CANONICAL SUBGROUPS OF H; x SL(2,R)
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ABSTRACT. We classify, up to inner conjugation, all subgroups of the semidirect
products Hy x SL(2,R) and R? x SL(2,R). Our methods can be applied to all Lie
groups locally isomorphic to them.
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1. INTRODUCTION

Let H; denote the three-dimensional Heisenberg group. The groups H; x SL(2,R),
R? x SL(2,R) and their double coverings play an important role in time—frequency
analysis, that is in phase space analysis in dimension one (see [F]). Despite their basic
relevance, no reference containing detailed information about the structure of their
subgroups is available in the literature. This paper fills this gap, providing convenient
tables of all connected Lie subgroups of H; x SL(2,R) and R? x SL(2,R) up to inner
conjugation: for each conjugacy class we exhibit a natural representative (that is a
“canonical” subgroup) together with its normalizer and centralizer.

The main step in the problem at hand is clearly to derive an explicit description of
the conjugacy classes of all Lie subalgebras of R? x s[(2,R) and bh; x s[(2,R) under
the adjoint actions of the corresponding connected Lie groups. The result concerning
h1 x s[(2,R) has also an interesting interpretation in terms of Poisson polynomial
algebras. Indeed, it is well-known that h; x s[(2,R) is canonicallly isomorphic, as a
Lie algebra, to the algebra P, of polynomials in two indeterminates and degree < 2
equipped with the usual Poisson bracket {f,¢}. Under the isomorphism, the adjoint
action corresponds to affine coordinate changes. Thus, we classify Poisson subalgebras
of P, up to affine coordinate changes.

Our approach can be applied to derive analogous classifications for all connected Lie
groups that are locally isomorphic to either H; xSL(2,R) or R*xSL(2,R). The groups
locally isomorphic to H; x SL(2,R) are of the form H; x SL(™ or HE*® x SLU™ | where
Hed = H, /Z is the reduced Heisenberg group and SL™ is the m-sheet covering of
SL(2,R), the case of countably many sheets corresponding to the universal covering.
The groups locally isomorphic to R? x SL(2,R) are its coverings R? x SL(™).

Our primary interest in these classification results comes from the issues addressed in
[DN], where complete lists are needed for different purposes. On the one hand, we
want to describe all possible reproducing formulas — for functions in L?*(R) — that arise
by restricting the extended metaplectic (projective) representation of the double cover
of R? x SL(2,R) to its subgroups. A reproducing formula of this sort reflects, on the
level of functions, the properties of those affine transformations of the time—frequency
plane that are encoded in the given subgroup H. Moreover, the appropriate notion of
equivalence of two such formulas — in a sense made precise in [DN] — may be translated
into conjugacy of the corresponding groups. Thus, the normalizers N(H) provide
further useful information. In the same paper we also analyze the commutative operator
algebras consisting of bounded functions of P¥, the Weyl pseudodifferential operator
defined by a real polynomial P of degree < 2. The sensible reduction procedure, in
this case, is provided by the classification up to inner conjugation of the one—parameter
subgroups of R? x SL(2,R), in the sense that any such operator algebra is conjugate
to one of the five canonical algebras corresponding to the five non—conjugate one—
parameter subgroups.

The paper is organized as follows. In Section 2 we introduce the groups and algebras we
shall be concerned with. In Section 3 we present our classification results together with



all the explicit parametrizations. In Section 4 we prove the main theorems. Finally, in
Section 5 we briefly discuss Poisson polynomial algebras and covering groups.

2. PRELIMINARIES AND NOTATION

The group SL(2,R) is the group of 2 x 2 real matrices with determinant equal to one
and its Lie algebra is identified with s[(2, R), the space of 2 x 2 real, traceless matrices
with commutator as bracket. The adjoint action of SL(2,R) on sl(2,R) is the usual
matrix conjugation AdgX = gXg~'. The linear action of SL(2,R) on R? gives rise
to the semidirect product R? x SL(2,R), where the multiplication is defined by

(1), 00) ([81,92) = (18] + 01 [], 0192).-
Consequently, the bracket of (X, A;), (Xo, A3) € R? x s[(2,R) is
(X1, Ay), (X, Ar)] = (A1 X — A Xy, [Ay, Ag)).
Observe that R? x SL(2,R) acts naturally on the time-frequency plane R? by

((81.9) - [E] = g[E]+12]. (2.1)

=9
The exponential mapping exp : R? x SL(2,R) — R? x s[(2,R) takes the form

t
expt(X,A) = (/ e X dr, etA),
0

whereas the adjoint action of ([}],g) € R? x SL(2,R) on (X, A) € R? x sl(2,R) is
Ad([3],9)(X, 4) = (9X — gAg™" [}],9Ag™).

Denote by H,; the three-dimensional Heisenberg group, that is R? x R with product:

1
(qu,p1,t1) - (g2, P2, t2) = (qu + G2, p1 + P, b1 + 1o — §(Q1p2 — P142))-
Sometimes it is more convenient to write z = [}] € R? and express the product in
terms of the simplectic form w. Thus if z;, 2, € R? and
w($1,$2) = tx1J$2; J = [—01 (1)];

we have (xy,t1) - (z2,t2) = (x1 + 22,11 + t2 — Lw(wy,22)). The Lie algebra by of H,
may be identified with R? x R with bracket

(X1, 1), (Xa, t2)] = (0, —w (X7, X2)).

The action of SL(2,R) on H; given by the automorphisms A - (z,t) = (Ax,t) gives
rise to the semidirect product H; x SL(2,R), where the multiplication is given by

((z1,t1); 91) (w2, 2); 92) = ((21,t1) - (9172, 12); G192)-
so that its Lie algebra g = bh; x sl(2,R) of H; x SL(2,R) has bracket
[(X1,t1); Av), (Xo, t2); A2)] = (A1 Xo — Ay X, —w (X4, Xy)); [Ar, Ag)).

The exponential mapping can be shown to be

¢ 1t v
expt((X,u); A) = (/0 ™ X dr,tu — 5/0 w(X,/O e™ X dr) dv);etA)),
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while the adjoint action of ((y,s);g) € H; x SL(2,R) on ((X,z);A) € by x sl(2,R) is
_ I _
((gX —9Agy, 2wy, 9X — J9Ag7'y)): g Ag 1)- (2:2)
3. CLASSIFICATION RESULTS

3.1. Canonical subalgebras of R* x s[(2,R). As agreed, sl(2,R) is the Lie algebra
of 2 x 2 traceless matrices with commutator as bracket. The elements

H=[%], J=[%¢], U=[§;
satisfy [H,U| = 2U and generate the algebras
E:{tJ:tER};
a:{tH:tER};
n:{tU:tER};

nxa:{tHJruU:t,ueR}.

By means of the immersion X — ([§],X) of s[(2,R) in R* x s[(2,R) we shall identify
£, a, n, nxa and sl(2,R) itself as subalgebras of R? x s[(2,R). Similarly, by taking
semidirect products with R? we write

R2 xt={([}],tJ) : 1,5t €R};
R? xa= {([i],tH):r,s,tER};
R? xn={([;],tU): 1,5t € R};
R? x (nxa)= {([i],tH+uU):r,s,t,u6R}.
Next, let
R, ={[i]:s€R} CR, R,={[?:reR}CR. (3.1)

The subscripts ¢ and p come from thinking of the plane as phase—space, with position
S S

¢ and momentum p. By means of the immersion [§] — ([£],0) of R? in R? x 5[(2,R)
we shall identify R, as a subalgebra of R? x s[(2,R). Thus, we may consider

R, @ a={([s] tH): 51t €R};
R, x n={([3],tU) : 5,t € R};
R, @ (nxa) = {([§],tH + ul) : 5,t,u € R}.

It should be observed that n acts on R, by zero, so that their product is actually
direct, whereas £ does not act on R,. Finally, consider the diagonal of R, x n, written

p={(9,10): t € R}
because the orbits of the corresponding group in the time-frequency plane are parabolas
(see Theorem 3.3). Its vector space direct sum with R, leads to the abelian Lie algebra

RqGB}J:{([i],TU):TGR}.

The Lie algebras we have introduced, hereafter referred to as canonical, exhaust a list
of representatives for the conjugacy classes of subalgebras of R? x s[(2,R).



Theorem 3.1. Any proper Lie subalgebra b of R? x sl(2,R) is conjugate to one of
the following non—conjugate canonical Lie algebras, listed together with hM) = b, 5],
h® = [pW, pW], b2y = [b, by] and their algebraic structure.

dim/n. §) hHb h2 ba) structure
(1) ¢ 0 0 0 abelian
(14i) a 0 0 0 abelian
(Liii) n 0 0 0 abelian
(Liv) p 0 0 0 abelian
(1lv) R, 0 0 0 abelian
(24) nxa n 0 n solvable
(24i)) Ry xa R, 0 R, solvable
(2.4ii) Ry xn 0 0 0 abelian
(24v) R, @p 0 0 0 abelian
(2v) R 0 0 0 abelian
3.) Ry,x(nxa) Ryxn 0 R, xn  solvable
(3.i7)  sl(2,R) sl(2,R) sl(2,R) sl(2,R) semisimple
(3.177) R® x ¢ R? 0 R? solvable
(3.v) R®xa R? 0 R? solvable
(Bw) R*xn R, 0 0 solvable
(49) R*x(nxa) Rxn R, R* xn  solvable

In the first column, the first index denotes dimension.

3.2. Canonical subgroups of R? x SL(2,R). By means of the exponential mapping
it is easy to compute the connected subgroups that correspond to the canonical Lie
algebras described in Theorem 3.1. For the reader’s convenience, we give explicit
parametrizations of such groups. Most notations are self-explanatory. First of all, put

kg =exp0J = [ cos 0 sine];

—sin6 cosf
a; = exptH = [eot eo_t], and dy = aipgs = [S 591], s> 0;
u = exptU = 3],
The above generate the canonical subgroups of SL(2,R), namely
K ={ky:0 € R} = SO(2,R);
A= {ds 15> 0};
N ={u, :t e R};
NA={wdyy :t€R s >0},
Along with the above groups, we shall consider the following variants
+N ={[§!]:e=+1,t €R};
+NA={[s ] a#0,teR};
A=+A= {diag(a, at)ia# 0};
AY = (A, J) (group generated by A and J).
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The normalizer N(-) and centralizer Z(-) in SL(2,R) of the canonical groups K, A
) a

and N of SL(2,R

N(K) = Z(K) = K N(E) = Z(8);
N(A) = N(a) = A%, Z(A) = Z(a) = A;
N(N) = N(n) = iNAZ() Z(n) = £N.

as one checks by direct computation. Finally,

R? x K = {([§] ko) : p,q,0 € R};

q
p
q
P
R? x NA = {([g] yugdgie) p,g,t € Ros > 0}.
i
q
0
(

nd of the canonical algebras ¢, a and n of sl(2,R) are

Theorem 3.2. Any connected Lie subgroup of R* x SL(2,R) is conjugate to one of
the following non—conjugate subgroups, listed together with their normalizers N(-) and

centralizers Z(-).

dim/n. group
(1.9) K

(1.4i) A
(1.4i) N
(1.iv) P

o) R,

(2.7) NA
(2.1) R, x A
(2.41) R, x N
(2.iv) R, - P
(2.v) R?

(3.4) R, x NA
(3.44) SL(2,R)
(3.4i) R? % K
(3.iv) R? % A
(3.v) R? x N
(4.4) R2 » NA

N()

K

AO

R, x +NA
P

R, x +NA
+NA

R, x A

R? x £NA
R?> x N

G

R, x +NA
SL(2,R)
R? x K
R? x A°
R? x +NA
R? x +NA

In the first column, the first index denotes dimension.



For some purposes (see [DN]) it is of interest to describe the geometric nature of the
orbits of the various canonical groups in the time—frequency plane. We shall also use
such structures to show that the canonical groups are mutually non—conjugate.

Theorem 3.3. The orbits of the canonical subgroups of R? x SL(2,R) on the plane
R? = {[£]: z,€ € R} relative to the action (2.1) are:

dim/n. group orbits

[u—
~.
~—

circles centered at the origin; the origin;
branches of hyperbola x& = cost.; the four half-axes; the origin;
points on the x—axis; horizontal lines;
parabolas of the form x = %§2+ cost.;
the x axis;
the half-planes & > 0 and £ < 0; the two half x axes; the origin;
A the half-planes & > 0 and £ < 0; the x axis;
N horizontal lines;
-P the plane;
the plane;
the half-planes & > 0 and &€ < 0; the x axis;
3.4i)  SL(2,R) the punctured plane; the origin;
3.11) R2 x K the plane;
3.v) R2x A  the plane;
the plane;
R%2 x NA the plane.
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3.3. Canonical subalgebras of h; xs[(2,R). Asit is clear from the formula express-
ing the bracket in h; x s[(2,R), its center is

3= {(([8]az);0) iz € R}.
For a real parameter «, we put
ta = {(([8], at);t]) : t € R};
oo = {(([§], at);tH) : t € R};
no = {(([3],a0);tU) : t € R};
nXxa, = {(([8],at);tH+uU) :t,uER}.

If a = 0, the corresponding subscript will be omitted. The first three are obviously
abelian, while n x a, is solvable, its derived algebra being n. Next we consider

sxt={((8],2)it]) : 2,t € R};

3Xa= {(([8],z);tH) :Z,tER};
sxn={((8],2);tU) : 2,t € R};

3 X (nma):{(([ ],z);tH+uU) :z,t,uER};

3 xsl(2,R) = {(([8],2);tH + ulU +wJ) : 2, t,u,w € R},
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whose algebraic structure is readily seen: the first three are abelian and the fourth is
solvable since the central factor does not play any role; the last one is reductive because
it stands as the product of its center and its derived algebra, which is semisimple. Other
canonical semidirect products are:

hlmfz{(([ﬁ] z)'tJ)'s,r,z,tER};
hlma:{( 51, 2);5t ):s,r,z,tER};
hlmn:{(ﬁ,z) ) srzteR};
blx(nxa)—{(([ 1, 2); tH+uU) :s,r,z,t,uER}

for which the algebraic structure is less obvious but follows by simple computations

and is stated in Theorem 3.4. By means of the immersion [£] — (([£],0);0) of R? in

b1 x sl(2,R) we shall identify R, as a subalgebras of h; x s[(2,R). Its direct sum with
the center will be denoted for short

RqZ:{(([S],z);O) :s,zE]R}.
By means of R, and R;Z we define natural semidirect products
H):t SER}, a € R;
U) t SER}, a € R;

R, @ (nx a,) = {(([3],0t);tH) : t,s € R}, a € R;
R, Z % a:{(([g],z);tH):s,z tER}
R,Z xn= {(([8],2);tU) :s,z,tER};

R,Z x (n X a) :{(([8],z);tH+uU) :s,z,t,ueR}.

Notice that n acts on R,Z by zero, so that their semidirect product is actually direct.
Finally, the set-theoretic injection (X, A) — ((X,0); A) of R? xsl(2,R) in bh; xs[(2, R)
maps p into a subalgebra of the latter, denoted in the same way. Therefore we write

3Xp= {(([2],2);7"U) :z,rER};
&Z@p:{(([i],z);rU):s,r,zeR} :

The notation R, Z ®p reflects the fact that this algebra is the vector space direct sum of
R, Z and p and not their direct product as Lie algebras. As for the algebraic structure,
observe that 3 xp is abelian while R,Z@®#p is nilpotent, because [R,Z®p, R, ZPp] = 3.
It is isomorphic, but not conjugate, to the Heisenberg algebra 0.

The Lie algebras we have introduced, hereafter referred to as canonical, exhaust a list
of representatives for the conjugacy classes subalgebras of h; x s[(2,R), as stated in
the next classification result.

Theorem 3.4. Any proper Lie subalgebra b of b1 x sl(2,R) is conjugate to one of the
following types of Lie algebras, listed together with hV) = b1y = [h, h], H@ = [H1), H1)],
b2y = [b, by] and their algebraic structure.



dim/N. §) h) b2 b structure
(1.9) 3 0 0 0 abelian
(1.4i) €, a€eR 0 0 0 abelian
(1.4i7)  a,, a €R 0 0 0 abelian
(liv)  ng a€R 0 0 0 abelian
(lw) p 0 0 0 abelian
(Lwi) R, 0 0 0 abelian
(2.4) 3x @ 0 0 0 abelian
(24i))  j3xa 0 0 0 abelian
(2.i43) 3 xn 0 0 0 abelian
(2iiv) nXxa, a€R n 0 n solvable
(2w) R, xa,, a€eR R, 0 R, solvable
(2vi) Ry xmn, ne{0,£1} 0 0 0 abelian
(2wid) 3 xp 0 0 0 abelian
(2.viit) R,Z 0 0 0 abelian
(3.7) R, x(nxa,), aeR Ry, xn 0 R, xn  solvable
(3.4i) 3 x (nxa) n 0 n solvable
(3.4ii) R,Zxa R, 0 R, solvable
(3.4v) R,Zxn 0 0 0 abelian
(3.w)  sl(2,R) sl(2,R) sl(2,R) sl(2,R) semisimple
(Bwi) R, ZPp 3 0 0 nilpotent
(3.wit) by 3 0 0 nilpotent
(4.7) hy x @ b1 3 b1 solvable
(41) by xa b1 3 b1 solvable
(4.4i7) by xn R, Z 0 3 solvable
(4av) R,Zx (nxa) R, xn 0 R, x n solvable
(4dv) 3 xsl(2,R) sl(2,R) sl(2,R) sl(2,R) reductive
(5.1) b1 ¥ (n % a) hy xn R,Z hy xn  solvable

In the first column, the first index denotes dimension. Moreover, whenever a parameter
appears, algebras corresponding to distinct parameters are not conjugate.

3.4. Canonical subgroups of H; x SL(2,R). First of all, it is clear that
7 ={((0,2);1) : z € R}.
is the center of H; x SL(2,R). The groups
Ka—{((O tar); k't) :tER}, a € R;
A, = {((0 ta);a ):tER}, a € R;
N, = {((0 ta); u ):teR}, a € R;
= {((0, sa),utas) 15, b€ R}, a € R.

correspond to K, A, N and NA for a = 0, in which case the subscript will be omitted.
Some groups arise as direct products of the form Z x H, where H is a subgroup of
SL(2,R), like Zx K, Zx A, Z x N, but also, for example Z x A, Z x A’. Lie groups
containing semidirect factors like R, or R,Z are written in the natural way, namely
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qulAa—{( g],ta,at) tER},aER;
quNa—{( g],ta,ut) ntR},aER;
R, @ (NA,) = {(([ ],sa),utas):q,stER},aER;
R,Z x N = {([g],z,ut) qtzE]R}
RqZX]NA:{(([g],Z),Utduz):q,tZERS>0};
RqZN:I:N:{(([g],z),n) q,zERnE:I:N}

2);

R,Z x =NA={(([§],2);b) : ¢,z € R,b € £NA}.

The last groups we need arise by starting from the Lie group P whose Lie algebra is
p C by xsl(2,R) (see section 3.3) and successively taking normalizers in H; x SL(2, R).
They correspond to the algebras p, 3 x p and R, Z @ p, respectively, that is

P={(([5] %) :t eR};

ZxP={(([*"]. 2+ &) w) : t,2 € R} = N(P);

R,Z-P={(([],2)w): q.t,z € R} = N(Z x P).
It should be observed that the one-dimensional group P written above projects onto
the subgroup P C R? x SL(2,R) considered in section 3.2 under the quotient map

modulo the center Z. Indeed, H; x SL(2,R)/Z ~ R* x SL(2,R). We are now in a
position for stating the main classification result at the level of groups.

Theorem 3.5. Any connected Lie subgroup of Hy x SL(2,R) is conjugate to one of
the following non—conjugate subgroups, listed together with their normalizers N(-) and
centralizers Z(-).

dim/n. group N(+) Z()

(1.2) zZ G G

(1.i4) Ko, a €R Zx K Zx K
(1.4i7) A,, a € R\ {0} Z x A Zx A
(1.iv) A Z x A° Z x A
(1.v) No, a € R\ {0} R, Zx+N RZx+N
(lvi) N R,Z x +NA R,Z x +N
(Lvii) P Z % P Zx P
(Lvii)) R, R,Z x +NA R,Z x N
(2.4) Zx K Zx K Zx K
(2.74) Z x A Z x AY Z x A
(24i))  Zx N R,Z x +NA R,Z x £N
(24v)  NAs,a€R Zx+NA  Zx+]
(2.v) Ry, x Ay, c €R R, Z x A Z

(2vi) Ry x N R,Z x +NA R,Z x N
(2wii) Ry x N,, p€ {1} RZx+N R, ZxN
(2.viil)  Zx P R,Z - P Zx P
(2iz)  RZ Hy x +tNA R,Z x N



(34) Ry x(NA), a €R RZx+NA Z

(3.41) Zx NA Zx tNA Z x££I
(3.4i1) R,Z x A R, Z x A A
(3.4v) R, ZxN H, x tNA R,Zx N
(30)  SL(2,R) Z x SL2,R) Z x £I
(30i) R,Z-P H, x N Z
Bwi))  H G Z

(4@) Hl X K Hl x K VA

(4Z’L) H1 X A Hl x A VA
(44i)) H @ N H, x +NA  Z
(4iv) R, ZxNA R,Z x +NA Z

(4v)  ZxSL(2,R) Z x SL2,R) Z x +I
(5@) Hl X NA Hl X +NA VA

In the first column, the first index denotes dimension.

4. PROOFS

4.1. Proof of Theorem 3.1. In the course of the proof of Theorem 3.1 we shall use
Proposition 4.3 below, a variant of the next well-known result.

Proposition 4.1. Any non-trivial subalgebra of sl(2,R) is conjugate to either n, a,
t ornxa.

Recall that the adjoint action of ([£],9) € R? x SL(2,R) on (X, A) € R? x sl(2,R) is
given by

Ad([$],9)(X, A) = (9X — gAg " []], 9497 1).

Proposition 4.2. Any subalgebra b of R? xsl(2,R) is conjugate to a subalgebra b for
which 5 (h) € {{0},11, a, b nx a,s[(2,R)} , where Ty is the projection mo(X, A) = A.

Proof. Observe that 7 is a Lie algebra homomorphism intertwining the adjoint
actions of R? x SL(2,R) and SL(2,R), and apply Proposition 4.1. |

We shall prove that any subalgebra b of R? x s[(2,R) is conjugate to one of the listed
ones. The fact that they are mutually non—conjugate follows from Theorem 3.2, where
it is proved that the same property holds for the corresponding connected subgroups
by inspecting the structures of their orbits in the time-frequency plane. We shall
not write the explicit calculations leading to the description of h(1) = by = [b, b,
h® = [6™, ] and by = [h, hyy], nor shall we prove the assertions concerning the
algebraic structures because these are all straightforward matters.

CASE 1: dimh = 1. In view of Proposition 4.3 we may assume that

ma(b) € {{0},n,a,t}.

o If my(h) = {0}, then b C {([%],0) : r,s € R} is a one-dimensional subspace of R
so that h =R, up to the linear action of SL(2,R), that is up to conjugation.
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e Assume next m(h) € {n,a,t}, and let A be either H, U or J. Then there exists

(o, B) € R? such that
h={([5] t4) -t e R}.
o If a« = =0 then b is either a, € or n.
© Suppose next « =0 and f# 0. If A=U, the group element

9= [a%]. 1% s2])

conjugates h to p. If A= H, then g = ([g] ,I) conjugates h to a. If A = J, then
g= ([_Oﬂ] ,I) conjugates h to €.
o Finally, suppose o # 0 and f=0. Ift A=U, then g = ([2],I) conjugates h to n.
If A=H, g=([§],I) conjugates h to a. If A=, g =([2],I) conjugates b to €.
CASE 2: dimbh = 2. In view of Proposition 4.3 we may assume that
ma(b) € {{0},n, 0, &, n % a}.

e The case my(h) = {0} is trivial and yields h = RZ.
e Assume next m(h) € {n,a, €} and let A be either H, U or J. Here two cases arise:

(a) b contains the line {(0,tA) : t € R};

(b) b does not contain the line {(0,tA) : t € R}.
In case (a) there exists a non—zero (a, ) € R? such that

h= {(u[%],tA) :t,uER}.

The bracket of two elements in b takes the form
[(U’ [g] ,tA), (U” [%] ,t’A)] = ((tu, - t’u)A [%] ) 0)

and the set {(u[3],tA) :t,u € R} is a Lie algebra if and only if («, ) is an eigenvector
of A. If A=U, then («, ) = A(1,0) for some A # 0 and we obtain R, xn. If A=H
then either h = {([§],tH) : t,s € R} or h = {([?],tH) : t,s € R}. The first case is

R, x a and the second reduces to R, x a by conjugating with ¢ = (0,.J). The case
A = J cannot occur because J has no non-zero eigenvectors.

In case (b), for some linear functional 7(s,r) we have
h={([;],7(s,1)A) : 5,7 €R}.
The bracket of two elements in h takes the form
(131, 7(s.1)A), ([2] . 7(s ) A)] = (r(s,m)A [ 5] = (s, 7) A[3],0)
and the set {([3],7(s,7)A) : s, € R} is a Lie algebra if and only if
(s, )T (A[L]) = 7(s', )T (A[}]) =0
for all s,r,s',r" € R. This condition is equivalent to

vy ® "Av, = "Av, @ vy,



where v, is the vector representing the functional 7(-,-), that is 7(s,r) = ([;],v,).
The latter condition, in turn, holds if and only if v, is an eigenvector of ‘A. If

A =U, then h = {([}],arU) : s,r € R} for some a # 0, and g = (0, [‘fol/?’ a&,,])
conjugates h to R, @ p. If A = H, then either h = {([}],arH) : s,r € R} or
h={([;],asH) : s,r € R} for some o # 0.Take g = ([_C?fl} ,I) in the first case and
g= ([_0?71] ,J) in the second case to conjugate h to R, x a. Again, the case A =J
cannot occur.

e Now we consider the case m2(h) =n x a. We can represent b in the form
h= {([‘;g;g;] ,tH+uU) tu € R},

where o(t,u) and p(t,u) are linear functionals on R?*. The bracket of two elements in
h takes the form
o(tu) o(t'u') / !
([ ] tH + ), ([Fon ] £ H +U)]
_ o(t'u') o(t,u)
= ((tH +ul) [ 005 | = (CH +u'0) 2], 200 = tu)U),
so that the condition
o(t',u') ) i (ot u)|  o(0,2(tu — t'u))
“H+“m[maw>‘“ﬂ*“U)pmu>— p(0. 200 — )| ()

must be satisfied for all ¢,u,?', v’ € R. Let v, = (v1,v2) denote the vector representing
p; equating the second coordinates in (4.1) forces vo = 0. Thus

b={(["""] tH+uU):t,ucR}.
Conjugating with g = ([, ],1) leads to
([740] ¢ + ) : 1, € R)
with a new functional 6. Let vz = (s1, s2) denote the vector representing 6. Equating

now the first coordinates in (4.1) forces s, = 0. Conjugating with g = ([ ],]) the
algebra {([*)'],tH + uU) : t,u € R} leads to n x a.

CASE 3: dimbh = 3. In view of Proposition 4.3 we may assume that

mo(h) € {n, a, € nx a,5((2,R)}.
e The cases m(h) € {n,a,t} are trivial and lead to R* x n, R* x a and R* x n,
respectively.

e Assume next mo(h) = n x a. Here two cases arise:
(a) b contains the line {(0,tH) : t € R};
(b) b does not contain the line {(0,tH) : t € R}.
In case (a), either
h= {(w[%‘],tH+uU) ctu,w € ]R}

for some non-zero vector [5] € R? or

h= {([i],tHﬂLw(S,r)U) :r,s,tER}
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for some non-zero linear functional w on R%. The set {(w[§],tH +uU) : t,u,w € R}
is a Lie algebra if and only if the vector [3] is a simultaneous eigenvector of the matrices
[§ %] for all t,u € R. This implies f =0 and h =R, x (n x a). On the other hand,
the set {([;],tH +w(s,r)U) :r,s,t € R} is a Lie algebra if and only if
w((tH + w(s,r)U) [jﬁ} — (tH + w(s',r"\U) [ﬁ]) = 2(tw(s',r') — t'w(s,r))

for all r,s,t,7',s',t' € R. Taking ¢t =t = 0 we obtain

U & tUUU_, = tUUU_, & Uy,
where v, represents w. Hence v, = 0, so that this case does not occur.
In case (b), for some linear functional 7 on R

h= {([ﬁ] ,T(S,T,U)H+UU) (TS, U € ]R}

and this set is a Lie algebra if and only if for all r, s, u, 7', s, u' € R
T((T(S, r,u)H +ul) [ii] —(r(s', ", YH +'U) [2], 2(7 (s, ryu)u’ — (s, 7, u')u)) = 0.
Let v, = (t1,12,t3) € R® represent 7. For u = u’ = 0 the above relation reduces to

UV @ tHU;— = HU;— ®’U»;,
where 7(s,7) = 7(s,7,0). Thus v; = (t1,t2) is an eigenvector of 'H = H and either
ty =0 or t; = 0. A direct computation shows that if o = 0 then also t; = 0. This

is not possible because dim my(h) = 2. Next, one shows that if ¢; = 0, then tyt3 = 0.
But since ¢, cannot vanish, necessarily ¢35 = 0. Hence

h= {([ﬁ],tng+uU) (TS, U € R}
and by conjugating with dilations we may assume ¢, = 1. A final conjugation with
g=([%],1) gives b= R, x (n x a).

e Finally, assume my(h) = s[(2,R). Then, for some linear functionals ¢ and p on R?

h= {([G(t’u’w))] ,tH+uU+wJ) ctu,w € R}.

p(tauyw

Now, since n x a is a subalgebra of s(2,R), necessarily

{([U(t’u’o)] ,tH—i—uU) (tu € ]R}

p(t,u,0)

is a subalgebra of R? xs[(2, R). But this is precisely what we had in the case dim b = 2
and my(h) = nxa, Therefore we may assume that both (t,u) — o(t,u,0) and (¢,u) —
p(t,u,0) are the zero functional and there must exist (c, 3) € R?* such that

b= {([%] ,tH+uU—i-wJ) ctu,w € R},
As easily seen, the above set is closed under taking brackets if and only if

(tH +ul +w]) [52] = (H +u'U +w'J) [gu] = [ 2ol tw)]

for all ¢, u,w,t',u',w" € R. It is now straightforward to check that this may happen if
and only if & = =0. Hence h =sl(2,R).



CASE 4: dimbh = 4. In view of Proposition 4.3 we may assume that
ma(h) € {n X a,5((2,]R)}.
e The case my(h) = n x a is trivial and leads to R* x (n x a).

e Assume my(h) = sl(2,R). Then, for some linear functionals o and p on R*

h= {([Z(s’t’u’w)} ,tH+uU+wJ> DS, t,u,w € ]R}.

(s,tyu,w)

Arguing as in the previous case, the set

{([Z(s’t’"’o)} JtH + uU) s, tu € R}

(s,t,u,0)

must also be a subalgebra of R? x s[(2,R). This algebra is three dimensional and
projects under 7y onto n x a. Therefore, arguing as we did for this case, we may
assume that for some real number py and some functional & on R?

h= {([ p0w>} tH+uU+wJ) Cs tu,w E R}.
Conjugating with g = ([ §°], 1) we obtain
h={(["C)] ,tH +ulU +w]) : s,t,u,w € R}
for some new functional ot on R3. Finally,
([ Gt | tH +ul +wl), ([0 | W H +u'U + w'T)] =
([t val(tn) 1 [ + ul +wl, t'H +u'U +w'J))

w'ot(s,t,w)—wot (st w')

shows that w'o'(s,t,w) — wo'(s',¢',w') = 0 for all s,t,w,s',t',w" € R. Choosing
w = w' = 1 implies that (s,t) — o'(s,t,1) is the zero functional and therefore o'
depends only on w. But then f would be three dimensional, a contradiction. Hence
this case does not occur.

Since there are no other cases, the proof is complete. O

4.2. Proof of Theorems 3.2 and 3.3. Theorem 3.3 follows from direct computa-
tions, all of which are elementary. As for Theorem 3.2, the list follows from Theorem
3.1 by taking exponentials, and the structure of normalizers and centralizers may be
established by straightforward calculations. It only remains to be proved that all canon-
ical subgroups are mutually non—conjugate, where conjugation in the group, namely
iy =zyz b, z,y € R? x SL(2,R), is given by

i19)9 (], h) = (T —ghg ) [3] +g2], ghg ™).

In particular, the SL(2, R)—component is given by the usual matrix conjugation. Let
z € R? x SL(2,R) and denote by «, : R? — R* the action (2.1). If [§] € R* and H
is a subgroup of R? x SL(2,R), denote by Ofﬁ;] the orbit

Of = {an([2]) : h € H}.



~

If H and H' are conjugate subgroups, that is H' = i,(H) for some z € R* x SL(2,R),
then the following obvious relation holds:
H H
@O = Ca.z)

Thus conjugate groups have the same sets of orbits. This fact, together with the obser-
vation that conjugate groups must share dimension and algebraic structure, and must
have conjugate SL(2, R)—components, shows, by simple inspection, that all canonical
subgroups are mutually non—conjugate.

4.3. Proof of Theorem 3.4. The projection 7 : h; x sl(2, R) — R? x s[(2,R) given
by ((X,2); A) — (X; A) shows that h; xs[(2,R)/3 is isomorphic to R? xs[(2, R). This
is the key observation for the proof, in the form stated in following simple result.

Proposition 4.3. Any subalgebra b of by x sl(2,R) is conjugate to a subalgebra b for
which 7(h) is a canonical subalgebra of R? x 5((2,R). Two subalgebras of by x s[(2, R)
are conjugate only if they project onto conjugate subalgebras in R* x sl(2,R).

Proof. Let P: H; x SL(2,R) — R? x SL(2,R) denote the projection ((Y,s);g) —
(Y;g). Since dP = m, or simply from (2.2), it follows that for X € bh; x s((2,R)
and g € H; x SL(2,R) we have Ad(Pg)(n(X)) = n(AdgX). Let now Pg be the
group element that conjugates 7(h) to a canonical subalgebra of R? x sl(2,R). Then
h = Ad g(h) satisfies the first assertion. If q; and g, are two conjugate subalgebras in
by xsl(2,R), that is Ad g(q:) = g2 for some g € H; x SL(2,R), then Ad(Pg)(n(q1)) =
7(q2), whence the second assertion O

Thus we may assume that 7(h) is canonical. In the course of the proof we see that at
most two canonical subalgebras project to the same canonical algebra. In any such case
the two algebras have different dimensions and cannot be conjugate. This establishes
the fact that all algebras appearing in the list are mutually non—conjugate.

CASE 1: 7(h) = {0}. Clearly h = 3.

CASE 2: 7(h) = €. There exist a, € R such that any X € h can be written
X = (([8],at+ﬁz);tJ) for some t,z € R. If 5 =0, then h = £,. Otherwise put
at+ fz=w and h =3 x ¢.

CASE 3: 7(h) = a. There exist o, € R such that any X € h can be written

X = (([8],at+ﬂz);tH) for some ¢,z € R. If 8 =0, then h = a,. Otherwise put
at+ fz=w and h =3 X a.

CASE 4: 7(h) = n. There exist o, € R such that any X € h can be written
X = (([8] ,at+ﬂz);tU) for some ¢,z € R. If § =0, then h = n,. Otherwise put
at+ fz=w and h =3 x n.

CASE 5: 7(h) = p. There exist o, € R such that any X € h can be written
X = (([2],at+ Bz);tU) for some t,z € R. Conjugating with (([8‘],0);[) this
becomes (([(t’] ,Bz);tU). If =0, then h =p. Otherwise put Sz =w and h =3 X p.



CASE 6: 7(h) = R,. There exist o, € R such that any X € h can be written
X = (([8],as+ﬂz);0> for some s,z € R. If f#0, put as+ fz=w and h =R, Z.
Otherwise conjugate with (([ 2.1,0); I) to get h =R, .

CASE 7: n(h) = n x a. There exist «, 3,7 € R such that any X € b can be
written X = (([8] ,at+ﬂu+’yz);tH+uU) for some t,u,z € R. If v # 0, then put

at+ fu+vyz=w and h =3 x (nxa). If v =0, it easily seen that for X and X' in
the above parametrization, [X, X'] € h only if 5 =0. Thus h =n x a,.

CASE 8: 7(h) = R, x a. There exist «, 3,7 € R such that any X € h can be
written X = (([8],at+ﬁs +7z);tH) for some s,t,z € R. If v # 0, then put

at+fBs+vyz=w and h =R, Z xa. If 7y =0, it easily seen that for X and X' in the
above parametrization, it can be [X, X'] € h only if f =0. Thus h =R, x a,.

CASE 9: 7(h) = R, xn. There exist «, 3,7 € R such that any X € h can be written
X = (([8] ,as+ Bu+vz); uU) for some s,u,z € R. If v # 0, then put at+ps+vz =w
and h =R, Z x n. If v =0, conjugate with ((([,g/t} ,0);at) with ¢ # 0 to get

(([ter%O(ﬁu)] (& — %j—f)(tzu)); (t2u)U>.

Put v = (t?u) and w = ts + %(t>u), obtaining

(([e] 2y,

By suitably choosing ¢ we may let (20 — o?/2t?) € {0, +1}. Thus h =R, X n,.

CASE 10: 7(h) = R, @ p. There exist «, 3,7 € R such that any X € h can be
written X = (([?] ,aq + [t + 'yz);tU) for some ¢,t,2 € R. It easily seen that for X
and X' in the above parametrization,

(X, X'] = (([8] gt — qt');O),
so that necessarily ¢'t —qt' = a -0+ -0+ vz for all ¢,t,¢',t' € R and some z. This
can only happen if v # 0. Put then ot + s +vy2 =w and h =R, Z D p.

CASE 11: 7(h) = R%. There exist «, 3,7 € R such that any X € bh can be written
X = (([g] ,aq + fp+7z); 0) for some p, ¢,z € R. It easily seen that for X and X’ in
the above parametrization,

=

XX = (18, dp - a):0).
so that necessarily ¢'p —qp' = a -0+ 3-0+~z for all ¢,p,¢',p’ € R and some z. This
can only happen if v # 0. Put then at+ s+ vz =w and h = b;.

CASE 12: 7(h) = R, x (n x a). There exist «, 3,7,0 € R such that any X € h can
be written X = (([3] ,at+ﬁu+'yq+(52);tH+uU) for some ¢,t,u,z € R. If 6 #0
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then put at + fu+v¢+dz=w and h =R, Z x (nxa). If § =0, it easily seen that
for X and X’ in the above parametrization,

X, X' = (([tq’ot’q] 0); 2(t — t'u)U>,

so that necessarily 0 = - 0+ 26(tu’ — t'u) + v (tq' — t'q) for all q,t,u,q’,t',)/ u € R and
some z. This can only happen if =+ =0. Thus h =R, X (n x a,).

CASE 13: 7(h) = sl(2,R). There exist «,3,7,0 € R such that any X € h can be
written X = (([8],aa + b+ ye+ dz); ([ ¢ f’a]) for some a,b,c,z € R. If § # 0 then
put aa + b+ yc+ 6z = w and h =3 x sl(2,R). If § = 0, it easily seen that for X
and X' in the above parametrization, [X, X'] € h only if

0= a(bd —bc)+28(ab — a'b) + 2v(ca’ — c'a)
for all a,b,c,ad',b',d € R, so that necessarily 0 = o = § = . Thus h =sl(2,R).
CASE 14: 7(h) = R? x . There exist «, 3,7, € R such that any X € h can be

written X = (([g],aq+ﬁp+7t+5z);tJ) for some ¢,p,t,z € R. If 6 # 0 then put
aqg+ PBp+yt+dz=w and h=h; x & If 6 =0, it easily seen that for X and X' in

the above parametrization, [X, X'] € b only if
pq —qp' = aftp’ —t'p) + Blqt’ — ¢'t)
for all p,q,t,p',¢',t € R, which is impossible for all «, 5 € R.
CASE 15: 7(h) = R? x a. There exist a,f,7,d € R such that any X € b can be

written X = (([g] ,Oéq+[3p+’yt+(5z);tH) for some ¢,p,t,z € R. If § # 0 then put
aq+ pp+yt+0z=w and h =hy xa. If 6 =0, it easily seen that for X and X' in

the above parametrization, [X, X'] € b only if
pd' —qp' = a(tq' —t'q) + Bpt' — qp't)
for all p,q,t,p',¢',t' € R, which is impossible for all «, 5 € R.
CASE 16: 7(h) = R? x n. There exist «, 3,7, € R such that any X € b can be
written X = (([g] ,aq + Bp+yu+ 9z2); uU) for some ¢,p,u,z € R. If § # 0 then put
aq+ p+yt+0z=w and h=h; xn. If § =0, it easily seen that for X and X' in
the above parametrization, [X, X'] € b only if
pq' —qp' = a(tp’ —t'p)

for all p,q,t,p',¢',t € R, which is impossible for all a € R.
CASE 17: m(h) = R? x (nx a). There exist «, 3,7, d,¢ € R such that any X € b can
be written X = (([g] yat + fu+vq+0p +¢e2);tH + uU) for some ¢,p,t,u,z € R. If
e # 0 then put at+ fu+vg+dp+ez=w and h=h; x (nxa). If £ =0, it easily
seen that for X and X' in the above parametrization, [X, X'] € b only if

pq —qp’ = B(tu’ — t'u) +(tq' — t'q +up’ — u'p) + d(pt’ — p't)
for all p,q,t,u,p',q,t',u" € R, which is impossible for all 3,v,0 € R.



CASE 18: 7(h) = R? x sl(2,R). There exist «, 3,7,d,c,w € R such that any X € b
can be written X = (([ |, ca+pb+yc+dg+eptwz); [2 0, ) for some ¢,p, a,b, ¢,z € R.
If w# 0 then put ca+ b+ vc+ dqg+ep+wz =w and h=h; xsl(2,R). If w=0,
it easily seen that for X and X’ in the above parametrization, [X, X'] € h only if

pqd —qp’ = afbd = V'c) +26(ab’ — a'b) + 27(ca’ — c'a)
+d(aq’ —ad'q+bp' —0'p)+¢e(cq — g+ pa' —pa)
for all p,q,a,b,¢c,p',q¢,d' b, ¢ € R, which is impossible for all «, 3,7,d,c € R.

Since there are no othere cases the proof is complete.

5. RELATED ISSUES

5.1. Polynomial algebras. The classification of Theorem 3.4 may be expressed in
terms of (Poisson) polynomial algebras. Let Py denote the Lie algebra consisting of all
polynomials of degree < 2 in two indeterminates, equipped with the Poisson bracket

{f7g}______x f(xag)a g(x,f)GPQ.

Let @ : b x s[(2,R) — P, be defined by

@((([g],t);A»:—% @ €| Ja m—[az §]Jm—t (5.1)

Explicitly, if [2 %] € sl(2,R), then

2(((131,1:4))(2.6) = 5 & +azg + 3 €~ pr+at .

As easily checked, ® is a Lie algebra isomorphism. Observe that b; is mapped by
® onto Py, whereas s[(2,R) corresponds to homogeneous polynomials of degree 2.
The adjoint action on Py is given by affine coordinate change. In other words, g =
((y,5); B) € G acts on R? by ((y,5);B) - '[2,{] = B'[2,{] +y and ®(AdgH) =
®(H)og™'. Thus we identify Poisson subalgebras of P, up to affine coordinate changes.
The explicit list is omitted.

The isomorphism (5.1) plays an important role in the harmonic analysis in phase space.
Let ¢ denote the extended metaplectic representation of H; x SL(2,R) (see e.g. [F]
for more details) and let ¢® denote the Weyl pseudodifferential operator with symbol
the tempered distribution o € §'(R?) like, for example, a polynomial. The following
formula holds:

£(exp X) = 2@ Xeg.
Thus P, is a natural model for ¢ via the Weyl calculus. This correspondence has been

used in [DN] in connection with the problem of describing the commutative algebras
generated by the restriction of € to one-parameter subgroups of H; x SL(2,R).



~

5.2. Coverings. Our results could be extended to all Lie groups locally isomorphic
to either G; = R? x SL(2,R) or Gy = H; x SL(2,R), because their Lie algebras are
either g; = R? x sl(2,R) or go = bh; % sl(2,R). The matter essentially reduces to the
following steps:

()

Identify the universal coverings of GG; and G5, compute their discrete central
subgroups and then form the quotients of G; and G5 modulo their discrete central
subgroups. Such quotients exhaust the class of all Lie groups locally isomorphic
to either GG; or GG5. This is easily done: for G5 one gets the groups H; x SLM or
HEed 4 SLO™ | where HE®! = H, /Z is the reduced Heisenberg group and SL(™) is
the m—sheet covering of SL(2,R). The case of countably many sheets corresponds
to the universal covering SL*. The groups locally isomorphic to G; are its
coverings R? x SL™ . The explicit construction of the universal covering SL>
may be found for example in [LV], while the explicit construction of all other
groups together with many useful formulae and observations may be found in [A].
Given a group H; locally isomorphic to G;, i« = 1,2, compute the exponential
mapping exp : g; — H;" and write the canonical subgroups corresponding to the
canonical subalgebras of g;.

REFERENCES

S. Aicardi, La rappresentazione metaplettica estesa, Tesi di Laurea, Genova, 1998.

F. De Mari and K. Nowak, Reproducing formulae and commutative operator algebras related to
affine transformations of the time—frequency plane, Preprint, 1998.

G. B. Folland, Harmonic Analysis in Phase Space, Princeton University Press, Princeton, 1989.
G. Lion and M. Vergne, The Weil representation, Maslov index and Theta series, Birkhauser,
Boston, 1980.

FiLippo DE MARI, UNIVERSITA DI GENOVA
E-mail address: demari@dima.unige.it

KRzYSzZTOF NOWAK, PURCHASE COLLEGE
E-mail address: knowak@purvid.purchase.edu



