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Abstract—This paper considers pulse shaping multicarrier (MC) esyist that transmit over
doubly dispersive fading channels. We provide exact andoxppate expressions for the
intersymbol and intercarrier interference occuring inhsagstems. This analysis reveals that the
time and frequency concentration of the transmit and recpudse is of paramount importance
for low interference. We prove the (nonobvious) existenteuxh jointly concentrated pulse
pairs by adapting recent mathematical results on Weylétdierg frames to the MC context.
Furthermore, pulse optimization procedures are propokat dim at low interference and
capitalize on the design freedom existing for redundant M&esns. Finally, we present efficient
FFT-based modulator and demodulator implementations nQonerical results demonstrate that
for realistic system and channel parameters, optimizesbpsihaping MC systems can outperform
conventional cyclic-prefix OFDM systems.

. INTRODUCTION
Orthogonal frequency division multiplexif@FDM) is an attractive multicarrier modulation scheme for

broadband wireless communications [1-4]. ConventiondDFEemploys rectangular transmit and receive

pulses and a cyclic prefix (CP-OFDM) [2]. It is part of, or poged for, numerous wireless standards
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like WLANs (IEEE 802.11a,g,n, Hiperlan/2), fixed broadbantteless access (IEEE 802.16), wireless
personal area networks (IEEE 802.15), and digital audio\atd€lo broadcasting (DAB, DRM, DVB-T).
OFDM is also being considered a promising candidate forr&u{dG) mobile communication systems.

Recently, pulse-shapingOFDM systems andiorthogonal frequency division multiplexingdFDM)
systems have attracted increased interest [5-15]. They $@wxeral advantages over traditional CP-OFDM
systems: higher bandwidth efficiency [5]; reduced sensgjtio carrier frequency offsets, oscillator phase
noise, and narrowband interference [6]; and reduced n@vsl/intercarrier interference (ISI/ICI) [5,
15]. In patrticular, low ISI/ICI will be important for futuresystems where Doppler frequencies will be
larger (equivalently, channel variations will be fastemedo higher carrier frequencies and higher mobile
velocities. On the other hand, a drawback of pulse-shapFIgMYBFDM systems is the potentially poorer
peak-to-average power ratio. Furthermore, BFDM systermgyus simple equalize-and-slice detector may
suffer from noise enhancement since the receive filters arenatched to the transmit filters [5].

While pulse-shaping OFDM systems were proposed rathey ¢hrIL6], only recently the design of
the OFDM/BFDM transmit and receive pulses has been coresidar more detail. In [17], a pulse-
shaping OFDM system using an orthogonalized Gaussianiumig proposed and its interference power
is analyzed. In [8], a linear combination of Hermite funatois chosen such that orthogonality between
neighboring symbols and carriers is obtained. An optinmraprocedure for OFDM/OQAM with finitely
supported pulses that basically minimizes the out-of-learetgy is proposed in [7]; the resulting pulses are
linear combinations of prolate spheroidal wave functidng9, 12, 13], the duality of multicarrier systems
and Weyl-Heisenberg (or Gabor) frames is elaborated antiedpip the design of OFDM and BFDM
systems. In a similar spirit, [5] proposes an optimizatioocedure for BFDM systems that builds on frames
and Riesz bases and explicitly accounts for channel effec{d0], hexagonal time-frequency lattices are
advocated, and sphere-packing arguments are used to wxnatpulse through orthogonalization of a
Gaussian function. Finally, [11] discusses the analyst dasign of OFDM/OQAM systems using filter
bank theory.

In this paper, we continue the path taken in [5, 9, 10] and idenghe following issues that have not

been addressed previously.

« While [5, 9, 10] describe design procedures for OFDM/BFDMteyns, no previous theoretical results
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guaranteed the existence of transmit and receive pulsebdbtiaare well concentrated with respect to
time and frequency. We settle this issue by using a receaf dethematical result from [18] to give

explicit expressions for the achievable time and frequetenay of the transmit/receive pulses. This
Is important because good time-frequency concentratiassential for small I1SI/ICI, and because

in practice the pulses have to be truncated to finite duration

« We present an exact ISI/ICI analysis of OFDM/BFDM systemnat tinansmit over time-frequency
selective fading channels (previously considered in tlistext only in [5]). This exact analysis is

complemented by new approximate expressions and boundedanean ISI/ICI power.

« We propose pulse optimization procedures that use the n®ACI power as a cost function and

thus perform an explicit minimization of ISI/ICI.

« We develop efficient FFT-based implementations of pulsgsty OFDM/BFDM modulators and

demodulators that are only slightly more complex than ecur@P-OFDM implementations.

« We provide performance evaluations for realistic speafftiencies or, equivalently, redundancies.
Previous numerical results pertained to spectral effiegsne 0.5, which are rarely used in
practice. Furthermore, apparently for the first time, we para the performance of pulse-shaping

OFDM/BFDM systems with that of standard CP-OFDM systems.

This paper is organized as follows. After a presentation hef multicarriet (MC) system model
in Section IlI, the frame-theoretic computation of biortbogl pulse pairs is discussed in Section lIl.
In Section IV, it is shown that biorthogonal pulses can sitamgously have good time-frequency
concentration. Section V provides an ISI/ICI analysis fo€ Mansmission over doubly dispersive fading
channels. In Section VI, we propose two pulse design metlardgng at minimization of the ISI/ICI
power. Efficient FFT-based implementations of the MC mottulaand demodulator are developed in

Section VII. Finally, Section VIl present some numericasults.

IWe will use the term “multicarrier” as a unifying term to ref® CP-OFDM, pulse-shaping OFDM, and BFDM.



II. SYSTEM MODEL
A. Modulator and Demodulator

We consider an MC system witl' subcarriers, symbol peridfl, and subcarrier frequency spacihg

The equivalent baseband transmit signal is given by
co K-1

s(t) = D) ag(t). 1)

l=—o0 k=0

Here,q;, denotes the data symbol at symbol titne Z and subcarriet: € {0,..., K—1}, and
gii(t) & g(t—IT) H2RE=D) o

is a time-frequency (TF) shifted version of the transmitseul(t). We assume that the symbalg, are
i.i.d. with zero mean and mean power|a; ;|*} = o2.
At the receiver, the demodulator computes the inner pradofcthe received signal(¢) with TF shifted

versionsy, ;(t) £ ~(t—IT) ??™ F(=IT) of the receive pulse/(t):2

T 2 (r k) = /r(t) Yix(t) dt . (3)
t
For an ideal channel whergt) = s(¢), perfect demodulation (i.ez;,, = a;) iS obtained iff the pulses

g(t) and~(t) satisfy thebiorthogonality condition

(9:7k) = 010k (4)
For OFDM we havey(t) = g(t) and thus (4) reduces to the orthogonality conditigng; ) = 0; 0.
A necessary condition for (4) IBF > 1 [19]. Because the spectral efficiency is proportional t6I'F'),
the productl'F is typically chosen only slightly larger than 1. For praati€P-OFDM systemg/ F' ranges
from 1.03 to 1.25, which corresponds to/(7F) = 0.8...0.97. A larger value ofl'F' results in a smaller

spectral efficiency, but also increases the freedom in dagigpulses satisfying (4).

B. Channel

A wireless dispersive fading channel can be modeled as anarnoe-varying systentl with time-

varying impulse responsk(t, 7) [20, 21]. Thus the received signal is given®by

r(t) = (Hs)(t) = /h(t,T)s(t—T) dr . (5)

T

%Integrals are from-co t0 co.
3Throughout this paper, we consider the noiseless case.



The channel is assumed to satisfy tde-sense stationary uncorrelated scatterfdgSSUS) property [20,
211 E{n(t,7)h*(t',7")} = Ru(t—t',7) 6(r—71"), where Ry(At, ) is the channel’s time-delay correlation
function. The second-order statisticslfcan alternatively be described by tbeattering functiordefined
as [20, 21]

Cu(r,v) = /A Ru(At, T) e TIIVAL AL

t

wherev denotes Doppler frequency. The path gain of the channeviendiy oy, = [ [ Cy(r,v)dr dv.
Practical wireless channels arederspread5, 21, 22], i.e., their scattering function is effectivalypported

within a rectangular regioR = [0, Tiax] X [~Vimaxs Vimax] Of area2muVmax < 1.

C. Symbol-Level I/O Relation

Combining (1), (3), and (5) yields the following relationtiveen the transmit symbots ; and receive
symbolsz; ;; [S]:

oo K-1

Tk = Z Z Hy g g g with  Hy g i = (EL grgers k) - (6)

l'=—00 k'=0

The terms in this sum witkl’, ') # (I, k) describe the ISl and ICI introduced by the chanfielTypically,

MC systems are designed such that the ISI/ICI terms in (6)bsaneglected, i.e.,
T ~ Hypapg, (7)

with H = H, .5 This allows the use of a simple scalar equalization at tleeiver which, however,
suffers from an error floor due to the approximation errooasged with (7).

As was observed in [22, 23], the approximate |/O relationnjéans that the transmit pulses.(¢) are
approximate eigenfunctions of the channel, i@y, ,)(t) ~ H.x 9..(t) (together with (4), this implies
(7). This approximation rests crucially on the assumptiwet the MC pulses are well TF concentrated

(cf. Section V). The existence of such pulses will be showSaation IV.

[1l. FRAME-THEORETIC COMPUTATION OF MC PULSES
When designing a MC system, a nontrivial task is the constmof transmit and receive pulses with
suitable properties. In this section, we show how resulsnfthe theory of Weyl-Heisenberg (Gabor)
frames can be used to efficiently compute a receive pulsesatisfying the biorthogonality relation (4)

for a prescribed transmit pulsgt). In our discussion, we partly rephrase some ideas from [9, 13
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A. Riesz Sequences, Frames, and Duality Theory

1) Weyl-Heisenberg Riesz Sequencé&he biorthogonality condition (4) amounts to the requirame
that the transmit symbols, , can be uniquely recovered from the transmit sigs@). This requires that
the Weyl-Heisenberg (WHfunction set{g,x(t)}, (I, k) € Z?, (cf. (2)) constitutes &iesz sequendd],

i.e., there exist constant$’, B’ > 0 such that
2
Zal,k 9,k

< Bla|z,  forall ay e *(Z?%). (8)
1.k

L2
A necessary condition for a WH Riesz sequence is that the fliedaconstantd’, F' satisfyTF > 1. If

Alllallf <

{9:.1(t)} is a WH Riesz sequence, there exists a (nonunique) WH Rieseree{~, ,(¢)} that satisfies the
biorthogonality condition (4) and allows to recover thensmit symbols according to (3) (with{t) = s(t)).
If (g9,9.%) = 0, 0x holds in addition to (8), then the Riesz sequefige.(t)} is anorthogonalsequence

that corresponds to a pulse-shaping OFDM (and not just BFBygdjem.

2) Weyl-Heisenberg (Gabor) FrameslMe now consider a different concept whose relation to WH
Riesz sequences will be discussed presently. A WH functen{g.(¢)}, (I, k) € Z? with g () =
g(t —1T) eﬂ'z’r’“ﬁt} is called aWH frame[19] if there exist constantsl, B > 0 (the frame boundssuch
that

Allzl3, <> Nz gi)® < Bllzll7,.  forall z(t) € Ly(R). 9)
1k

The frame property (9) means thatt) is completely and stably determined by the frame coeffisient
(z, gix) via theframe expansion:(t) = >, . (z, gix) 7x(t) that involves a (nonuniquejual pulsery(t).
A necessary condition for WH frames BF < 1 (note the difference from WH Riesz sequences that
require TF > 1). If the frame bounds coincideA(= B), then{gx(t)} is called atight WH frame. In

this casey(t) = = g(t), i.e., the dual pulse equals the original pulse up to a cohsaator.

3) Ron-Shen DualityWH frames and WH Riesz sequences are related biRtmeShen duality theorem
that is stated as follows [24,25]. Lély;.(t)} and {v, ()} be WH sets on the latticél’, '), and let
{gix(t)} and {7,(t)} be the corresponding WH sets on thgjoint lattice (7', F') = (1/F,1/T). Then

“The subsequent development applies to an infinite numbeunhfasriers; the results so obtained are representative ictual number
of subcarriers is reasonably large. The squafedorm of a sequence, is ||af? = Sk la:,1|? and the squared.*-norm of a signal

s(t) is [|s|[72 = [, [s(t)|* dt. Summations are from-cc to oo unless indicated otherwise.
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« {9.1(t)} is a Riesz sequence iffg, ,(¢)} is a frame;
e {91(t)} and{v,x(t)} are biorthogonal Riesz sequences{ifi »(t)} and{7,x(t)} are dual frames;

« {9.1(t)} is an orthogonal Riesz sequence{iff»(¢)} is a tight frame.

B. Application to Pulse Computation

Based on the above duality relation, the computation of gauisducing (bi)orthogonal WH Riesz
sequences can be reduced to the computatiadtuaf WH frames on the adjoint latticéor which frame-

theoretic methods are available (cf. [19, 26]). We thus iobttae following procedure.

1) Choose lattice constanis /' and a pulsey(t) such that the WH sefg,(t)} on the adjoint lattice
(T,F) = (1/F,1/T)) is a WH frame (this require$'F > 1). We note that ifg(t) is bounded and

vanishes outsid@, 7"] with 1/F < T’ < T, then{g,«(t)} is a WH frame iff

o< X~ 7)

with somea,b > 0 [19]. In particular,{g,(t)} is a tight WH frame iff the above condition holds

2

<b (10)

with a = b, i.e., iff 3, |g(t — £)|> = const.

2a) For a BFDM system, the(t) chosen in 1) is used as the transmit pulse, and the minihtamorm

biorthogonal receive pulsg(t) is given by thecanonical dual pulselefined by the equation

I CRIORIO8 (11)

Here,S is theframe operatordefined by

(Sx)(t) =D (@, i) gialt) -

1k

2b) For an OFDM system, the transmit and receive pulses hpthle(¢) which is the solution of

1
VIT'F

whereS/2 is the positive definite square root of the frame oper&tor

(S2g4)() = g(t) | (12)

The operator§ andS'/2 are invertible, and thus (11) and (12) have unique solutibascan be written

asy(t) = TF (S'g)(t) andg*-(t) = VTF (S~'/?¢)(t), respectively. For an efficient numerical solution,
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conjugate gradient and matrix factorization methods [Z5\ell as Zak transform methods [9, 13] are
available. Alternatively;(t) can be computed by inserting the expansign) = >, , ¢ gx(t) into the
biorthogonality condition (4), which yields a linear egoatin the unknown coefficients ; [26].

For giveng(t) and TF > 1, there exists a whole affine space of biorthogonal pulsessé&tare all
of the form~/'(t) = ~(t) + ¥ (t) where~(t) is the canonical biorthogonal pulse (cf. (11)) an@) is an
arbitrary function in the orthogonal complement @2 spar{gl,k(t)} [19]. This fact leads to a design

freedom that can be exploited for system optimization (sei& VI).

IV. TIME-FREQUENCY CONCENTRATION OFMC PULSES

The foregoing discussion has shown how the canonical lwgahal pulsey(¢) and the orthogonalized
pulse g*(t) can be constructed for a given transmit pulge). However, when g(t) with good TF
concentration is chosen, it is not clearift) and g*(¢) have good TF concentration as well. We now
answer this question by using a recent mathematical re$8]ttp show that the canonical(t) in (11)
and the orthogonalized pulge (¢) in (12) inherit the TF localization properties gft). This is practically
important because the ISI/ICI in the case of doubly dispershannels is determined by the joint TF
concentration of(¢) and~(¢). More specifically, we will show in Section V that the ISI/IGbwer depends
on the cross-ambiguity function (CAF) of(t) and g(¢) that is defined asi,  (r,v) £ [,~(t) g*(t —

7) e 72t dt [19]. Therefore, we will use the CAF as a measure of the TF eotmation of pulses.

A. TF Localization of (Bi)orthogonal Pulses

We will say that a pulse(t) is polynomially localizedf degrees > 0 if

/T/V|Ag7g(7,y)| <1+)%0)+|VTO|)SMV < 0,

with an arbitrary normalization time constafify > 0. This condition implies thafA, ,(7,v)| <
c(1+ \TLO} + |vTp|) " with somec > 0 and that all moments ofi, ,(7,~) up to orders are finite,
e, [ [ |Agq(r, )| |£|"[vTo|" drdv < oo for m+n < s. An even stronger concept of TF localization
is obtained by replacingl + | Z| + |[vTy|)" by the sub-exponential weight(™/Tol+vToD? wwith b > 0 and

0 < B < 1. We say thaty(t) is sub-exponentially localizei

//|Ag7g(7, 1/)|eb(‘T/TO‘H”TODﬁ drdv < 0.
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This condition implies thatA, (7, v)| < cet17/Tol+1*T0)” and thatall moments of4, ,(r,v) are finite.
Our main theoretical result asserts the existence of traresrd receive pulses thatmultaneoushhave

excellent TF concentration properties.

Localization TheoremAssume thaf{g;.(t)}, (I, k) € Z2, with g, (t) = g(t — I/ F) e?*™*/T is a

WH frame.

(@) If g(¢) is polynomially localized of degree, then the canonical biorthogonal pulsé) =
TF (S~'g)(t) and the orthogonalized pulge (t) = VTF (S~/2g)(t) are also polynomially

localized of degree, and furthermore the CAF of(t), g(¢) satisfies
T S
/T/V |A, 4(T,1)] <1 + ‘To‘ + |VT0\> drdv < oo. (13)

(b) If g(t) is sub-exponentially localized, them(t) and g*(t) are also sub-exponentially

localized (with the same constarits’), and the CAF ofy(t), g(¢) satisfies

//|A%g(r, I/)\eb(wTO'H’jTODﬁ drdy < oo. (14)

The proof of this theorem (not included here) is an applcatf [18] in combination with Ron-Shen

duality theory. We note that this result agrees well withvpgres empirical observations reported in [9].

B. Examples

Spline-type PulseChooseT’, ..., T, > 0 and construct the transmit pulse @) = (x1 % - - * xx) (%),
where x(t) = 1 for t € (=1}/2,T,/2) and0 otherwise, andk denotes convolution. Theg(t) = 0 for
t| > 2>, T). By construction,A, ,(7,v) = 0 for |7| > 23" | T). For |r| < 137 | Ty, it can be
shown that|A, ,(7,v)| < ¢(1 + |v])~""'. Hence,g(t) is polynomially localized of degree = n—1. If
{9:x(t)} is a WH frame (which can be checked by means of (10)), our ilcatidn theorem guarantees
that the canonical biorthogonal receive puige) is also polynomially localized and that (13) holds.
Gaussian PulseThe transmit pulse with best TF localization is the Gausgiaise g(t) = e~ ™(*/70)°,

Its ambiguity function isA, (7, v) = e~ z[(7/T0)*+(*T0)’] ' and thusg(t) is sub-exponentially localized for

all b> 0, g < 1. Furthermore{g, (t)} is a WH frame iff T'F" > 1 [19, 27]. By our localization theorem,



the canonicak/(t) is then also sub-exponentially localized for &l 0, 3 < 1; moreover, (14) holds for

alb >0, 6<1.

V. INTERFERENCEANALYSIS

In this section, we provide a detailed ISI/ICI analysis ofsgushaping MC systems transmitting over
a WSSUS channel (for the special case of CP-OFDM system28¢e [For simplicity, we again assume

an infinite number of subcarriers. Parts of the results bélawe previously been obtained in [5].

A. Exact Analysis

We define themean ISI/ICI powelas the mean-square error of the approximation (7):
0'|2 é E{ |xl,k — Hl,kal,k|2} .

Using the statistical independence of the symhg}s one obtaing? = 02 — 03, whereo? £ E {|z;,]?}
is the total received power angp = E {|H,a;,|*} is the power of the desired component (@nd o3
do not depend oh and k since the channel is assumed WSSUS). Further using the W&S&ifnption,

one can show that
g = O‘i//CH(T, V) A, (T, v) P drdv. (15)

If |A,,(7,v)]* =~ 1 on the effective support of the scattering functidn(r, v), thenod ~ o2 0. We note

that (4) impliesA, ,(0,0) =1, i.e., at the originA, ,(7, v) is exactly equal td. Similarly, one can show

o az//CH(T, v) Py (T, v)drdv, with P, ,(r,v) £ Z‘A%Q(T—ZT,V—]CF)P. (16)
T v 1k

Inserting (15) and (16) inte} = o2—03, we finally obtain the following delay-Doppler domain exgssn

of the ISI/ICI power:

o7 = Ui//CH(T, V) Pé?g)(r, v)drdv, (17)

whereP%) (r,v) is a periodized version df4., ,(7,v)|? with the term|A, ,(,v)|? itself suppressed, i.e.,

PO(r,v) £ Py(rv) — A (r)P = Y A, (r—IT, v—kF)[2.
(1,k)#(0,0)

Let R = [0, Timax] X [—Vmax; Vmax) denote the effective support 6fy (7, v). According to (17),07 will

be small for small overlap of'y (7, v) with |A, ,(T—IT,v—kF)

, (I, k) # (0,0), which in turn requires
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that|A, ,(,v)* is small within all regiongI T, IT + Tumax) X [KF — Vinax, KF + Vmax), (I, k) # (0,0) (note
that the biorthogonality relation (4) implies, ,(IT, kF) = 0 for (I,k) # (0,0)). This can be achieved
if A, ,(r,v) decays sufficiently fast outside the support regiorof Cy (7, v) which is simplified if R is
small (i.e., the channel is weakly dispersive) and thedattonstant§” and F’ are large. Since larg&
and F’ entails poor spectral efficiency and the channel disperisida@yond the control of the designer, it
is crucial to design pulsegt) and~(t) that arejointly well TF concentrated such that their CAF decays
quickly. The existence of such pulse pairs was establislyenub localization theorem in Section 1V. We
conclude that, with regard to practical design, excellemttjTF concentration of the transmit and receive

pulses is the most important requirement for low ISI/ICI.

B. Approximations and Bounds

Sometimes the channel’s second-order statistics (scagtéunction Cy(7,)) is not known exactly,
and thus the ISI/ICI power? cannot be determined according to (17). In such situatiores,need
approximations of? in terms of more readily available global channel paranseter

The underspread assumption means @gtr, v)—and, thus, the integrand in (17)—is effectively zero
outside the support regioR of area< 1. Within this region,|A, ,(,v)|* can be well approximated
by its second-order Taylor expansion (cf. [29]). Withousdoof generality, we assume that, ) =
|A,,(0,0)]? = 1. Furthermore, to obtain simpler and more intuitive resulie restrict to real-valued
and even transmit and receive pulses. This restrictionesatiee first-order and mixed derivatives in the

second-order Taylor expansion to vanish. We thus obtairapipeoximation

9 2 2 2
2 T 8 2 v a 2
= 1272 (B, + v*D,,) , (18)

where

Dus & [Foamar, By 2 [ o

t

are measures of the “joint” duration and bandwidth, respelgt of ¢(¢),~(¢). Inserting (18) into (17),

we obtain the desired approximation for the ISI/ICI power as

ot = ay(m + 1), (19)
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with
m = 2n°0f (02By, + 02D, | Ny = //CH(T, V) [P, 4(r,v) — 1] drdv,

whereo? ando? denote the channel’s delay spread and Doppler spread ctashe

o & %//TZCH(T,I/)deV, o %//VQCH(T,V)deV.
O'H rJuv U]HI TJuv

The quantityn, is a measure of the “joint” TF concentration ¢ft),~(¢) relative to the channel
dispersion parametets ando?2. Note thaty, is determined by the decay df, ,(7, v), which underlines
the practical relevance of our localization theorem in ®ectV. The second quantity,, is a (channel
dependent) measure of how much the pulgeg ~(¢) deviate from the OFDM case. This interpretation is
motivated by the fact that for (pulse-shaping) OFDM systers., forv(t) = g(t) and (g, gi.x) = 6;0,—
one hasP, ,(r,v) = 1 [30] and consequently, = 0. We conclude that for a BFDM system, the ISI/ICI
power is determined by the joint TF concentration of thegraih and receive pulses (as expressedf)y
and the deviation from orthogonality (as expresseddy Thus, for low interference, the pulses should
be jointly well localized in time and frequency and close toathogonal system.

If Cy(7,v) is supported wWithifR = [0, Tiax] X [—Vmax, Ymax), ONE can derive the upper bounds

m < 27T2 U]I%I (Tr%langv“/ + VrznaxD!]fY> ’ T2 < O-]%I (71:111/?6}(7% |:P'Y’g<7-’ V) o 1} ’

These bounds involve the maximum delay,, and the maximum Doppler frequemy,.,., which may be
more readily available tham? and o2.
For a conventional CP-OFDM system with cyclic-prefix lendth > 7.« (i.€., no ISI), it can be
2

shown that (19) simplifies to7 ~ Z-020y; o (I'—1¢;,)*. This expression generalizes results previously

obtained for Jakes and uniform Doppler spectra [28] and fimgtiency offset” channels [31].

VI. PULSE OPTIMIZATION

We have seen that for low ISI/ICI, an MC system should be atrodkogonal and use pulses that are
jointly well localized in time and frequency. Our localizat theorem shows that such well-localized pulse
pairs exist: for a given transmit pulse with polynomial (se#ponential) TF localization, theanonical
biorthogonal receive pulse also has polynomial (sub-egptal) TF localization and the CAF of the two

pulses decays fast. However, foF' > 1 there are other biorthogonal receive pulses besides thenah
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one. We next propose a pulse optimization procedure thdoigxphis design freedom to improve on the
canonical biorthogonal receive pulse in terms of ISI/ICle Iso propose a numerical optimization that
dispenses with the biorthogonality constraint to achieferther reduction of ISI/ICI. The symbol period
T and subcarrier spacing will be assumed fixed. In practice, based on the prior chofcie product
TF as dictated by the spectral efficiency to be achieved, theesabf7 and F' should be chosen by

means of the rule of thumb [5,17]/F = \/02/02 (or T/F = Tmax/(2vmay) if 02, 0% are unknown).

A. Linear Optimization

Our first pulse optimization method uses a prescribed trarmumse ¢(©) (¢) and calculates the receive
pulse~(t) minimizing the ISI/ICI powers? subject to the biorthogonality condition (4). For fixed ()

andTF > 1, any biorthogonal receive pulsgt) can be written as [19]

(1) = 7O) + v(t). (20)
Here,~()(t) is the canonical biorthogonal pulse associateg¥(t) and(t) is an arbitrary element of
the orthogonal complement spage of G = sparv{gl,C } i.e., (¥, gl,C = 0 for all I, k. Hence,y(t)
can be written ag(t) = >_, ¢; u;(t) where{w;(¢)} is an orthonormal basis ¢f- andc; = (¢, u;) denotes
the corresponding coefficient af(¢). Using (20), the minimization of? with respect toy(¢) under the
biorthogonality constraint (4) can be formulated asustonstrainedminimization with respect to the
coefficientsc;.

It will be convenient to use the following expression fgr that is equivalent to (17) (cf. [5]):

of = o2 //Q V) |A,  (r,v)?drdv, (21)
where

Dir,v) 2 > Calr—IT,v—kF).
(1,k)#(0,0)
is a periodized version af'y(7, v) with the term at the origin suppressed. Inserting (20) in,(R1is seen

that o7 depends quadratically on the coefficientsThe (unconstrained) minimization ef with respect

to the¢;'s then amounts to solving the linear equatiddic = —b with [c], = ¢; and

://Q](H?)(T, v) A, o (T V) Ay, go (T, v) dT dv,

®In practical digital implementations, the matd and the vectord andc are finite-dimensional.
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b], = //Q]%))(T, V) Azi’gm) (7,v) Ao g0 (T, v) dT dv
Thus the optimal biorthogonal receive pulse associatetidggiven transmit pulse® (¢) is obtained as
Yt = /O + P u(t)  with ¢ = —B7'b. (22)

The same approach can be used to optimize the transmit pitlséor a prescribed receive pulse” (¢).
The optimal pulse resulting from this design method depemnighe channel statistics (scattering
function Cy(T,v)). If the scattering function is not known or if good pulse® afesired for a broad

range of channel statistics, one may use by default the dshielped scattering function

2
Oh

Cua(r. ) = | Frowevms (1,v) € R = [0, Tmax) X [~ Vmax, Vmax| (23)
0, (r,v) € R,
with a suitable (worst-case) choice 0f., and v.y.

The pulse pairg®(t), 7°P*(t) may be quite different from an orthogonal system. Neareagtimality,
which is desirable for low ISI/ICI (cf. Section V-B) and fasw noise after demodulation, can be obtained
by the following iterative extension of our pulse optimizatmethod. The optimal receive pulse™(t) is
“orthogonalized” according to (12), (with(¢) replaced byy°?*(t)). Subsequently, a new optimization run

is performed to compute the optimal biorthogonal transmls@ associated to the orthogonalized receive

pulse. The resulting pulse is again orthogonalized, etc.

B. Joint Nonlinear Optimization

The linear optimization method discussed above has thebdrekwthat one of the two pulses must be
chosen beforehand and is not optimized. Therefore, we mepbge goint optimization ofg(t) and~(t).

As a cost function, we use the reciprocal of the signal-terference ratio (SIRar%/o—ﬁ,

2 (0) 2
a 9 _ fr J,Qu (T.v) [A, 4(1,v)[? dr dv
Tg.7) = ol n fT fu Cu(r,v) A, 4(T,v)]2dT dv (24)

(cf. (15), (21)). The goal is to minimizé(g, v) simultaneously with respect tgt) and~(t). For the sake

of increased design freedom, we perform this minimizatiathewut the biorthogonality constraint (4).
Thus, the resulting pulses are not necessarily exacththmgonal. While this allows for lower ISI/ICI

power in the case of dispersive channels, there will be sasielual I1SI/ICl—typically below the noise
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level—for an ideal (nondispersive) channel. However, hisot a problem because an ideal channel rarely
occurs in practice. Moreover, we observed that the joinpiymized pulses tend to be almost biorthogonal
(in fact, almost orthogonal).

The minimization of J(g,v) has to be done by means of numerical techniques. We used the
unconstrained minimization functidminuncfrom MATLAB’s optimization toolbox [32]. In general, the
resulting pulses correspond to a local minimum &fy,~), and they depend on the pulses used for

initializing the minimization procedure.

VIlI. EFFICIENT IMPLEMENTATION

Practical application of pulse-shaping MC systems regueticient digital implementations of the
modulator and demodulator. In this section, we proposelaperdd type implementations for rational
TF that are motivated by filterbank theory [33]. (We note thaeck polyphase implementations [33] are
problematic because they requifé’ to be integer whereas actually< TF' < 2.) The sampling rate used
for discretizing all signals is chosen equal to the systemdbadth K F'. In the resulting discrete-time
setting, the subcarrier spacinglisK” and the discrete symbol period6 = K'T'F. The sampled transmit
pulseg[n| and receive pulse[n| are assumed to have finite duratidp and L., respectively.

The proposed efficient implementations of the pulse-stltpitC modulator and demodulator are
depicted in Fig. 1. They combine the lengkhdDFT or DFT used by conventional CP-OFDM systems
with a pulse-shaping operation (elementwise multiplmatby the vectorg = (g[0] - - - g[L, —1])T or

~ = (7[0] - - v[L,—1])T) and with an overlap-add or pre-aliasing operation.

A. Modulator

The digital MC modulator computes the transmit signal (&) (

co K-1

1 ok
sln] = TR Z Zalkg[n—l]\f] eI 3 (n=IN)

l=—00 k=0
Due to the finite length of[»], within the /th symbol periods[n] can be written as

+Qq
s = Y s —iN], ne[IN,(I+1)N-1], (25)
i=l-Qq
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whereQ, = [L,/(2N)] and the partial transmit signa%ﬂ) [n] are obtained by windowing the IDFT of
the transmit symbols; ;:

nk

K-1
$Dn) = anlgln], with &[n] = % kzzoal’k (2 (26)

Equation (25) describes an overlap-add operation thatves@(), + 1 windowed IDFT signals;Z@ [n]
(t=101-0Qg....,.l +Q,) as given by (26). We note that), + 1 is the number of overlapping transmit
pulses. Typically), = 1 or 2. The signalssl(.g) [n] can be computed as follows. First, the vecipr=
(5[0] --- §[K — 1])* containing the lengthk IDFT of the ith block of transmit symbolsi ., k& =
0,...,K—1, is repeatedly stacked to form a vector of lendth Subsequently, this longer vector is
multiplied elementwise by the transmit pulse vectpr= (g[0] --- g[L, —1])". These operations are

depicted in Fig. 1(a).

B. Demodulator

At the receiver, the received signdh| is demodulated according to (cf. (3))

 — "
T = —— rin]v*n — IN] e 727 & (n=IN)
= > rln]y ]

n=—oo

The summation is actually finite due to the finite lengthy@f]. The above expression can be efficiently

implemented by means of the length-normalized DFT

fl(’Y) [’fl] e—jZW% 7

T
Ty = ——=
= ;

where thdth length# receive bIockfl('” [n] is obtained through windowing and “pre-aliasing” operasip

Q~
il = > P+ ik],  with 7[n] = rln+ IN) 5 [n].
i=—Qy

4

Here, ), = [L,/(2K)]; typically @, = 1 or 2. Again,2@), + 1 is the number of overlapping receive

pulses. The resulting demodulator implementation is shmwrig. 1(b).

C. Computational Complexity

The computational complexity of the modulator is dominabgdthe IDFT and pulse shaping in (26),

which require abou® (K log K + L,) operations per symbol. Similarly, at the demodulator thd @Rd
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windowing amount toO (K log K + L.,) operations per symbol. Compared to a CP-OFDM system that
uses the IDFT and DFT but no pulse shaping, the complexityaseased by roughly,, + L., operations

per symbol. For example, the complexity of a pulse-shapir@ dstem with/K' = 1024 carriers, symbol
period N = 1280 (TF = N/K = 1.25), and pulse lengthL, = L, = 2N is only about 25% higher
than that of a CP-OFDM system with the saifseand V. We note that the overlap-add and pre-aliasing

operations also require additional memory and introducatenty of a few symbol periods.

VIII. NUMERICAL RESULTS

To illustrate the potential of the pulse optimization teiciues presented in Section VI, we provide
some numerical results. All pulse designs were initialimethg a truncated and orthogonalized version
g*(t) of a Gaussian pulse that was chosen such that the ratio oM8 &uration and RMS bandwidth
equalsT’/F (cf. [5,17]). For the MC system obtained with the linear op#ation method of Subsection
VI-A, denotedS;, the orthogonalized Gaussian was used as the transmit, pelsg” (t) = ¢*(¢), and
the optimal biorthogonal receive pulse was determinedrdatg to (22). For the system obtained with the
nonlinear optimization of Subsection VI-B, denot8d, ¢ (¢) served as initialization for the transmit and
receive pulses. We also compared our optimized designsavibnventional state-of-the-art CP-OFDM

system (denoted,,). The SIR, given by the reciprocal of (24), was used as a measfuperformance.

A. DVB-T-like System

We first considered a DVB-T-like system operating at 800 Miith subcarrier separatiof’ = 2kHz
and symbol period” = 562.5 us. We thus hav&'F' = 1.125, corresponding to a redundancyief.5% and
a spectral efficiency proportional to/(TF) = 0.89. For the CP-OFDM system this implies a CP length
of T, = 62.5 us. We assumed WSSUS channels characterized by the bripkedistattering function
(23) with maximum delayr,.. € {20.83 us, 31.25 us, 62.5 us, 83.33 us} and maximum Doppler,,., €
{37Hz, 74Hz, 111 Hz, 148 Hz}. This corresponds to path lengths of up to 25km and relatélecities
of up to 200 km/h. Such scenarios might occur e.g. in singdgtfency DVB-T networks providing digital
video in high-speed trains.

The SIR obtained witls,,, S;, and Syp is shown in Fig. 2 as a function of the normalized maximum

Doppler v,/ F for various normalized maximum delays,../7" (we note that the optimization was
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redone for each set of channel parameters, vm..). As expected, the SIR of all systems decreases—
i.e., there is more ISI/ICl—for increasing,.. and vy.., with the exception that the SIR af., is
independent of,,,,, as long asn,.x < Tg,. It is seen thatS; and, even more sdy; outperforms,,, for

a broad range of channel parameters. The gains are partycptanounced for channels with large, ..

and small-to-medium,,,.« (see Fig. 2(a) and (b)) as well as for channels with, > T¢, (see Fig. 2(d)).
Only for channels withr,,,, slightly below T, and smallvy,.y is S, (slightly) superior toSy;.

Fig. 3 shows the transmit pulse obtained with nonlinear maakoptimization &) for channels with
(Tmax, Vmax) €qual to (20.83s,148 Hz), (62..s,111Hz), and (83.33s,37 Hz). It is seen that for large
Vmax the pulse tends to be more concentrated in frequency. Thisesnaense because it means that
the (large) Doppler shifts do not result in excessive ICl.comtrast, for larger,.. the pulse is better
concentrated in time such that the (large) delay spread doegesult in excessive ISI.

To assess the robustness of our pulse designs to deviatiche erue channel parameters from the
nominal ones, we designed the systefasand Sy for 7, = 62.5 S andry,,, = 111 Hz and evaluated
their SIR performance for various other valuesrf, andrv,,... The results are shown as a 3-D plot in
Fig. 4. Again, our design$; and Sy; are superior taS., except for the case whereg,.. is close toTg,
and v, IS simultaneously small. Furthermor&;; is seen to be superior t§; for 7,,., and v, near
the design parameters. This superiority is maintained forendlispersive channels (largef.. Or Vmayx).

However, for less dispersive channef,is less affected by the parameter mismatch.

B. DRM System

Next, we consider the application of our pulse optimizatechniques to an MC system corresponding
to the ETSI digital audio broadcasting stand&idital Radio Mondial(DRM) [34]. DRM specifies four
so-called robustness modes A through D that correspond tOEIPM systems with different parameter
sets, which are suited to channels with increasingly seorigne- and frequency-selective fading. For
example, mode A (low redundancy, large spectral efficiergesigned for almost no fading while mode
D (high redundancy, small spectral efficiency) is intended fading channels with severe delay and
Doppler. For performance evaluation purposes, the DRMdsti@halso specifies six channel models (1-6)

with increasingly adverse time-frequency selectivity.
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For robustness modes A and C and channels 2 and 5, Fig. 5 shewSIR obtained with pulse-
shaping MC systems that were designed using our optimizgtiocedures, as well as the SIR obtained
with the respective standardized CP-OFDM system. Robsstnede A uses a subcarrier separation of
F = 412 Hz, a symbol period of’ = 263 ms, and a CP length &, = 22 ms, amounting td’F = 10/9,

i.e., a redundancy of1.1%. Robustness mode C usés = 3000/44Hz ~ 68.2Hz, T = 20ms, and
Tep = 5% ms, amounting td'F' = 15/11, i.e., a redundancy df6.4%. Assuming operation of the DRM
systems at an SNR of 15dB, a target SIR larger than 15 dB isrezhjto avoid performance limitation due
to ISI/ICI. In the case of the mildly dispersive channel 2,MC systems achieve SIRs of almad¥idB,
even in mode A with low redundancy. For the strongly dispersihannel 5, however, the standardized
CP-OFDM systens,,, achieves only12.3dB in mode A, i.e., almost 3dB less than the target SIR. In this
case, the CP-OFDM system would have to be switched to modeaChieve the target SIR. In contrast,
both S§; and S;; achieve an SIR of abouit9 dB even in mode A. We conclude that our optimized MC
systems can be operated in the low-redundancy mode A evedi@rse channels. For a DRM bandwidth
of 10kHz, 64-QAM modulation, and a coding rate of 0.6, thisam® that our designs support a data
rate of 26.6 kbit/s instead of 16.6 kbit/s and thus allow a G@#&tease in data rate (cf. [34, Annex H]).
Similar observations apply to channel 6. It should be noted we used the DRM system parameters
(lattice constantd’, F) in our optimizations; additional gains could be achievgdab adaptation of the

lattice constants.

IX. CONCLUSION

We presented exact and approximate expressions for thesynibol/intercarrier interference (1SI/ICI)
of pulse-shaping multicarrier (MC) systems transmittingerodoubly dispersive fading channels. Our
analysis demonstrated that to achieve low interferena@frdmsmit and receive pulses should be jointly
well localized in time and frequency and close to an ortha@gsystem (i.e., almost OFDM). The existence
of such pulse pairs was shown by exploiting the Ron-Shenitgual Weyl-Heisenberg frames and Riesz
bases to adapt recent mathematical results on Weyl-Hasgtitames to the MC context.

We furthermore proposed two pulse optimization technighes both aim at the minimization of the

ISI/ICI power: a linear technique that assumes one pulsestgilen and optimizes the respective other
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pulse, and a nonlinear technique that performs a joint apétion of both pulses. Our numerical results
showed that the resulting optimized pulse-shaping MC systean significantly outperform conventional
CP-OFDM systems for realistic spectral efficiencies anchokhparameters. We also presented efficient
digital implementations of pulse-shaping MC systems whos@putational complexity is only slightly
larger than that of conventional CP-OFDM systems.

The proposed optimized pulses yield additional benefitsd¢aanot be discussed in detail in this paper.
Their reduced out-of-band energy allows a larger numbewubtarriers to be used while still respecting
a prescribed spectral mask. The optimized pulses furthsultrén improved robustness to frequency
offset (which acts like an additional Doppler shift). Filyathere is a gradual SIR decrease for increasing
maximum delaymax (instead of the abrupt SIR decrease observedfor> Tt, with CP-OFDM systems),
which has the potential to obviate the need for time-domaimaézers in the case of very large delay

spreads.
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