; p0; q0; t0 2 R , whi
h is impossible for all � 2 R .CASE 17: �(h) = R2 o (noa). There exist �; �; 
; Æ; " 2 R su
h that any X 2 h 
anbe written X = �([ qp ℄ ; �t+ �u+ 
q + Æp+ "z); tH + uU� for some q; p; t; u; z 2 R . If" 6= 0 then put �t + �u+ 
q + Æp + "z = w and h = h1 o (n o a). If " = 0, it easilyseen that for X and X 0 in the above parametrization, [X;X 0℄ 2 h only ifpq0 � qp0 = �(tu0 � t0u) + 
(tq0 � t0q + up0 � u0p) + Æ(pt0 � p0t)for all p; q; t; u; p0; q0; t0; u0 2 R , whi
h is impossible for all �; 
; Æ 2 R .



De Mari and Nowak 19CASE 18: �(h) = R2 o sl(2;R). There exist �; �; 
; Æ; "; ! 2 R su
h that any X 2 h
an be written X = �([ qp ℄ ; �a+�b+

+Æq+"p+!z); [a b
 �a ℄� for some q; p; a; b; 
; z 2 R .If ! 6= 0 then put �a + �b + 

+ Æq + "p + !z = w and h = h1 o sl(2;R). If ! = 0,it easily seen that for X and X 0 in the above parametrization, [X;X 0℄ 2 h only ifpq0 � qp0 = �(b
0 � b0
) + 2�(ab0 � a0b) + 2
(
a0 � 
0a)+ Æ(aq0 � a0q + bp0 � b0p) + "(
q0 � 
0q + pa0 � p0a)for all p; q; a; b; 
; p0; q0; a0; b0; 
0 2 R , whi
h is impossible for all �; �; 
; Æ; " 2 R .Sin
e there are no othere 
ases the proof is 
omplete.5. Related issues5.1. Polynomial algebras. The 
lassi�
ation of Theorem 3.4 may be expressed interms of (Poisson) polynomial algebras. Let P2 denote the Lie algebra 
onsisting of allpolynomials of degree � 2 in two indeterminates, equipped with the Poisson bra
ketff; gg = �f�x �g�� � �f�� �g�x; f(x; �); g(x; �) 2 P2:Let � : h1 o sl(2;R) ! P2 be de�ned by���([ qp ℄ ; t);A�� = �12 hx �i JA "x�#� hx �iJ "qp#� t (5.1)Expli
itly, if [ a b
 �a ℄ 2 sl(2;R), then���([ qp ℄ ; t);A��(x; �) = � 
2 x2 + ax� + b2 �2 � px+ q� � t:As easily 
he
ked, � is a Lie algebra isomorphism. Observe that h1 is mapped by� onto P1 , whereas sl(2;R) 
orresponds to homogeneous polynomials of degree 2.The adjoint a
tion on P2 is given by aÆne 
oordinate 
hange. In other words, g =((y; s);B) 2 G a
ts on R2 by ((y; s);B) � t [x; �℄ = B t [x; �℄ + y and �(Ad gH) =�(H)Æg�1 . Thus we identify Poisson subalgebras of P2 up to aÆne 
oordinate 
hanges.The expli
it list is omitted.The isomorphism (5.1) plays an important role in the harmoni
 analysis in phase spa
e.Let " denote the extended metaple
ti
 representation of H 1 o SL(2;R) (see e.g. [F℄for more details) and let �w denote the Weyl pseudodi�erential operator with symbolthe tempered distribution � 2 S 0(R2) like, for example, a polynomial. The followingformula holds: "(expX) = e2�i(�(X))w ; X 2 g:Thus P2 is a natural model for " via the Weyl 
al
ulus. This 
orresponden
e has beenused in [DN℄ in 
onne
tion with the problem of des
ribing the 
ommutative algebrasgenerated by the restri
tion of " to one{parameter subgroups of H 1 o SL(2;R).
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al subgroups5.2. Coverings. Our results 
ould be extended to all Lie groups lo
ally isomorphi
to either G1 = R2 o SL(2;R) or G2 = H 1 o SL(2;R), be
ause their Lie algebras areeither g1 = R2 o sl(2;R) or g2 = h1 o sl(2;R). The matter essentially redu
es to thefollowing steps:(a) Identify the universal 
overings of G1 and G2 , 
ompute their dis
rete 
entralsubgroups and then form the quotients of G1 and G2 modulo their dis
rete 
entralsubgroups. Su
h quotients exhaust the 
lass of all Lie groups lo
ally isomorphi
to either G1 or G2 . This is easily done: for G2 one gets the groups H 1oSL(m) orH red1 o SL(m) , where H red1 = H 1=Z is the redu
ed Heisenberg group and SL(m) isthe m{sheet 
overing of SL(2;R). The 
ase of 
ountably many sheets 
orrespondsto the universal 
overing SL1 . The groups lo
ally isomorphi
 to G1 are its
overings R2 o SL(m) . The expli
it 
onstru
tion of the universal 
overing SL1may be found for example in [LV℄, while the expli
it 
onstru
tion of all othergroups together with many useful formulae and observations may be found in [A℄.(b) Given a group Hi lo
ally isomorphi
 to Gi , i = 1; 2, 
ompute the exponentialmapping exp : gi ! Hmi and write the 
anoni
al subgroups 
orresponding to the
anoni
al subalgebras of gi . Referen
es[A℄ S. Ai
ardi, La rappresentazione metapletti
a estesa, Tesi di Laurea, Genova, 1998.[DN℄ F. De Mari and K. Nowak, Reprodu
ing formulae and 
ommutative operator algebras related toaÆne transformations of the time{frequen
y plane, Preprint, 1998.[F℄ G. B. Folland, Harmoni
 Analysis in Phase Spa
e, Prin
eton University Press, Prin
eton, 1989.[LV℄ G. Lion and M. Vergne, The Weil representation, Maslov index and Theta series, Birkh�auser,Boston, 1980.Filippo De Mari, Universit�a di GenovaE-mail address : demari�dima.unige.itKrzysztof Nowak, Pur
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