
WIENER'S LEMMA FOR TWISTED CONVOLUTION ANDGABOR FRAMESKARLHEINZ GR�OCHENIG AND MICHAEL LEINERTAbstra
t. We prove non-
ommutative versions of Wiener's Lemma on abso-lutely 
onvergent Fourier series (a) for the 
ase of twisted 
onvolution and (b) forrotation algebras. As an appli
ation we solve some open problems about Gaborframes, among them the problem of Fei
htinger and Janssen that is known inthe literature as the \irrational 
ase".1. Introdu
tionWiener's Lemma states that if a periodi
 fun
tion f has an absolutely 
onvergentFourier series that never vanishes, then 1=f also has an absolutely 
onvergentFourier series. An equivalent formulation that is more suitable for generalization
onsiders the 
onvolution operator Ta
 = a � 
 a
ting on `p(Zd). In this 
ase,Wiener's Lemma states the following:If a 2 `1(Zd) and if Ta is invertible as an operator on `2(Zd), then ais invertible in `1(Zd) and hen
e the inverse operator is of the formT�1a = Tb for some b 2 `1(Zd).As a 
onsequen
e, Ta is invertible and bounded on all `p(Zd) for 1 � p � 1simultaneously.In this arti
le we study several non-
ommutative generalizations of Wiener'sLemma and their appli
ation to Gabor theory. The paper is divided into twoparts: the �rst part (Se
tions 2 and 3) is devoted to abstra
t harmoni
 analysisand extends Wiener's Lemma to twisted 
onvolution. The se
ond part (Se
tion 4)is devoted to the theory of Gabor frames, spe
i�
ally to the design of dual win-dows with good time-frequen
y lo
alization. In parti
ular, we solve a 
onje
ture ofJanssen, Fei
htinger and one of us [7, 15, 16℄.These two topi
s appear to be 
ompletely disjoint, but they are not. The solutionof the 
onje
tures about Gabor frames is an unexspe
ted appli
ation of methodsfrom non-
ommutative harmoni
 analysis to appli
ation oriented mathemati
s. Itturns out that the 
onne
tion between twisted 
onvolution and the Heisenberggroup and the theory of symmetri
 group algebras are pre
isely the tools neededto treat the problem motivated by signal analysis.To be more 
on
rete, we formulate some of our main results �rst and will dealwith the details and the te
hni
al ba
kground later.Key words and phrases. Twisted 
onvolution, Heisenberg group, Wiener's Lemma, symmetri
group algebra, Gabor frame, modulation spa
e, window design, invertibility of operators.1



2 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTTwisted Convolution. Given � > 0, we study the twisted 
onvolution of twosequen
es a = (akl)k;l2Zd and b = (bkl)k;l2Zd on Z2d, whi
h is de�ned to be(1) (a \� b)(m;n) = Xk;l2Zdaklbm�k;n�le2�i�(m�k)�l :Sin
e(2) ja \� b(m;n)j � (jaj � jbj)(m;n) ;the 
onvolution relations of Young's Theorem 
arry over to twisted 
onvolution. Inparti
ular, we have `1 \� `p � `p for 1 � p � 1.We will prove several versions of the following statement, whi
h is Wiener'sLemma for twisted 
onvolution.Theorem 1. Assume that a 2 `1(Z2d) and that the (twisted) 
onvolution operatorTa, de�ned by Ta
 = a \� 
 is invertible on `2(Z2d). Then a is invertible in `1(Z2d)and so T�1a = Tb for some b 2 `1(Z2d). Consequently Ta is invertible simultaneouslyon all `p(Z2d) for 1 � p � 1.If � 2 Z, then \� 
oin
ides with ordinary 
onvolution, and Theorem 1 is justthe 
lassi
al Wiener Lemma.If � 2 Q , then 
ommutative methods by means of a suitable de
omposition ofthe 
onvolution operator Ta (Lemma 3) 
an be applied to derive Theorem 1. Anequivalent form of Theorem 1 for the \rational 
ase" � 2 Q is proved in [12, Ch. 13℄.In the \irrational 
ase" � 62 Q 
ommutative methods break down 
ompletelyand Theorem 1 was unproven so far. We prove Theorem 1 for all values of � andalso for weighted `1-algebras with methods from abstra
t harmoni
 analysis. Thekey is to relate twisted 
onvolution to the ordinary 
onvolution on an asso
iatedHeisenberg group and to make use of the fa
t that the group algebra L1(G) of anilpotent group is a symmetri
 Bana
h �-algebra.Time-Frequen
y Analysis, Short-Time Fourier Transform, and GaborFrames. The goal of time-frequen
y analysis is to understand the properties offun
tions or distributions simultaneously in time and frequen
y (physi
ists usethe terminology phase spa
e analysis for this goal). We refer to [9℄ and [12℄ for amathemati
al introdu
tion to time-frequen
y analysis and to [8℄ for more advan
edaspe
ts.The main tool is the short-time Fourier transform (STFT), also known underthe names radar ambiguity fun
tion, 
oherent state transform, or 
ross Wignerdistribution. Let Txf(t) = f(t � x) denote the translation operator on Rd andM!f(t) = e2�i!�tf(t) be the modulation operator for x; !; t 2 Rd . Then the STFTof a fun
tion f on Rd with respe
t to a �xed window g is de�ned as(3) Vgf(x; !) = ZRd f(t)�g(t� x)e�2�i!�t dt = hf;M!Txgi :Note that(4) Vgf(x; !) = hf̂ ; T!Mxĝi = e�2�ix�!Vĝf̂(!;�x) :



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 3If both g and ĝ are well lo
alized, e.g., if g 2 S (Rd), then Vgf(x; !) measuresthe magnitude of f in a neighborhood of x and of f̂ in a neighborhod of !. Forpra
ti
al and numeri
al purposes one prefers a dis
rete version of the STFT andaims for series expansions of the form(5) f = Xk;l2Zdhf; T�kM�lgiT�kM�l
 :On
e again, the 
oeÆ
ient 
kl = hf; T�kM�lgi des
ribes the 
ombined time-frequen
y behavior of f at a point (�k; �l) in the \time-frequen
y plane" R2d .A pair (g; 
) as in (5) is 
alled a pair of dual windows.To 
onstru
t the so-
alled Gabor expansions as in (5), one starts with a singlewindow g 2 L2(Rd) and �xed latti
e parameters �; � > 0 and studies the spe
trumof the asso
iated Gabor frame operator S = Sg;�;�. This operator imitates anorthogonal expansion and is de�ned as(6) Sf = Xk;l2Zdhf; T�kM�lgiT�kM�lg :Sin
e hSf; fi = Pk;l2Zd jhf; T�kM�lgij2 � 0, S is a positive operator. If S isinvertible, then the fun
tion 
 = S�1g is well-de�ned in L2(Rd) and is a dualwindow in the sense of (5). To see this, we observe that S and S�1 
ommute withall time-frequen
y shifts T�kM�l, therefore we obtain the fa
torizationf = S�1Sf = Xk;l2Zdhf; T�kM�lgiT�kM�lS�1g(7) = SS�1f = Xk;l2Zdhf; T�kM�lS�1giT�kM�lg :(8)Thus we 
an take 
 = S�1g to establish the Gabor expansion (5). Furthermore(9) kfk2 � � Xk;l2Zd jhf; T�kM�lgij2�1=2 � � Xk;l2Zd jhf; T�kM�l
ij2�1=2for all f 2 L2(Rd), where � denotes the equivalen
e of norms. Condition (9)is usually expressed by saying that ea
h of the sets fT�kM�lg : k; l 2 Zdg andfT�kM�l
 : k; l 2 Zdg is a frame for L2(Rd).The inversion of the Gabor frame operator Sg;�;� on L2(Rd) is well understood,see [2, 28℄. Vaguely formulated, these results state that Sg;�;� is invertible for anywindow g satisfying a mild de
ay 
ondition and for �; � > 0 small enough.For a genuine time-frequen
y analysis, however, the pure L2-theory is insuÆ
ient.For instan
e, fTkMl�[0;1℄d : k; l 2 Zdg is even an orthonormal basis of L2(Rd), butsin
e [�[0;1℄d de
ays slowly, the 
oeÆ
ients hf; TkMl�i do not furnish any frequen
ylo
alization, and thus it is not possible to distinguish a smooth fun
tion from a\rough" fun
tion by looking only at the 
oeÆ
ients in (5).For a better des
ription of the properties of a fun
tion in both time and fre-quen
y, we need a pair of dual windows (g; 
) that satisfy (5) and possess good



4 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTde
ay properties and smoothness. In terms of the 
onstru
tion 
 = S�1g, theseproperties of (g; 
) are equivalent to the invertibility of S on other fun
tion spa
es.A major result in this dire
tion was proved by Janssen [15, Prop. 5.5℄: If Sg;�;�is invertible on L2(Rd) and if g 2 S (Rd), then 
 = S�1g is in S (Rd) as well.In order to obtain more detailed information about window 
onstru
tion we usethe de
ay of the short-time Fourier transform as a measure for time-frequen
y
on
entration.Fix a symmetri
 weight fun
tion v � 1 on R2d , and let �(x) = e��x2 be theGaussian on Rd . We say that f is in the modulation spa
e M1v , if(10) kfkM1v = ZR2d jV�f(z)j v(z) dz <1 :This 
ondition implies de
ay of the short-time Fourier transform and 
an betranslated into more expli
it smoothness and de
ay properties of f [11℄. If v � 1,then M1v 
oin
ides with Fei
htinger's algebra S0 whi
h plays already an importantrole in 
ommutative harmoni
 analysis and in Gabor analysis [5, 8℄.Our main result on window design is the following.Theorem 2. Assume that v is a subexponential weight fun
tion on R2d (see Def. 4).If g 2M1v and if Sg;�;� is invertible on L2(Rd), then Sg;�;� is invertible on M1v andthus 
 = S�1g 2M1v .This statement has a stru
ture similar to Theorem 1. The invertibility on aHilbert spa
e and the \smoothness" of the \symbol" already imply the invertibilityon other fun
tion spa
es.For weights of polynomial growth and �� 2 Q , Theorem 2 was proved in [7,Thm. 3.4℄, see also [12, Ch. 13℄ for variations. The rationality 
ondition �� 2 Qo

urs frequently in time-frequen
y analysis, be
ause in this 
ase the Gabor frameoperator possesses an additional stru
ture and 
an be investigated with 
ommuta-tive methods [1, 7, 16, 26, 29℄.A priori there is no reason why Theorem 2 should hold only for rational valuesof ��. It has been 
onje
tured in [7, Rem. 3.2℄ and in [15,16℄ that Theorem 2 holdsalso in the so-
alled \irrational 
ase", but so far this problem has remained open.This paper provides the solution to this 
onje
ture.The Rotation Algebra. To give a glimpse of what is involved, let C�(�; �) bethe C�-algebra generated by the unitary operators fT�kM�l : k; l 2 Zdg for �xed�; � > 0. This is a representation of the so-
alled rotation algebra [3℄. If �� 2 Q ,then its stru
ture is so easy to understand that it is given as an exer
ise in [3℄.If �� 62 Q , then C�(�; �) is a simple algebra, but its detailed stru
ture is very
omplex as is manifested by the deep investigations in [4, 24℄. One may expe
tthat a proof of Theorem 2 in the irrational 
ase must rely on deeper resour
es thanFourier transform methods.Sin
e the Gabor frame operator S 
ommutes with all time-frequen
y shiftsT�kM�l, it is in the 
ommutant of C�(�; �). It is well-known that the 
ommu-tant is generated by the time-frequen
y shifts Tk=�Ml=�, therefore we may expe
t Sto be a limit of �nite linear 
ombinations of the Tk=�Ml=�. Pre
isely, Janssen [15℄



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 5showed that(11) Sg;�;�f = (��)�d Xk;l2Zdhg; T k�M l�giT k�M l�f :For the better understanding of the deeper properties of S, it is natural to studythe (Bana
h) subalgebra of C�(�; �) 
onsisting of absolutely 
onvergent series oftime-frequen
y shifts.De�nition 1. Given �; � > 0 and a submultipli
ative weight v (see (29)), theoperator algebra Av(�; �) is de�ned to be(12) Av(�; �) = fA 2 B(L2(Rd)) : A = Xk;l2ZdaklT�kM�l; a 2 `1v(Z2d)gwith (semi-) norm kAkAv = kak1;v .Let � be the mapping from `1v(Z2d) into Av(�; �) de�ned by(13) �(a) = Xk;l2ZdaklT�kM�l :Then Av(�; �) = �(`1v(Z2d)). We will show in Lemma 10 that � is one-to-one. Con-sequently kAkAv is a norm on Av(�; �) and Av(�; �) is a dense Bana
h subalgebraof the C�-algebra C�(�; �).Following Janssen [15℄, we make a key observation: set � = ��, then(14) �(a)�(b) = �(a \� b) ;and thus � is an algebra homomorphism from `1v(Z2d) onto Av(�; �).On
e the relation between the Gabor frame operator and twisted 
onvolution isunderstood, it is plausible that we may apply the abstra
t result, namely Wiener'sLemma for twisted 
onvolution, to the 
on
rete problem of inverting the Gaborframe operator. Using this strategy, we will solve the \irrational 
ase" of Gaborframes and solve the 
onje
tures in [7, 15℄.In the 
ontext of operator algebras the following variation of Wiener's Lemma,whi
h is equivalent to Theorem 1, might be of interest.Theorem 3. If A 2 Av(�; �) is invertible in C�(�; �), then A�1 2 Av(�; �).Turning Wiener's Lemma into a de�nition, Naimark [20, p. 203℄ 
alls a nestedpair A � B of Bana
h algebras with a 
ommon identity a Wiener pair, if everyelement of A that is invertible in the larger algebra B is also invertible in A . Inthis terminology, Theorem 3 states that the (non-
ommutative) algebras Av(�; �)and C�(�; �) form a Wiener pair.The paper is organized as follows: In Se
tion 2 we �rst provide the ne
essaryba
kground on twisted 
onvolution and its 
onne
tion to the Heisenberg group,then we dis
uss the 
on
ept of symmetri
 group algebras. The main result (Theo-rem 1) follows by a 
ombination of these ideas.In Se
tion 3 we investigate the Bana
h algebra of operators Av(�; �) and proveWiener's Lemma for Av(�; �) (Theorem 3).



6 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTIn Se
tion 4 we apply these abstra
t results to Gabor frames and prove theexisten
e of good windows in terms of time-frequen
y 
on
entration. For the ap-pli
ations of Gabor theory in signal analysis these are probably the most interestingresults of this paper.A
knowledgement: Resear
h on this paper was done while the �rst named authorwas Visiting Professor at the Department of Mathemati
s at the Universities ofHeidelberg and Vienna. He would like to express his gratitude for the hospitalityand generosity during his stay. He would also like to a
knowledge the moral supportof the Austrian S
ien
e Foundation (FWF) under proje
t no. P14485-MAT.2. Analysis of Twisted ConvolutionTo make `1(Z2d) into an involutive Bana
h algebra, we introdu
e an involutionoperation that is 
ompatible with \� in the following way:(15) a�kl = a�k;�l e2�i�k�l :Lemma 1. `1(Z2d) is an involutive Bana
h algebra under the twisted 
onvolution\� and the involution �.Obviously, if �0 � � 2 Z, then the twisted 
onvolutions \� and \�0 are identi
al.Clearly, \� is 
ommutative if and only if � 2 Z. In dimension d = 1 it is knownthat (a) for � 2 (0; 1=2℄ none of the algebras (`1(Z2d); \� ) are isomorphi
, and that(b) for irrational � 62 Q the algebra (`1(Z2d); \� ) is simple [3℄.2.1. Heisenberg-Type Groups. Twisted 
onvolution is 
losely related to ordi-nary 
onvolution in the group algebra of an asso
iated Heisenberg group.De�nition 2. Given � > 0, we de�ne a multipli
ation �� on Zd � Zd � T. Letk; l;m; n 2 Zd and �; � 2 T = fz 2 C : jzj = 1g, then(16) (k; l; �) �� (m;n; �) = (k +m; l + n; ��e2�i�l�m) :The multipli
ation �� de�nes a group stru
ture on Zd � Zd � T. We shall denotethe resulting group by H � . Sin
e f0g � T is 
ontained in the 
enter of H � andH �=(f0g � T) �= Z2d is abelian, H � is nilpotent and resembles a quotient of thestandard Heisenberg group.The Haar measure d� on H � = Zd � Zd � T is given expli
itly by R Fd� =Pk2ZdPl2Zd RTF (k; l; �) d� . The group 
onvolution �� and Lp(H � ) are de�nedwith respe
t to this measure, the involution is de�ned as(17) F �(k; l; �) = F ((k; l; �)�1) = F (�k;�l; ��e2�i�k�l) :Thus both �� and � obviously depend on �.The two 
onvolutions \� and �� are 
losely related. Following [9, 13℄ we de�nean embedding j of `p(Z2d) into Lp(H � ) as follows: if a 2 `p, then(18) j(a)(k; l; �) = ��a(k; l) :To des
ribe the range of j, we expand a fun
tion F on H � into a Fourier series withrespe
t to the third 
oordinate � . Note that if F 2 Lp(H � ), then for �xed k; l 2 Zd



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 7the fun
tion � ! F (k; l; �) is in Lp(T) � L1(T), therefore the Fourier 
oeÆ
ientsFn(k; l) = RTF (k; l; �)��n d� are well-de�ned and the Fourier series(19) F (k; l; �) = 1X�1 Fn(k; l)�n :
onverges in Lp(T) for 1 < p <1.The following lemma 
olle
ts the properties of this embedding and 
lari�es therelation between `p(Z2d) and Lp(H � ).Lemma 2. (a) j is a norm preserving �-homomorphism from (`1(Z2d); \� ) into(L1(H � ); ��) and an isometry from `p(Z2d) into Lp(H � ) for 1 < p � 1.(b) The range of j in Lp(H ) is j(`p) = fF 2 Lp : Fn � 0 for n 6= �1g.Next we des
ribe the 
onvolution on Lp(H � ) in terms of the expansion (19).Lemma 3. If F 2 L1(H � ) and G 2 Lp(H � ), then(20) (F �� G)(m;n; �) = 1Xl=�1(Fl \��lGl)(m;n)�l :Proof. Sin
e trigonometri
 polynomials are dense in Lp(T); 1 � p < 1; it is suÆ-
ient to prove (20) for fun
tions F and G for whi
h the expansion (19) is a �niteseries. The extension to all F 2 L1(H � ) and G 2 Lp(H � ) follows from a routinedensity argument. We substitute the expansions for F and G into the de�nition ofthe group 
onvolution and then use the orthogonality of �n on L2(T) to simplify:(F �� G)(m;n; �) = Xk;l2ZdZTXr;s2ZFr(k; l)� rGs(m� k; n� l)(���e2�i�l�(k�m))s d�= Xr2Z Xk;l2Zd�rFr(k; l)Gr(m� k; n� l)e�2�i�r(m�k)�l= Xr2Z(Fr \��rGr)(m;n)�r ;as announ
ed.Lemma 3 gives an idea why the irrational 
ase � 62 Q is mu
h more 
ompli
atedthan the rational 
ase. For � 2 Q only �nitely many di�erent twisted 
onvolutions\��l o

ur in the de
omposition of ��, whereas the 
ase � 62 Q involves 
ountablymany (non-equivalent) twisted 
onvolutions.Corollary 4. The subspa
e j(`p(Z2d)) � Lp(H � ) is invariant under the a
tion ofL1(H � ).2.2. Symmetri
 Group Algebras.De�nition 3. An involutive Bana
h algebraA is 
alled symmetri
, if the spe
trumof positive elements is positive, i.e., if f = h� h 2 A + , then �(f) � [0;1).



8 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTMoreover, A without identity element is symmetri
, if and only if the algebraA1 obtained by adjoining an identity is symmetri
 [23, (4.7.9)℄.An important tool to investigate the symmetry of an involutive Bana
h algebrais the following result of Hulani
ki [14℄ whi
h establishes a 
onne
tion between thesymmetry and the representation theory of A .Proposition 5 ( [14℄). Let S be a (not ne
essarily 
losed) �-subalgebra of aninvolutive Bana
h algebra A . Suppose that there exists a faithful �-representation(�;H ) of A by bounded operators on a Hilbert spa
eH su
h that for all f = f � 2S(21) k�(f)kop = limn!1 kfnk1=nA = �A (f) :If A has an identity e, we assume that �(e) = idH . Then for ea
h f = f � 2 Swe have(22) �A (f) = �(�(f)) :In harmoni
 analysis it is of spe
ial interest to understand for whi
h lo
ally
ompa
t groups G the group algebra L1(G) is symmetri
. To get an impressionof the depth and diÆ
ulty of this question the reader should 
onsult [17{19, 21℄.The symmetry of the group algebra has important 
onsequen
es for the spe
trumof 
onvolution operators. If f 2 L1(G), then the 
onvolution operator Tf , de�nedas Tfg = f � g is bounded on Lp(G) for 1 � p � 1. Denote by �Lp(f) thespe
trum of Tf a
ting on Lp(G) and by �Lp(f) its spe
tral radius. If f = f �, then�L2(f) = kTfkop, the operator norm on L2(G), and �L1(f) = limn!1 kf �� � ��fk1=n1 .In general the spe
trum of Tf will depend on the domain Lp. However, we havethe following statement whi
h is part of the folklore [14, 17, 19, 21℄.Theorem 4. Assume that G is amenable. Then the following are equivalent.(i) L1(G) is symmetri
.(ii) �L1(f) = �L2(f) for all f = f � 2 L1(G).Proof. The statement is well-known, but we are not aware of any formal proof inthe literature. Therefore we give a proof.(ii) =) (i): Assume that �L1(f) = �L2(f) for f = f � 2 L1(G). Then Tf��f =T �f Tf is a positive operator on L2(G) and 
onsequently �L2(f � � f) � [0;1). Thus�L1(f � � f) � [0;1) and so L1(G) is symmetri
.(i) =) (ii) Suppose that G is amenable, L1(G) is symmetri
 and f = f � 2 L1(G).Let � 2 �L1(f) su
h that j�j = �L1(f). Then by [20, p. 311, V℄ there exists anirredu
ible �-representation (�;H ) of L1(G) on a Hilbert spa
e H and a ve
tor� 2H ; k�k = 1, su
h that � = h�(f)�; �i. Consequently�L1(f) = j�j � k�(f)�k k�k � k�(f)kop :On the other hand, the amenability of G [21℄ implies thatk�(f)kop � kTfkop = �L2(f)and thus �L1(f) � �L2(f). Sin
e the 
onverse inequality �L2(f) � �L1(f) is alwaystrue, we have obtained the equality �L2(f) = �L1(f). Now we apply Hulani
ki's



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 9Lemma 5 to the regular representation �(f) = Tf of L1(G) a
ting on L2(G) andobtain �L2(f) = �L1(f) for all f = f � 2 L1(G).Sin
e all lo
ally 
ompa
t abelian groups are symmetri
, one may expe
t thatgroups that are \similar" to abelian groups also have symmetri
 group algebras.This is indeed true for a large 
lass of groups. For our purposes we need thefollowing result of Ludwig [19℄.Theorem 5. If G is nilpotent, then L1(G) is symmetri
. Consequently, �L1(f) =�L2(f) for f = f � 2 L1(G).2.3. Wiener's Lemma for Twisted Convolution. By 
ombining Theorem 5with Proposition 5, it is now easy to prove our �rst version of Wiener's Lemmafor twisted 
onvolution. By a slight abuse of notation we also write Ta for thetwisted 
onvolution operator Ta
 = a \� 
 where a 2 `1(Z2d) and 
 2 `p(Z2d). Thespe
trum of Ta a
ting on `p(Z2d) is denoted by �`p(a), the spe
tral radius by �`p(a).The identity element in `1v(Z2d) is denoted by Æ, where Æ(0) = 1 and Æ(k) = 0 fork 6= 0. We write fn and an for the n-th 
onvolution power in L1(G) or `1(Z2d).Theorem 6. Assume that a 2 `1(Z2d). Then(23) �`1(a) = �`2(a) :In parti
ular, if Ta is invertible on `2(Z2d), then a is invertible in `1(Z2d) andthere exists a unique b 2 `1(Z2d), su
h that T�1a = Tb, or a \� b = b \� a = Æ.Consequently Ta is invertible simultaneously on all `p(Z2d).Proof. (a) We apply Hulani
ki's Lemma to the algebra A = S = (`1(Z2d); \� ; �)and the representation �(a) = Ta a
ting on `2(Z2d). If Ta = 0, then a = a \� Æ =TaÆ = 0; 
onsequently � is faithful.In order to show that �`1(a) = �`2(a), we use the identi�
ation of `2(Z2d) withthe 
losed subspa
e j(`2) :=H of L2(H � ) and lift the arguments to L1(H � ).By Lemma 2 we have(24) �`1(a) = limn!1 kank1=n1 = limn!1 kj(a)nk1=n1 = �L1(j(a)) :On the invariant subspa
e j(`2) � L2(H � ) we have(25) Tj(a)j(
) = j(a) �� j(
) = j(a \� 
) = j(Ta
) ;whereas on the orthogonal 
omplement j(`2)? we obtain that Tj(a)jj(`2)? = 0 byLemma 3. It follows that(26) kTj(a)kop = kTakop = �`2(a)for any self-adjoint element a = a� 2 `1(Z2d).But sin
e L1(H � ) is symmetri
 by Theorem 5, we have that �L1(j(a)) = �L2(j(a)) =kj(a)kop and by means of (26) and (24) we 
on
lude that �`1(a) = �`2(a).Thus the hypotheses of Proposition 5 are satis�ed and we 
on
lude that�`1(a) = �`2(a) for a = a� 2 `1(Z2d) :



10 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERT(b) If a;b 2 `1(Z2d) and a \� b = b \� a = Æ, then T�1a = Tb is bounded on all`p(Z2d); 1 � p � 1. Applying this observation to elements of the form a � �Æshows that(27) �`p(a) � �`1(a)for all 1 � p � 1.(
) Next we show that(28) �`1(a) = �`2(a) for all a 2 `1(Z2d) :If a 2 `1(Z2d) and Ta is invertible on `2(Z2d), then Ta� \� a is also invertible on`2(Z2d). Sin
e �`2(a� \� a) = �`1(a� \� a) does not 
ontain 0, a� \� a is invertible in`1(Z2d). Likewise a \� a� has an inverse in `1(Z2d). This implies that a is invertiblein `1(Z2d), be
ause it has the left inverse (a� \� a)�1 \� a� 2 `1(Z2d) and the rightinverse a� \� (a \� a�)�1 2 `1(Z2d). The argument applied to a � �Æ shows that�`1(a) � �`2(a). Combined with (b) we obtain the identity of spe
tra (28).(d) If a 2 `1(Z2d) and Ta is invertible on `2(Z2d), then 0 62 �`2(a) and (27) and(28) show that 0 62 �`p(a) for 1 � p � 1. Thus Ta is invertible on all `p(Z2d).Corollary 6. (`1(Z2d); \� ;� ) is a symmetri
 Bana
h algebra.2.4. Weighted Convolution Algebras. In this se
tion we extend Theorem 6 toweighted algebras.By a weight v on R2d we understand a positive, 
ontinuous, symmetri
 fun
tionthat satis�es v(0) = 1 and the submultipli
ativity(29) v(r1 + r2) � v(r1)v(r2) for r1; r2 2 R2d :The submultipli
ativity (29) implies that v grows at most exponentially, be
ausev(nr) � v(r)n for all r 2 R2d and n 2 N and thus for some � > 0v(r) � �maxjej�1 v(e)�jrj = e�jrj :Let `1v(Z2d) be the spa
e of all sequen
es on Z2d for whi
h the norm(30) kak1;v = Xr2Z2d jarjv(r)is �nite. Sin
e v is submultipli
ative, we obtain(31) ka \� bk1;v � kak1;v kbk1;vand sin
e v is symmetri
, we have ka�k1;v = kak1;v. Thus (`1v(Z2d); \� ;� ) is aninvolutive Bana
h algebra.In the following we 
onsider a spe
ial 
lass of weight fun
tions. Let � be anorm on R2d (or on a lower dimensional subspa
e 6= f0g of R2d), and let � be anon-negative, 
on
ave fun
tion on R+ su
h that �(0) = 0 and(32) limt!1 �(t)t = 0 :



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 11De�nition 4. A weight v is 
alled subexponential if v is of the form v(r) = e�(�(r)).Note that (32) is equivalent to the 
ondition limn!1 v(nr)1=n = 1 for all r 2 R2d .This is the 
ondition of Gelfand-Raikov-Shilov [10℄.Example: Choose 
j > 0 and a �nite subset F � f1; 2; : : : ; 2dg. Then �(r) =�Pj2F ( rj
j )p)1=p is a norm on a subspa
e of R2d . Choose �(t) = a ln(1 + t) or�(t) = atb; a > 0; 0 � b < 1. Thus the standard weight fun
tions v(r) = (1 + jrj)aand v(r) = eajrjb as well as \half-dimensional weights" v(x; !) = (1 + jxj)a orv(x; !) = (1 + j!j)a are 
overed by this de�nition.Con
erning the weighted 
onvolution algebras `1v(Z2d) we have the following ob-servation whi
h is inspired by a result of Pytlik [22℄.Proposition 7. If v is subexponential, then(33) �`1v(a) = �`1(a)for all a 2 `1v(Z2d).Proof. We �rst de�ne a sequen
e of auxiliary weights. Let(34) �n(t) = (�(t) if t � ntn�(n) if t � n :Then �n still satis�es (32) and is again positive and 
on
ave. It follows that vn(r) =e�n(�(r)) is a subexponential weight. Furthermore, there exist 
onstants an > 0 su
hthat �n � � � �n + an and thus(35) vn(r) � v(r) � eanvn(r) :Sin
e these weights are equivalent, we have `1v(Z2d) = `1vn(Z2d) and(36) �`1vn (a) = �`1v(a) for a 2 `1v(Z2d) :Now we have �`1v(a)k = � limn!1kaknk 1kn1;v�k= �`1v(ak)(37) = �`1vn (ak) by (36)� kakk1;vn for all k 2 N :Sin
e vn ! 1 uniformly on 
ompa
t sets and vn � v, we obtain that(38) limn!1kakk1;vn = limn!1 kakvnk1 = kakk1for all k 2 N . Combined with (37) we 
on
lude that �`1v(a) � kakk1=k1 for all k,hen
e �`1v(a) � �`1(a). Sin
e the reverse inequality is always true, we have proved(33).Theorem 7. If a 2 `1v(Z2d) and if Ta is invertible on `2(Z2d), then there existsb 2 `1v(Z2d), su
h that a \� b = b \� a = Æ when
e T�1a = Tb. Consequently Ta isinvertible simultaneously on all weighted spa
es `pv(Z2d); 1 � p � 1.



12 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTProof. We apply Proposition 5 to the Bana
h algebra `1v(Z2d) � `1(Z2d). Sin
e byTheorem 6 and Proposition 7 we have(39) �`1v(a) = �`1(a) = �`2(a) ;Proposition 5 implies that �`1v(a) = �`2(a) for a = a� 2 `1v(Z2d). If Ta is invertibleon `2, then 0 62 �`2(a), thus a = a� is invertible in `1v(Z2d). Thus there existsb 2 `1v(Z2d) su
h that a \� b = b \� a = Æ. The extension to non-hermitian elementsfollows as in step (
) of the proof of Theorem 6.Corollary 8. If v is a subexponential weight, then (`1v(Z2d); \� ;� ) is a symmetri
Bana
h algebra.Remark. This 
orollary is no longer true for exponential weights v(r) = eÆjrj.It follows from [10, p. 152,153℄ that the 
ommutative algebra (`1v(Z2d); �) underordinary 
onvolution is not symmetri
.3. Wiener's Lemma in the Rotation AlgebraFor the appli
ations to Gabor theory we study the representation � of (`1(Z2d); \� ;� )a
ting on L2(Rd) by time-frequen
y shifts. Re
all that �(a) is de�ned by(40) �(a) = Xk;l2ZdaklT�kM�l :Sin
e T�kM�l is unitary, we have k�(a)kop � kak1. By (14) and (15) � is a non-degenerate representation of the involutive Bana
h algebra (`1v(Z2d); \� ;� ), wherewe have set �� = �. Then �(`1v(Z2d)) := Av(�; �) is a dense Bana
h subalgebraof the C�-algebra C�(�; �) that is generated by the time-frequen
y shifts T�kM�l.Our main theorem is Wiener's Lemma for Av(�; �).Theorem 8. Assume that a 2 `1v(Z2d) and that �(a) 2 Av(�; �) is invertible onL2(Rd). Then a is invertible in `1v(Z2d), hen
e �(a)�1 = �(b) for some b 2 `1v(Z2d)or �(a)�1 2 Av(�; �).We prepare the proof of this theorem by several lemmas.First we show that �(a) is a meaningful operator for a 2 `2(Z2d). For thispurpose we introdu
e the amalgam spa
e W =W (L1; `1) on Rd with normkfkW = Xk2Zd supx2[0;�℄d jf(x+ �k)j = Xk2Zdkf � T�k�[0;�℄dk1 :Lemma 9. If a 2 `2(Z2d), then �(a) is bounded from W (L1; `1) into L2(Rd) and(41) k�(a)fk2 � Ckak2kfkW :Proof. It suÆ
es to establish (41) for elements a with 
ompa
t support. Inequality(41) for arbitrary a 2 `2(Z2d) then follows by density and 
ontinuity.Write � = �[0;�℄d and fl = f �T�l�. Then f =Pl2Zd fl and kfkW =Pl2Zd kflk1.Furthermore, by inter
hanging the order of T�k and M�l we may rewrite �(a) as(42) �(a) = Xk;l2Zdakle�2�i�k�lM�lT�k = Xk2Zd�kT�k



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 13where �k(x) = Pl2Zd akle�2�i�k�le2�i�l�x is 1� -periodi
. If a 2 `2(Z2d), then �k islo
ally square-integrable and for any 
ompa
t set K � Rd and any u 2 Rd we have(43) Zu+K j�k(x)j2 dx � CXl2Zd jaklj2with a 
onstant independent of a and u 2 Rd . Using the de
omposition of f andjflj � T�l�[0;�℄dkflk1, we 
an estimate k�(a)fk2 as follows:k�(a)fk2 = k�(a)�Xl2Zd fl�k2 �Xl2Zdk�(a)flk2= Xl2ZdkXk2Zd�kT�kflk2� Xl2ZdkXk2Zd j�kjT�(k+l)�k2 kflk1 :(44)Sin
e the translates T�(k+l)� are disjoint, (43) implies thatkXk2Zd j�kjT�(k+l)�k22 = Xk2ZdZ�(k+l)+[0;�℄d j�k(x)j2 dx � C Xk;n2Zd jaknj2 :Sin
e this estimate is independent of l, (44) yields thatk�(a)fk2 � Ckak2Xl2Zd kflk1 = Ckak2kfkW ;whi
h is the desired estimate.Lemma 10. If a 2 `2(Z2d) and �(a) = 0 on W (L1; `1), then a = 0.Proof. We know from Lemma 9 that �(a) is bounded on W (L1; `1). Let f; h bebounded fun
tions with support in [0; �℄d (hen
e f; h 2 W ) and let l; m 2 Zd bearbitrary. The disjointness of the supports of T�kf and (42) imply that0 = h�(a)T�lf; T�mhi= Xk2Zdh�kT�(k+l)f; T�mhi= h�m�l � T�mf; T�mhi :So we 
on
lude that �m�l(x) = 0 for almost all x 2 �m + [0; �℄d and l; m 2 Zd.Varying l; m, it follows that �k(x) = 0 for almost all x 2 Rd and every k 2 Zd.Consequently the Fourier 
oeÆ
ients of �k vanish and thus a = 0.Lemma 11. For all a 2 `1(Z2d) we have the inequalities(45) kak2 � kTakop � kak1 :and(46) k�(a)kop � kTakop :



14 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTProof. Estimate (45) follows from kak2 = ka \� Æk2 � kTakop � supk
k2=1 ka \� 
k2 �kak1.Estimate (46) is an easy 
onsequen
e of Theorem 6. If a = a� 2 `1(Z2d), thenby (23) we have k�(a)kop = �(�(a)) � �`1(a)= �`2(a) = kTakop :(47)Sin
e for arbitrary a we have k�(a� \� a)kop = k�(a)��(a)kop = k�(a)k2op andkTa� \� akop = kTak2op, (46) is proved for all a 2 `1(Z2d).Proof of Theorem 8. We wish to apply Proposition 5 to the subalgebra `1v(Z2d)of `1(Z2d) and the representation � on L2(Rd). By Lemma 10 � is a faithfulrepresentation. Sin
e we have already shown that �`1v(a) = �`2(a) = kTakop fora = a� 2 `1v(Z2d) (Theorem 6 and Proposition 7), it suÆ
es to verify that kTakop =k�(a)kop.Let C�(`1) be the C�-algebra generated by the regular (twisted) representationTa of `1(Z2d), and as above let C�(�; �) be the C�-algebra generated by the time-frequen
y shifts T�kM�l.If A 2 C�(`1), then there exists a sequen
e an 2 `1 su
h that kA�Tankop ! 0. By(45) kan�amk2 � kTan�Tamkop and thus there exists a 2 `2 su
h that lim an = a.Be
ause of (46) f�(an)g is a Cau
hy sequen
e and thus there is T 2 C�(�; �) withk�(an) � Tkop ! 0. For f 2 W (L1; `1) we have both k�(an)f � Tfk2 ! 0 andk�(an)f � �(a)fk2 ! 0 by Lemma 9, so T = �(a) on W (L1; `1). By a similarargument we �nd that A = Ta on the dense subspa
e `1(Z2d) � `2(Z2d).Now we de�ne a C�-homomorphism h from C�(`1) to C�(�; �) by(48) h(A) = T ;where A and T are as above. Then h is a �-homomorphism, and by (46) and the
onstru
tion h is 
ontinuous. If T = 0, then �(a) = 0 on W (L1; `1), 
onsequentlya = 0 by Lemma 10. Sin
e Ta
 = A
 for all 
 2 `1(Z2d), we have A = 0 andthus h is one-to-one. Therefore we may 
on
lude that kTakop = k�(a)kop, be
ausean inje
tive �-homomorphism between C�-algebras is always an isometry (see [3,Thm. I.5.5℄).In 
ombination with Theorem 6 and Proposition 7 we have proved that(49) �`1v(a) = �`2(a) = k�(a)kop for a 2 `1v(Z2d) :Thus Proposition 5 implies that(50) �`1v(a) = �(�(a)) for a a� :Consequently, if �(a) is invertible on L2(Rd), then a is invertible in the algebra`1v(Z2d), and thus there exists b 2 `1v(Z2d) su
h that a \� b = b \� a = Æ. Thus�(b) = �(a)�1 as was to be proved. The extension to non-hermitian elementsfollow as before.



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 15Remark. Identity (49) was 
onje
tured by Janssen [15℄ in (1.41).4. Appli
ations to Gabor Frames and Window DesignTo establish the link between the abstra
t theory derived so far and time-frequen
y analysis on modulation spa
es we need the following lemma. Re
all thatthe modulation spa
e M1v is de�ned by the norm kfkM1v = RR2d jV�f(z)jv(z)dz,where V�f is the short-time Fourier transform of f with respe
t to the Gaussianwindow � as de�ned in (3).Lemma 12 ( [12℄). If a 2 `1~v(Z2d), then �(a) is bounded on M1v and k�(a)fkM1v �kak1;~vkfkM1v , where ~v is the restri
tion of v to the latti
e �Zd� �Zd.Proof. A simple 
al
ulation shows that jV�(TuM�f)(x; !)j = jV�f(x � u; ! � �)j.Be
ause v is submultipli
ative, we obtainkTuM�fkM1v = ZR2d jV�f(x� u; ! � �)j v(x; !) dxd! � v(u; �) kfkM1v :Consequentlyk�(a)fkM1v = k Xk;l2ZdaklT�kM�lfkM1v� Xk;l2Zd jaklj kT�kM�lfkM1v� Xk;l2Zd jaklj v(�k; �l) kfkM1v = kak1;~v kfkM1v :Theorem 9. Assume that fT�kM�lg : k; l 2 Zdg is a frame for L2(Rd) and thatg 2M1v . Then the Gabor frame operator Sg;�;� is invertible on M1v and 
 = S�1g 2M1v .Proof. Janssen's representation of the Gabor frame operator [15, Prop. 2.8℄ allowsus to write S as(51) S = Sg;�;� = (��)�d Xk;l2Zdhg; T k�M l�giT k�M l� :If g 2 M1v , then it 
an be shown that Pk;l2Zd jhg; Tk=�Ml=�gijv(k=�; l=�) < 1,see [6, Lemma 7.2℄ and [12, Cor. 12.1.12℄. Thus Janssen's result 
an be re
ast bysaying that S = �(a) for some a 2 `1~v(Z2d) with ~v being the restri
tion of v to1�Zd � 1�Zd. Equivalently S = Sg;�;� 2 A~v( 1� ; 1�). Sin
e fT�kM�lg : k; l 2 Zdg is aframe, S = �(a) is invertible. By Theorem 8 S�1 = �(b) 2 A~v( 1� ; 1�) and so S�1 isof the form(52) S�1 = Xk;l2Zd bkl Tk=�Ml=� for b 2 `1~v(Z2d) :By Lemma 12 S�1 is bounded on M1v and thus 
 = S�1g 2M1v .



16 KARLHEINZ GR�OCHENIG AND MICHAEL LEINERTWe refer to [7, Se
tion 5℄ and [12, Ch.12℄ for the 
onsequen
es of Theorem 9 forthe time-frequen
y analysis of tempered distributions.The next 
orollary 
on�rms a 
onje
ture of Janssen [16℄ in the irrational 
ase.We say that a window g satis�es 
ondition (A) ifXk;l2Zd jhg; T k�M l�gij <1 :This 
ondition was introdu
ed in [27℄ to avoid the obvious 
onvergen
e problemsof S in (51). Sin
e S�1g;�;� = S
;�;� as a 
onsequen
e of the 
omputationS�1g;�;�f = S�1SS�1f = Xk;l2Zdhf; S�1T�kM�lgiS�1T�kM�lg= Xk;l2Zdhf; T�kM�l
iT�kM�l
 = S
;�;�f ;the question arose whether Janssen's representation of S�1 also 
onverges abso-lutely, or equivalently, whether 
 = S�1g again satis�es 
ondition (A). This wasanswered aÆrmatively by Janssen [16, Thm. 1.4℄ in the rational 
ase �� 2 Q and
onje
tured to be true for all values of ��. With the ma
hinery built up so far we
an now easily prove this 
onje
ture.Corollary 13. If g satis�es 
ondition (A) and if the Gabor frame operator Sg;�;�is invertible, then 
 also satis�es 
ondition (A).Proof. By de�nition 
ondition (A) implies that Sg;�;� = �(a) for some a 2 `1. ThenTheorem 8 implies that S�1 = �(b) for some b 2 `1. Sin
e S�1 = S
;�;�, (51) andLemma 10 imply that bkl = h
; Tk=�Ml=�
i. Therefore 
 satis�es 
ondition (A).Here is another easy 
onsequen
e of Theorem 8. Let vs(z) = (1 + jzj)s be thepolynomial weight. Janssen [15, Prop. 5.4℄ showed that if �(a) 2 Av2s+1 is invertibleon L2, then �(a)�1 2 Avs . We may now improve this statement as follows.Corollary 14. If �(a) 2 Avs(�; �) is invertible on L2(Rd), then �(a)�1 2 Avs(�; �).4.1. Tight Gabor Frames. For the 
onstru
tion of tight Gabor frames it is im-portant to understand the mapping properties of the square root of Sg;�;�. Theinterest stems from the following fa
t [2, 12℄. Assume that fT�kM�lg : k; l 2 Zdgis a frame for L2(Rd), and de�ne a new window ~
 by ~
 = S�1=2g;�;�g. Then everyf 2 L2(Rd) has the non-orthogonal and un
onditionally 
onvergent expansion(53) f = Xk;l2Zdhf; T�kM�l~
iT�kM�l~
 :This so-
alled tight Gabor frame expansion works like an orthonormal expansion,but the 
oeÆ
ients are unique if and only if �� = 1 [12, Cor. 7.5.2℄ and [25℄. Forgenuine time-frequen
y analysis it is ne
essary that the series (53) 
onverges in morerestri
tive norms, or equivalently that the window ~
 is in M1v . The existen
e oftight frame expansions (53) with \good" windows follows easily from the existen
eof square roots of positive elements in involutive Bana
h algebras.



WIENER'S LEMMA FOR TWISTED CONVOLUTION AND GABOR FRAMES 17Corollary 15. (a) If �(a) 2 Av(�; �) is positive and invertible on L2(Rd), then�(a)�1=2 2 Av(�; �).(b) If fT�kM�lg : k; l 2 Zdg is a frame for L2(Rd) and g 2 M1v , then ~
 =S�1=2g;�;�g 2M1v .Proof. (a) Sin
e �`1v(a) = �`2(a) � (0;1), a is positive and invertible in the sym-metri
 algebra `1v(Z2d). By [20, p. 305, VII℄ there exists a positive element b = b� 2`1v(Z2d) su
h that a = b \� b. Consequently �(b)2 = �(a) and �(b) 2 Av(�; �).By 
onstru
tion 0 62 �(�(b)) and thus �(b)�1 2 Av(�; �) as well.(b) follows by applying (a) to the positive invertible operator S�1g;�;� 2 A~v( 1� ; 1�).4.2. Generalizations. Instead of the \separable" latti
e �Zd��Zd one may 
on-sider arbitrary \non-separable" latti
es � = AZ2d for some A 2 GL(2d;R). Writez = (z1; z2) 2 Rd � Rd = R2d and Uz = Tz1Mz2 for the time-frequen
y shifts, andde�ne the 
o
y
le �(z; w) = e2�iw1�z2. Then the twisted 
onvolution on `1(�) isde�ned to be(54) (a \� b)(�) =X�2� a�b��� �(�; �� �)for a;b 2 `1(�). It 
an be shown that the operators(55) ��(a) =X�2� a�U�de�ne a faithful non-degenerate representation of `1(�) on L2(Rd). Then the non-
ommutative versions of Wiener's Lemma, Theorems 6, 7, and 8 extend to thealgebra (`1(�); \�) with a suitable involution. In parti
ular, if ��(a) is invertibleon L2(Rd) and if a 2 `1v(�), then ��(a)�1 = ��(b) for some b 2 `1v(�). Likewise,the other results 
an be generalized to general latti
es in the time-frequen
y plane.The proofs are almost identi
al and the minor modi�
ations are left to the reader.In a further generalization we may repla
e Rd by an arbitrary se
ond 
ountablelo
ally 
ompa
t abelian group G and � � R2d by a dis
rete 
o
ompa
t subgroupD � G � bG. Time-frequen
y shifts on L2(G) are de�ned by TxM�f(t) = �(t �x)f(t � x) for x; t 2 G and � 2 bG. The abstra
t stru
tures are the same, andall results of this paper 
an be formulated and proved for twisted 
onvolution onD and for the 
orresponding proje
tive representation �D of D by time-frequen
yshifts on L2(G). As no new ideas or te
hniques are required, we omit the dis
ussionof details. Referen
es[1℄ H. B�ol
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