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Abstract. We characterize several classes of test functions, among them Björck’s ultra-
rapidly decaying test functions and the Gelfand-Shilov spaces of type S, in terms of the
decay of their short-time Fourier transform and in terms of their Gabor coefficients.

1. Introduction

This preprint is in final form. It appeared in:
Journal of Function Spaces and Applications 2 (2004), pp. 25–53.

The definition of the Fourier transform on the level of distributions is founded on a
solid theory of spaces of test functions that are invariant under the Fourier transform.

In the standard theories, classes of test functions are defined by separate conditions
on time and frequency. The typical example is the Schwartz class S, where a member
ϕ ∈ S is defined by the rapid decay of all derivatives Dp ϕ and Dq ϕ̂. However, many
applications, for instance the concept of phase space content in quantum mechanics, or
the local frequency spectrum in signal analysis, require a joint time-frequency description
of functions. This point of view motivated us to look closely at the joint time-frequency
behavior of test functions and distributions. In the context of time-frequency analy-
sis, such an investigation is carried out conveniently by means of the short-time Fourier
transform and its relatives, such as the radar ambiguity function or the Wigner distri-
bution. Earlier results in this direction have been obtained by Janssen [20] and Cho [5]
for certain Gelfand-Shilov spaces and by the authors for the Schwartz class [17]. The
investigation of certain small modulation spaces (Banach spaces contained in S) and the
duals in [14, 25, 27] can also be seen in this context.

Our objective is a more comprehensive analysis of spaces of test functions and cor-
responding distributions. We will investigate the time-frequency behavior of functions
in Björck’s spaces of ultra-rapidly decaying test functions [1] and in the Gelfand-Shilov
spaces or Gevrey classes [13, 18]. These classes of test functions are refinements of the
Schwartz class and occur often in the theory of partial differential equations [18]. Our
main result yields a characterization of these spaces by their joint time-frequency behav-
ior (Theorems 2.7, 3.8 and 3.11). From the point of view of time-frequency analysis these
characterizations are quite natural, though not yet established in analysis. To persuade
the reader of the convenience and usefulness of these characterizations, we give three ap-
plications. Firstly, we will give a new proof of Kashpirovskij’s theorem [22] which shows
that the usual definition of spaces of test functions can be weakened and can be done
solely by decay conditions without using derivatives (Cor. 2.9 and 3.9). Secondly, we give
a significant improvement of Janssen’s theorem on the window design for Gabor frames
in Thm. 4.2. Thirdly, we then characterize ultra-rapidly decaying test functions by their
Gabor coefficients.

The paper is organized as follows: In Section 2, we introduce Björck’s ultra-rapidly
decaying test functions and ultra-distributions, and investigate their joint time-frequency
behavior by using the techniques developed in [17]. In Section 3, a similar program is
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carried out for the spaces of type S (or Gevrey classes) of Gelfand and Shilov. Their char-
acterization by means of the STFT is more challenging and will be given in Theorem 3.8
and Corollary 3.11. Finally, in Section 4 we present a different perspective on spaces of
test functions in terms of so-called modulation spaces and give another characterization
of ultra-rapidly decaying test functions by means of Gabor frames.

1.1. The short-time Fourier transformation (STFT). Our main tool for the inves-
tigation of test functions and distributions will be the short-time Fourier transform.

Definition. The short-time Fourier transform (STFT) of a function or distribution f on
Rd with respect to the non-zero window g is defined as

(Vgf)(x, ξ) =

∫

Rd

f (t) g(t−x) e−2πiξt dt = ̂(f Tx g)(ξ) = 〈f, Mξ Tx g〉 ,

where as usual Tx f(t) = f(t−x) is the translation operator and Mξ f(t) = e2πiξtf(t) is
the modulation operator.

The quantity Vgf (x, ξ) is a measure for the amplitude of the frequency band near ξ at
time x. We will heavily use the following properties of the STFT.

Lemma 1.1. For functions f , fi, g, gi, and h ∈ S(Rd), the STFT has the following
properties.

(i) (Inversion formula)∫∫

Rd×bRd

(Vgf)(x, ξ) Mξ Tx h dxdξ = 〈h, g〉 f .

(ii) (STFT of the Fourier transforms)
(
Vbgf̂

)
(η, y) = e−2πiηy (Vgf)(−y, η) .

(iii) (Fourier transform of the STFT)

(̂Vgf)(η, y) = e2πiηy f (−y) ĝ(η) .

The proofs are straightforward calculations and can be found, e.g., in [14, 17].

1.2. Notation.
We use standard multi-index notation and write xp = (x1, . . . , xd)

(p1,...,pd) =
∏d

i=1 xpi

i ,

Dp =
∏d

i=1
∂pi

∂x
pi
i

, α ≤ β ⇐⇒ αi ≤ βi, ∀i = 1 . . . d and α, β ∈ Nd
0. Using the multinomial

coefficients
(

p
r

)
=

∏d
i=1

(
pi

ri

)
yields (a+b)p =

∑
r≤p

(
p
r

)
ar bp−r. We shall denote the Eu-

clidean norm by ‖x‖ and the `
1-norm by ‖x‖1 =

∑d
i=1 |xi|, while by the absolute value

of a vector, we mean the vector of absolute values |x| = (|x1|, . . . , |xd|).

2. Ultra-rapidly decaying test functions

and tempered ultra-distributions

2.1. Weight functions. In general, a weight function is simply a nonnegative, locally
integrable function on Rd.

Following [28], we define M to be the collection of all nonnegative functions w on
Rd such that w(t) = σ(‖t‖), where σ(r) is an increasing continuous concave function on
[0,∞) with

σ(0) = 0 ,
∫ ∞

0

σ(r)

1+r2
dr < ∞ ,

σ(r) ≥ c + d log (1+r) for some c ∈ R, d > 0 .
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Consequently, w ∈ M implies that w is subadditive, i.e., w(t1+t2) ≤ w(t1)+w(t2) for all
t1, t2 ∈ Rd, and thus we have for λ > 0 that m = eλw is submultiplicative, i.e., m(0) = 1
and

m(t1+t2) ≤ m(t1) m(t2) ∀ t1, t2 ∈ Rd .

A standard class of weight functions is given by

ms(t) = (1 + ‖t‖)s for s ∈ R.

For s > 0, the function ms is submultiplicative, and we have ws = log(ms) ∈ M.

Definition. For w ∈ M, the space Sw(Rd) of ultra-rapidly decaying test functions [28]
is the Fréchet space of functions on Rd generated by the family of seminorms

Aw =
{∥∥eλw Dp f

∥∥
L

∞ ,
∥∥eµw Dq f̂

∥∥
L

∞ : λ, µ > 0, p, q ∈ Nd
0

}
. (2.1)

Its dual is the space S
′
w(Rd) of tempered ultra-distributions. Here continuity of a linear

functional f means that there exist constants C, λ, µ > 0 and integers M , N ≥ 0 such
that for all g ∈ Sw(Rd),

∣∣〈f, g〉
∣∣ ≤ C

( ∑

‖p‖1≤M

∥∥eλw Dp g
∥∥

L
∞ +

∑

‖q‖1≤N

∥∥eµw Dq ĝ
∥∥

L
∞

)
. (2.2)

Obviously, if we choose w(t) = log(1 + ‖t‖), we obtain Sw(Rd) = S(Rd), the Schwartz
space [26], and consequently S

′
w(Rd) = S

′(Rd), the space of tempered distributions.

Lemma 2.1. Given w ∈ M, we have for λ > 0 that
∥∥eλw (f ∗ g)

∥∥
L

∞ ≤ Cλ

∥∥e2λw f
∥∥

L
∞

∥∥e2λw g
∥∥

L
∞

for a constant Cλ depending on λ only.

Proof. We show first that
∫

Rd

e−2λw(t) e−2λw(x−t) dt ≤ Cλ e−λw(x) .

For ‖t−x‖ ≤ ‖x‖/2, we have ‖t‖ ≥ ‖x‖/2, so
∫

Rd

e−2λ(w(t)+w(x−t)) dt ≤
∫

‖t−x‖≤
‖x‖
2

e−2λw(x/2) e−2λw(t−x) dt +

∫

‖t−x‖≥
‖x‖
2

e−2λw(t) e−2λw(x/2) dt

≤ e−2λw(x/2) 2

∫

Rd

e−λw(t) dt

≤ e−λw(x) Cλ ,

where in the last inequality, we made use of w(x) = σ(‖x‖) with σ concave and σ(0) = 0,
thus σ(‖x/2‖) ≥ (σ(0) + σ(‖x‖))/2 = σ(‖x‖)/2.

Now, we use

|f (t)| ≤
∥∥e2λw f

∥∥
L

∞ e−2λw(t) and |g(t)| ≤
∥∥e2λw g

∥∥
L

∞ e−2λw(t) ,

so
∣∣(f ∗ g)(x)

∣∣ ≤
(
|f | ∗ |g|

)
(x) ≤

∥∥e2λw f
∥∥

L
∞

∥∥e2λw g
∥∥

L
∞

∫

Rd

e−2λw(t) e−2λw(x−t) dt

≤
∥∥e2λw f

∥∥
L

∞

∥∥e2λw g
∥∥

L
∞ Cλ e−λw(x) ,

which implies the claim. �
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2.2. STFT on Sw(Rd) and S
′
w(Rd). For a fixed non-zero window g ∈ Sw(Rd), the STFT

is well-defined for f ∈ S
′
w(Rd) and maps a tempered ultra-distribution on Rd to a function

on Rd×R̂d.
Now we want to show how the STFT reflects properties of ultra-rapidly decaying test

functions and of tempered ultra-distributions. First, we need an algebraic lemma for
interchanging the operators eλw Dp and Mξ Tx.

Lemma 2.2. For g ∈ Sw(Rd), we have

(i) eλw Dp
(
Mξ Tx g

)
=

∑

r≤p

(
p
r

)
(2πiξ)r Mξ Tx

(
eλw( · +x) Dp−r g

)
,

(ii)
∥∥∥eλw Dp

(
Mξ Tx g

)∥∥∥
L

∞
≤ eλw(x)

∑

r≤p

(
p
r

) ∣∣(2πiξ)r
∣∣ ∥∥eλw Dp−r g

∥∥
L

∞ .

Proof. (i) Obviously, we have
(
eλw Tx g

)
(t) = eλw(t) g(t−x) = Tx

(
eλw(t+x) g(t)

)
. (2.3)

Furthermore, Leibniz’s rule implies
(
Dp Mξ h

)
(t) = Dp(e2πiξth(t)) =

∑

r≤p

(
p
r

)(
Dr e2πiξt

)(
Dp−rh(t)

)

=

(∑

r≤p

(
p
r

)
(2πiξ)r Mξ Dp−r h

)
(t) .

(2.4)

Combining (2.3) and (2.4) yields

eλw
(
Dp Mξ(Tx g)

)
= eλw

(∑

r≤p

(
p
r

)
(2πiξ)r Mξ Dp−r(Tx g)

)

=
∑

r≤p

(
p
r

)
(2πiξ)r Mξ

(
eλw Tx(D

p−r g)
)

=
∑

r≤p

(
p
r

)
(2πiξ)r Mξ

(
Tx eλw( · +x)(Dp−r g)

)
.

(ii) follows from (i) by using the isometry property ‖Mξ Tx h‖L
∞ = ‖h‖L

∞ and the
submultiplicativity eλw(t+x) ≤ eλw(t) eλw(x). �

Corollary 2.3. Time-frequency shifts act continuously on Sw and weak*-continuously
on S

′
w.

Proof. We have to show that for g ∈ Sw(Rd),

lim
‖x‖,‖ξ‖→0

∥∥eλw(t) Dp(Mξ Tx g − g)
∥∥

L
∞ = 0 and lim

‖x‖,‖ξ‖→0

∥∥eµw(τ) Dq(M̂ξ Tx g − ĝ)
∥∥

L
∞ = 0

for all λ, µ > 0, p, q ∈ Nd
0. According to Lemma 2.2, we have

∥∥eλw(t) Dp(Mξ Tx g − g)
∥∥

L
∞ ≤

∥∥eλw(t)(Mξ Tx Dp g − Dp g)
∥∥

L
∞

+ eλw(x)
∑

r≤p
r 6=0

(
p
r

) ∣∣(2πiξ)r
∣∣ ∥∥eλw(t) Dp−r g

∥∥
L

∞ .

The convergence of the first term, as ‖x‖, ‖ξ‖ → 0, is immediate for g ∈ C∞ with compact
support. Since compactly supported functions are dense in Sw(Rd), the convergence in
the general case follows from a 3 ε-argument. The terms in

∑
r converge to 0, because

r 6= 0.
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The convergence of
∥∥eµw(τ) Dq(M̂ξ Tx g − ĝ)

∥∥
L

∞ is treated similarly.

Consequently, for f ∈ S
′
w(Rd), we have for all g ∈ Sw(Rd) that

lim
‖x‖,‖ξ‖→0

〈
Mξ Tx f, g

〉
= lim

‖x‖,‖ξ‖→0

〈
f, T−x M−ξ g

〉
= 〈f, g〉 ,

which shows the weak*-continuity in S
′
w(Rd). �

This last statement implies that the STFT of a tempered ultra-distribution is a con-
tinuous function on the time-frequency plane. We can say more about its growth, and
we can also characterize elements of Sw(Rd) by the decay properties of their STFT, as
the following results show.

Theorem 2.4. Let g ∈ Sw(Rd) and f ∈ S
′
w(Rd). Then Vgf is continuous, and there are

constants C, λ, µ > 0 such that
∣∣(Vgf)(x, ξ)

∣∣ ≤ C eλw(x)+µw(ξ) ∀x, ξ ∈ Rd .

Proof. The continuity of f as a linear functional on Sw(Rd) yields by (2.2)
∣∣(Vgf)(x, ξ)

∣∣ =
∣∣〈f, Mξ Tx g〉

∣∣

≤ C

( ∑

‖p‖1≤M

∥∥∥eλw Dp
(
Mξ Tx g

)∥∥∥
L

∞
+

∑

‖q‖1≤N

∥∥∥eµw Dq
(
e2πiξx M−x Tξ ĝ

)∥∥∥
L

∞

)
.

With the identity of Lemma 2.2, we obtain

∣∣(Vgf)(x, ξ)
∣∣ ≤ C

( ∑

‖p‖1≤M

eλw(x)
∑

r≤p

(
p
r

)
|(2πiξ)r|

∥∥eλw Dp−r g
∥∥

L
∞

+
∑

‖q‖1≤N

eµw(ξ)
∑

s≤q

(
q
s

)
|(−2πix)s|

∥∥eµw Dq−s ĝ
∥∥

L
∞

)
.

Since g ∈ Sw(Rd), the right hand side can be written as C
(
eλw(x) q(|ξ1|, . . . , |ξd|) +

eµw(ξ) p(|x1|, . . . , |xd|)
)
, where p and q are polynomials of degree N and M on Rd. Conse-

quently we obtain |Vgf(x, ξ)| ≤ C ′ eλ′w(x)+µ′w(ξ) for all λ′ > λ, µ′ > µ. The continuity of
Vgf follows from Corollary 2.3. �

Corollary 2.5. Let g ∈ S(Rd) and f ∈ S
′(Rd). Then Vgf is continuous, and there are

integers M , N ≥ 0 and a constant C > 0 such that
∣∣(Vgf)(x, ξ)

∣∣ ≤ C (1 + ‖x‖)M (1 + ‖ξ‖)N ∀x, ξ ∈ Rd .

Proposition 2.6. Let g ∈ Sw(Rd) be fixed. Assume that F : R2d → C has ultra-rapid
decay, i.e., that for all λ > 0, there is a constant Cλ > 0 such that

|F (x, ξ)| ≤ Cλ e−λ(w(x)+w(ξ)) .

Then the integral

f (t) :=

∫∫

R2d

F (x, ξ) (Mξ Tx g)(t) dxdξ (2.5)

defines a function f in Sw(Rd).

Proof. The integral in (2.5) is absolutely convergent in t. Thus we may differentiate under
the integral sign as long as the resulting integral is absolutely convergent, uniformly on
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compact sets. The latter is certainly true by virtue of the assumptions on g and F . Thus
we obtain with Lemma 2.2

(
eλw Dp f

)
(t) =

∫∫
F (x, ξ) eλw(t) Dp

(
Mξ Tx g

)
(t) dxdξ

=
∑

r≤p

(
p
r

) ∫∫
F (x, ξ) (2πiξ)r Mξ Tx

(
eλw( · +x) Dp−r g

)
(t) dxdξ ,

so

∥∥eλw Dp f
∥∥

L
∞ ≤

∑

r≤p

(
p
r

) ∫∫
|F (x, ξ)| |(2πiξ)r| eλw(x)

∥∥eλw Dp−r g
∥∥

L
∞ dxdξ

≤ C

∫∫
|F (x, ξ)|P (x, ξ) dxdξ ,

where C = maxr≤p

∥∥eλw Dp−r g
∥∥

L
∞ and

P (x, ξ) =
∑

r≤p

(
p
r

)
|(2πiξ)r| eλw(x) = eλw(x)

d∏

j=1

(1 + |2πξj |)pj .

Similarly, the identity

(
eµw Dq f̂

)
(τ ) =

∫∫
F (x, ξ) eµw(τ) Dq

(
e2πiξx M−x Tξ ĝ

)
(τ ) dxdξ

=
∑

s≤q

(
q
s

) ∫∫
F (x, ξ) (−2πix)se2πiξx M−x Tξ

(
eµw( · +ξ) Dq−s ĝ

)
(τ ) dxdξ

yields the estimate

∥∥eµw Dq f̂
∥∥

L
∞ ≤ D

∫∫
|F (x, ξ)|Q(x, ξ) dxdξ ,

where D = maxs≤q

∥∥eµw Dq−s ĝ
∥∥

L
∞ and Q(x, ξ) = eµw(ξ)

∏d
j=1(1 + |2πxj |)qj .

The assumption on F implies ‖eλw Dp f‖L
∞ < ∞ and ‖eµw Dq f̂‖L

∞ < ∞ for all
λ, µ > 0, and consequently f ∈ Sw(Rd). �

Theorem 2.7. Let g ∈ Sw(Rd) \ {0} be fixed. Then for f ∈ S
′
w(Rd), the following are

equivalent:

(i) f ∈ Sw(Rd) .
(ii) For all λ > 0, there is Cλ > 0 such that

∣∣(Vgf)(x, ξ)
∣∣ ≤ Cλ e−λ(w(x)+w(ξ)) ∀ (x, ξ) ∈ R2d .

(iii) Vgf ∈ Sw(R2d) .

Proof. (ii) ⇒ (i). For the special case F = Vgf in (2.5), we obtain the inversion formula
(Lemma 1.1(ii)). Thus by Proposition 2.6, we have f ∈ Sw(Rd).
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(i) ⇒ (ii). Let λ > 0 and write g̃(t) = g(−t). Then

e2λw(x)
∣∣(Vgf)(x, ξ)

∣∣ = e2λw(x)

∣∣∣∣
∫

Rd

f (t) g̃(x−t) e−2πiξtdt

∣∣∣∣

≤ e2λw(x)

∫

Rd

|f (t)| |g̃(x−t)| dt

= e2λw(x) (|f | ∗ |g̃|)(x)

≤
∥∥e2λw (|f | ∗ |g̃|)

∥∥
L

∞

≤ C2λ ‖e4λw f‖L
∞ ‖e4λw g̃‖L

∞ =: C (by Lemma 2.1,)

which implies
∣∣(Vgf)(x, ξ)

∣∣ ≤ C e−2λw(x) .

Analogously, using Lemma 1.1(vi)
∣∣(Vgf)(x, ξ)

∣∣ =
∣∣(Vbgf̂)(ξ,−x)

∣∣ ≤ D e−2λw(ξ) ,

where D = C2λ ‖e4λw f̂‖L
∞ ‖e4λw ˜̂g‖L

∞ . The square root of the product yields
∣∣(Vgf)(x, ξ)

∣∣ ≤
√

C D e−λ(w(x)+w(ξ)) .

Since this holds for all λ > 0, the STFT Vgf decays ultra-rapidly as claimed.
(i) ⇒ (iii). Given f , g ∈ Sw(Rd), the function F (x, t) = f (t) g(t−x) is in Sw(R2d).

Since Sw is invariant under partial Fourier transformations, we obtain that Vgf (x, ξ) =∫
F (x, t) e−2πiξt dt = F t F is also in Sw(R2d).
(iii) ⇒ (ii). Obvious. �

Corollary 2.8. Let g ∈ S(Rd) \ {0} be fixed. Then for f ∈ S
′(Rd), the following are

equivalent:

(i) f ∈ S(Rd) .
(ii) For all n ≥ 0, there is Cn > 0 such that

∣∣(Vgf)(x, ξ)
∣∣ ≤ Cn (1 + ‖x‖ + ‖ξ‖)−n ∀ (x, ξ) ∈ R2d .

(iii) Vgf ∈ S(R2d) .

Remark. (i) Corollary 2.8 can be considered folklore, it is implicitely given in [12],
occurs in [17, 14] and also follows from an abstract result about the smoothness of square
integrable representations of nilpotent Lie groups [9].

(ii) A more economic proof of Theorem 2.7 requires only the implications (i) ⇒ (iii) ⇒
(ii) ⇒ (i). For the sole proof of the theorem, the step (i) ⇒ (ii) is not necessary. Note,
however, that we have proved the following much stronger result, which has already been
obtained in [8] with completely different methods. For the special case of the Schwartz
space S(Rd), this was already obtained in [6, 24].

Corollary 2.9. The space Sw(Rd) can also be defined as the Fréchet space of functions
on Rd generated by the family of seminorms

Ãw =
{∥∥eλwf

∥∥
L

∞ ,
∥∥eµwf̂

∥∥
L

∞ : λ, µ > 0
}

.

Proof. Consider Sw(Rd) and S̃w(Rd) to be the Fréchet spaces of functions on Rd generated

by the family of seminorms Aw (defined in (2.1)) and Ãw, respectively. Since Aw ⊇ Ãw,

we obviously have Sw(Rd) ⊆ S̃w(Rd), and the embedding is continuous. On the other
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hand, in the proof of Theorem 2.7, (i) ⇒ (ii), we only used the seminorms in Ãw to

obtain that f ∈ Sw(Rd). This shows that Sw(Rd) = S̃w(Rd) as sets. So we know that the

embedding Sw(Rd) → S̃w(Rd) is a continuous bijection, and thus by the open mapping
theorem for Fréchet spaces it is a homeomorphism. �

3. Spaces of type S

The spaces Sw(Rd) were defined by the ultra-rapid decay of all derivatives Dp f and

Dp f̂ . An alternative strategy to construct useful spaces of test functions is to impose
conditions on the growth of the norms

∥∥ Xp Dq f
∥∥

L
∞(Rd)

as a function of the order p, q ∈
Nd

0, where X is the multiplication operator (Xp f)(x) = xp f (x). This approach leads to
the Gelfand-Shilov spaces and will be treated next.

Recall that we write Ap = (A1, . . . , Ad)
(p1,...,pd) =

∏d
i=1 Api

i and pp α =
∏d

i=1 ppi αi

i for
A ∈ Rd, p ∈ Nd

0 and α ≥ 0.

Definition. ([13], § IV.9) Let α, β ≥ 0.

(a) We define Sα to be the space of all functions f ∈ C
∞(Rd) with the property

that there exist constants A1, . . . , Ad, Cq > 0 such that
∥∥ Xp Dq f

∥∥
L

∞(Rd)
≤ Cq Ap pp α ∀p, q ∈ Nd

0 . (3.1)

(b) We define S
β to be the space of all functions f ∈ C

∞(Rd) with the property that
there exist constants B1, . . . , Bd, Cp > 0 such that

∥∥ Xp Dq f
∥∥

L
∞(Rd)

≤ Cp Bq qq β ∀p, q ∈ Nd
0 . (3.2)

(c) We define S
β
α to be the space of all functions f ∈ C

∞(Rd) with the property
that there exist constants A1, . . . , Ad, B1, . . . , Bd, C > 0 such that

∥∥ Xp Dq f
∥∥

L
∞(Rd)

≤ C Ap pp α Bq qq β ∀p, q ∈ Nd
0 . (3.3)

The topology on the spaces of type S is defined by declaring which sequences are
convergent.

Definition. A sequence (fn)n∈N in a space of type S converges to 0, if the constants
in (3.1)–(3.3) can be chosen uniformly in n, and for each q ∈Nd

0, we have Dq fn → 0
uniformly on compact sets.

Lemma 3.1. (i) ([13], § IV.9) For any α, β ≥ 0, the spaces Sα and S
β are non-

trivial. Also, S
β
α is nontrivial, if and only if for each i = 1, . . . , d, we have

αi + βi > 1, or αi + βi = 1 and αi βi > 0. Furthermore, each nontrivial space
of type S is rich in the sense that if ϕ ∈ L

1
loc

(Rd) satisfies
∫

Rd f ϕ = 0 for all

f ∈ Sα (or S
β), then ϕ = 0.

(ii) ([13], § IV.9) Ŝα = S
α, Ŝ

β = Sβ, Ŝ
β
α = S

α
β .

(iii) (Kashpirovskij’s theorem [22]) Sα ∩ S
β = S

β
α.

(iv) ([13], § IV.4 & 6) Each space of type S is invariant under the operators X, D,
Tx, and Mξ.

In view of Lemma 3.1 we will carry out the proofs as follows: (a) we will first prove each
statement for the class Sα, (b) then the corresponding statement for S

β is obtained by
taking Fourier transform, (c) finally, the statement for S

β
α is a consequence of combining

(a) and (b) with Kashpirovskij’s theorem.
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3.1. STFT on spaces of type S. For a fixed window g in a space of type S, the STFT
is well-defined for any f in the corresponding dual space, and thus maps appropriate

distributions on Rd to functions on Rd×R̂d.
We want to show how the STFT reflects properties of such functions and distributions.

First, we provide an algebraic lemma for interchanging the operators Xp Dq and Mξ Tx.

Lemma 3.2 ([17, L. 2.1]). For g ∈ S(Rd), we have

Xp Dq
(
Mξ Tx g

)
=

∑

r≤p

∑

s≤q

(
p
r

)(
q
s

)
xr (2πiξ)s Mξ Tx

(
Xp−r Dq−s g

)
.

Corollary 3.3. (i) Time-frequency shifts act continuously on all spaces of type S,
and weak*-continuously on their duals.

(ii) Let g be an element of a space of type S, and f in the dual space. Then Vgf is
continuous.

Proof. (i) We saw in Section 2 already that time-frequency shifts act continuously on S.
For any f in a space of type S, we have f ∈S, and thus

Dq(Mξ Tx f − f) → 0 uniformly on compact sets,

for all q ∈ Nd
0.

For f ∈Sα, we have ‖Xp Dq f‖L
∞ ≤ Cq Ap pp α. This implies

∥∥ Xp Dq(Mξ Tx f)
∥∥

L
∞ ≤

∑

r≤p

∑

s≤q

(
p
r

)(
q
s

) ∥∥xr (2πiξ)s Mξ Tx(X
p−r Dq−s f)

∥∥
L

∞

≤
∑

r≤p

∑

s≤q

(
p
r

)(
q
s

)
|x|r (2π|ξ|)s

∥∥ Xp−r Dq−s f
∥∥

L
∞

≤
∑

r≤p

∑

s≤q

(
p
r

)(
q
s

)
|x|r (2π|ξ|)s Cq−s Ap−r (p−r)(p−r) α

≤ (max
s≤q

Cs) (A+|x|)p pp α (1+2π|ξ|)q ,

where in a slight abuse of notation, we have written A+|x| = (A1+|x1|, . . . , Ad+|xd|) and
1+2π|ξ| = (1+2π|ξ1|, . . . , 1+2π|ξd|). So we have for |x|, |ξ|≤ 1 that∥∥ Xp Dq(Mξ Tx f−f)

∥∥
L

∞ ≤ C ′
q (A+1)p pp α ,

and thus Mξ Tx f − f → 0 in Sα as (x, ξ) → (0, 0).
Consequently, for f ∈ S

′
α, we have for all g ∈ Sα that

lim
‖x‖,‖ξ‖→0

〈
Mξ Tx f, g

〉
= lim

‖x‖,‖ξ‖→0

〈
f, T−x M−ξ g

〉
= 〈f, g〉 ,

which shows the weak*-continuity in S
′
α.

S
β and S

β
α are treated analogously.

(ii) is an immediate consequence of (i). �

For the next result, we will need the following estimate.

Lemma 3.4. Let α = (α1, . . . , αd) > 0. Then for all k = (k1, . . . , kd)≥ 0, there exist
constants C and A = (A1, . . . , Ad) depending on k and α such that

(p+k)(p+k)α ≤ C Ap pp α ∀p ∈ Nd
0 .

Proof. Without loss of generality we may assume that d = 1. We write

(p+k)(p+k)α = (p+k)k α
(

p+k
p

)p α
pp α ,

and observe that
(p+k)k α ≤ e(p+k)k α = ek2α (ek α)p ,
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and (
p+k

p

)p α
=

(
1 + 1

p/k

)(p/k)k α → ek α (p → ∞) ,

so
(

p+k
p

)p α
is bounded. The choice C = ek2α supp∈N0

(
p+k

p

)p α
and A = ek α now yields the

claim. �

The following result is analogous to Proposition 2.6 for Sw(Rd). We write max{α, α′} =
(max{α1, α

′
1}, . . . , max{αd, α

′
d}) for α, α′ ∈ Rd.

Proposition 3.5. Let α, α′, β, β ′ ≥ 0, and denote α′′ = max{α, α′}, β ′′ = max{β, β ′}.
Assume F : Rd×R̂d → C and h : Rd → C, and consider

f (t) =

∫∫

Rd×bRd

F (x, ξ) (Mξ Tx h)(t) dxdξ . (3.4)

(a) If there are constants A1, . . . , Ad, Cq > 0 such that
∥∥xp ξq F (x, ξ)

∥∥
L

∞(Rd×bRd)
≤ Cq Ap pp α ∀p, q ∈ Nd

0 ,

and h ∈ Sα′, then f ∈ Sα′′.
(b) If there are constants B1, . . . , Bd, Cp > 0 such that

∥∥xp ξq F (x, ξ)
∥∥

L
∞(Rd×bRd)

≤ Cp Bq qq β ∀p, q ∈ Nd
0 ,

and h ∈ S
β′

, then f ∈ S
β′′

.
(c) If there are constants A1, . . . , Ad, B1, . . . , Bd, C > 0 such that

∥∥xp ξq F (x, ξ)
∥∥

L
∞(Rd×bRd)

≤ C Ap pp α Bq qq β ∀p, q ∈ Nd
0 ,

and h ∈ S
β′

α′, then f ∈ S
β′′

α′′.

Proof. (a) First, we show that the assumption on F implies
∫∫

Rd×bRd

∣∣xp ξq F (x, ξ)
∣∣ dxdξ ≤ Cq Ap pp α ∀p, q ∈ Nd

0 ,

with modified constants Cq and A. Writing again 1+|x| = (1+|x1|, . . . , 1+|xd|) etc., we
observe that∫∫

Rd×bRd

∣∣xp ξq F (x, ξ)
∣∣ dxdξ ≤

∫∫

Rd×bRd

(1+|x|)p (1+|ξ|)q |F (x, ξ)| dxdξ

≤
∥∥(1+|x|)p+2 (1+|ξ|)q+2 |F (x, ξ)|

∥∥
L

∞(Rd×bRd)

·
∫∫

Rd×bRd

d∏

i=1

(1+|xi|)−2(1+|ξi|)−2dxdξ

≤ 22d
∑

r≤p+2

∑

s≤q+2

(
p+2

r

)(
q+2

s

)∥∥xr ξs F (x, ξ)
∥∥

L
∞(Rd×bRd)

≤ 22d
∑

r≤p+2

∑

s≤q+2

(
p+2

r

)(
q+2

s

)
Cs Ar rr α

(now use rr α ≤ (p+2)(p+2) α :)

≤ 22d

( ∑

s≤q+2

(
q+2

s

)
Cs

)( ∑

r≤p+2

(
p+2

r

)
Ar

)
(p+2)(p+2)α
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≤ 22d

( ∑

s≤q+2

(
q+2

s

)
Cs

)
(1+A)p+2(p+2)(p+2)α

≤
(Lemma 3.4)

C̃q Ãp pp α

as claimed.
By the assumption on F , the integral in (3.4) is absolutely convergent. Thus we

may differentiate under the integral sign, as long as the resulting integral is absolutely
convergent, uniformly on compact sets. But the latter is certainly true by virtue of the
assumptions on F and h, and we obtain with Lemma 3.2

(
Xp Dq f

)
(t) =

∫∫
F (x, ξ) Xp Dq

(
Mξ Tx g

)
(t) dxdξ

=
∑

r≤p

∑

s≤q

(
p
r

)(
q
s

) ∫∫
F (x, ξ) xr(2πiξ)s Mξ Tx

(
Xp−r Dq−s h

)
(t) dxdξ ,

so with ‖Xp Dq h‖L
∞ ≤ C ′

q A′ p pp α′
,

∥∥ Xp Dq f
∥∥

L
∞ ≤

∑

r≤p

∑

s≤q

(
p
r

)(
q
s

) ∫∫
|F (x, ξ)| |xr| |(2πiξ)s|

∥∥ Xp−r Dq−s h
∥∥

L
∞ dxdξ

≤
∑

r≤p

∑

s≤q

(
p
r

)(
q
s

)
(2π)s Cs Ar rr α C ′

q−s A′ p−r (p−r)(p−r) α′

(now use rr α ≤ pr α′′
and (p−r)(p−r) α′ ≤ p(p−r) α′′

:)

≤
(∑

s≤q

(
q
s

)
(2π)s Cs C ′

q−s

) (∑

r≤p

(
p
r

)
ArA′ p−r

)
pp α′′

= C ′′
q (A+A′)p pp α′′

,

so f ∈ Sα′′ as claimed.
(b) The Fourier transformation applied to (3.4) yields

f̂ =

∫∫

Rd×bRd

F (x, ξ) M̂ξ Tx h dxdξ

=

∫∫

Rd×bRd

F (x, ξ) e2πiξx M−x Tξ ĥ dxdξ

=

∫∫

Rd×bRd

F (−η, y) e−2πiηy Mη Ty ĥ dydη .

Note that by the assumption on F , the function F̃ (y, η) = e−2πiηyF (−η, y) satisfies
∥∥yp ηq F̃ (y, η)

∥∥
L

∞(Rd×bRd)
=

∥∥yp ηq F (−η, y)
∥∥

L
∞(Rd×bRd)

=
∥∥(−x)q ξp F (x, ξ)

∥∥
L

∞(Rd×bRd)
≤ Cq Bp pp β ,

and that by Lemma 3.1.(ii), ĥ ∈ Sβ′ . So we may apply (a) to F̃ and ĥ, which yields

f̂ ∈ Sβ′′ or, again by Lemma 3.1.(ii), f ∈ S
β′′

as claimed.
(c) Immediate consequence from (a), (b), and Lemma 3.1.(iii). �

Corollary 3.6. Let α, β ≥ 0, and f , g ∈S(Rd) \ {0}.
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(a) If there are constants A1, . . . , Ad, Cq > 0 such that
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞(Rd×bRd)
≤ Cq Ap pp α ∀p, q ∈ Nd

0 ,

then f , g ∈Sα.
(b) If there are constants B1, . . . , Bd, Cp > 0 such that

∥∥xp ξq (Vgf)(x, ξ)
∥∥

L
∞(Rd×bRd)

≤ Cp Bq qq β ∀p, q ∈ Nd
0 ,

then f , g ∈S
β.

(c) If there are constants A1, . . . , Ad, B1, . . . , Bd, C > 0 such that∥∥xp ξq (Vgf)(x, ξ)
∥∥

L
∞(Rd×bRd)

≤ C Ap pp α Bq qq β ∀p, q ∈ Nd
0 ,

then f , g ∈S
β
α.

Proof. Apply Proposition 3.5 with F = Vgf and appropriate h. Note that the existence
of appropriate candidates for h is guaranteed by Lemma 3.1.(i). �

Corollary 3.7 (Uncertainty principle).
Let f , g ∈S(Rd), and assume that for some α, β ≥ 0, there are constants A1, . . . , Ad,
B1, . . . , Bd, C > 0 such that∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞(Rd×bRd)
≤ C Ap pp α Bq qq β ∀p, q ∈ Nd

0 .

If αi + βi < 1 or αi + βi = 1 and αiβi = 0 for some pair (αi, βi), i.e., if S
β
α = {0}, then

Vgf ≡ 0 and thus either f ≡ 0 or g ≡ 0.

A converse of Corollary 3.6 is contained in the next theorem.

Theorem 3.8. Let α, α′, β, β ′ ≥ 0, and denote α′′ = max{α, α′}, β ′′ = max{β, β ′}.
(a) If f and g satisfy

‖Xp f‖L
∞(Rd) ≤ C0 Ap pp α and ‖Xq f̂‖

L
∞(bRd) < ∞ ∀p, q ∈Nd

0 ,

‖Xp g‖L
∞(Rd) ≤ C ′

0 A′ p pp α′

and ‖Xq ĝ‖
L

∞(bRd) < ∞ ∀p, q ∈Nd
0 ,

(in particular, if f ∈ Sα and g ∈ Sα′),
then there exist constants A′′

1, . . . , A
′′
d, C ′′

q > 0 such that
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞(Rd×bRd)
≤ C ′′

q A′′ p pp α′′ ∀p, q ∈ Nd
0 .

(b) If f and g satisfy

‖Xp f‖L
∞(Rd) < ∞ and ‖Xq f̂‖

L
∞(bRd) ≤ C0 Bq qq β ∀p, q ∈Nd

0 ,

‖Xp g‖L
∞(Rd) < ∞ and ‖Xq ĝ‖

L
∞(bRd) ≤ C ′

0 B′
q qq β′ ∀p, q ∈Nd

0 ,

(in particular, if f ∈ S
β and g ∈ S

β′

),
then there exist constants B ′′

1 , . . . , B′′
d , C ′′

p > 0 such that
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞(Rd×bRd)
≤ C ′′

p B′′ q qq β′′ ∀p, q ∈ Nd
0 .

(c) If f and g satisfy

‖Xp f‖L
∞(Rd) ≤ C0 Ap pp α and ‖Xq f̂‖

L
∞(bRd) ≤ C0 Bq qq β ∀p, q ∈Nd

0 ,

‖Xp g‖L
∞(Rd) ≤ C ′

0 A′ p pp α′

and ‖Xq ĝ‖
L

∞(bRd) ≤ C ′
0 B′

q qq β′ ∀p, q ∈Nd
0 ,

(in particular, if f ∈ S
β
α and g ∈ S

β′

α′),
then there exist constants A′′

1, . . . , A
′′
d, B′′

1 , . . . , B′′
d , C ′′ > 0 such that

∥∥xp ξq (Vgf)(x, ξ)
∥∥

L
∞(Rd×bRd)

≤ C ′′ A′′ p pp α′′

B′′ q qq β′′ ∀p, q ∈ Nd
0 .
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Proof. (a) We leave it to the reader to show (in complete analogy to the beginning of the
proof of Proposition 3.5) that the assumption on f implies

∫

Rd

|tp f (t)| dt ≤ C0 Ap pp α ∀p ∈ Nd
0 ,

with modified constants C0 and A.
This observation yields the estimate

∥∥xp (Vgf)(x, ξ)
∥∥

L
∞ ≤ sup

x∈Rd

|xp|
∫

Rd

|f (t)| |g(t−x)| dt

≤
∫

Rd

|f (t)| sup
x∈Rd

|xp g(t−x)| dt

=

∫

Rd

|f (t)|
∥∥(t−x)p g(x)

∥∥
L

∞ dt

≤
∫

Rd

|f (t)|
∑

r≤p

(
p
r

)
|tr|

∥∥(−x)p−r g(x)
∥∥

L
∞ dt

≤
∑

r≤p

(
p
r

) ∫

Rd

|tr f (t)| dt C ′
0 A′ p−r (p−r)(p−r) α′

≤
∑

r≤p

(
p
r

)
C0 Ar rr α C ′

0 A′ p−r (p−r)(p−r) α′

(now use rr α ≤ pr α′′
and (p−r)(p−r) α′ ≤ p(p−r) α′′

:)

≤ C0 C ′
0

∑

r≤p

(
p
r

)
Ar A′ p−r pp α′′

= C ′′
0 (A+A′)p pp α′′

.

Since the hypothesis on f and g imply that f, g ∈ S, Corollary 2.8 shows that Vgf ∈ S

and consequently we have ∥∥ξq Vgf
∥∥

L
∞ =: C̃ ′′

q < ∞ .

From this we obtain
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞ =
∥∥x2p ξ2q (Vgf)2

∥∥1/2

L
∞

≤
∥∥x2p Vgf

∥∥1/2

L
∞

∥∥ξ2q Vgf
∥∥1/2

L
∞

≤
(
C ′′

0 (A+A′)2p (2p)2p α′′)1/2
C̃

′′ 1/2
2q

=

√
C ′′

0 C̃ ′′
2q

(
(A+A′) 2α′′)p

pp α′′

.

(b) By Lemma 1.1.(ii), we may employ (a) to obtain
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞ =
∥∥ξq xp (Vbgf̂)(ξ,−x)

∥∥
L

∞

≤ C ′′
p B′′ q qq β′′

.

(c) Now we may make use of both (a) and (b), which yields
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞ =
∥∥x2p ξ2q (Vgf)2

∥∥1/2

L
∞

≤
∥∥x2p Vgf

∥∥1/2

L
∞

∥∥ξ2q Vgf
∥∥1/2

L
∞

≤
(
C ′′

0 A′′ 2p (2p)2p α′′)1/2 (
C̃ ′′

0 B′′ 2q (2q)2q β′′)1/2
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=

√
C ′′

0 C̃ ′′
0 (A′′ 2α′′

)p pp α′′

(B′′ 2β′′

)q qq β′′

.

�

Remark. In the proofs of Proposition 3.5.(b) and (c), we were able to apply (a) by
making use of Lemma 3.1.(ii) and (iii). Note, though, that the proof of Proposition 3.5.(a)
can be modified easily to prove (b) and (c) directly.

With this modification, Proposition 3.5 and Theorem 3.8 yield a new, fairly elegant
proof of Kashpirovskij’s theorem (Lemma 3.1(iii)), namely, via the following characteri-
zations of the spaces of type S.

Corollary 3.9. Let α, β ≥ 0.

(a) Sα is the space of all functions f ∈ C
∞(Rd) with the property that there exist

constants A1, . . . , Ad, C0 > 0 such that
∥∥ Xp f

∥∥
L

∞(Rd)
≤ C0 Ap pp α and

∥∥ Xq f̂
∥∥

L
∞(bRd)

< ∞ ∀p, q ∈ Nd
0 .

(b) S
β is the space of all functions f ∈ C

∞(Rd) with the property that there exist
constants B1, . . . , Bd, C0 > 0 such that
∥∥ Xp f

∥∥
L

∞(Rd)
< ∞ and

∥∥ Xq f̂
∥∥

L
∞(bRd)

≤ Cp Bq qq β ∀p, q ∈ Nd
0 .

(c) S
β
α is the space of all functions f ∈ C

∞(Rd) with the property that there exist
constants A1, . . . , Ad, B1, . . . , Bd, C > 0 such that
∥∥ Xp f

∥∥
L

∞(Rd)
≤ C Ap pp α and

∥∥ Xq f̂
∥∥

L
∞(bRd)

≤ C Bq qq β ∀p, q ∈ Nd
0 .

A somewhat more general form of part (c) of the above can already be found in [7].
This characterization yields a much stronger result on Vgf .

Corollary 3.10. Let α, α′, β, β ′ ≥ 0, and denote α′′ = max{α, α′}, β ′′ = max{β, β ′}. If

f ∈ S
β
α and g ∈ S

β′

α′, then Vgf ∈ S
(β′,α)
(α′′,β′′).

Proof. By Theorem 3.8.(c), there exist constants A′′
1, . . . , A

′′
d, B′′

1 , . . . , B′′
d , C ′′ > 0 such

that ∥∥xp ξq (Vgf)(x, ξ)
∥∥

L
∞(Rd×bRd)

≤ C ′′ A′′ p pp α′′

B′′ q qq β′′ ∀p, q ∈ Nd
0 .

On the other hand, since (V̂gf)(η, y) = e2πiηy ĝ(η) f (−y) (cf., Lemma 1.1.(iii)) with f ∈ Sα

and ĝ ∈ Sβ′ , we have
∥∥ηp yq (V̂gf)(η, y)

∥∥
L

∞(bRd×Rd)
=

∥∥ηp ĝ(η)
∥∥

L
∞(bRd)

∥∥yq f (y)
∥∥

L
∞(Rd)

≤ C ′ B′ p pp β′

C Aq qq α .

Now we apply Corollary 3.9.(c), which yields the claim. �

For the case α = α′ and β = β ′, we obtain a characterization of S
β
α in terms of the

STFT in analogy to Theorem 2.7.

Corollary 3.11. Let α, β ≥ 0, and g ∈ S
β
α \ {0}. Then for f ∈ (Sβ

α)′, the following are
equivalent:

(i) f ∈ S
β
α.

(ii) There exist constants A1, . . . , Ad, B1, . . . , Bd, C > 0 such that
∥∥xp ξq (Vgf)(x, ξ)

∥∥
L

∞(Rd×bRd)
≤ C Ap pp α Bq qq β ∀p, q ∈ Nd

0 .

(iii) Vgf ∈ S
(β,α)
(α,β)(R

2d).
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3.2. Different characterizations of the spaces of type S. Spaces of type S possess
an alternative characterization that resembles more the definition of the classes Sw(Rd).

Let us write λ · |ξ|1/α =
∑d

i=1 λi|ξi|1/αi . Then S
β
α consists of all functions f ∈ C

∞(Rd)
with the property that there exist constants λ1, . . . , λd, µ1, . . . , µd > 0 such that

∥∥eλ·|x|1/α

Dq f
∥∥

L
∞(Rd)

< ∞ and
∥∥eµ·|ξ|1/β

Dp f̂
∥∥

L
∞(bRd)

< ∞ ∀p, q ∈ Nd
0 (3.5)

While (3.5) is similar to Definition 2.1, the ultra-rapid decay is required only for a single
pair (λ, µ) instead of all λ, µ ≥ 0; this might explain the considerable difference in the
technical treatment of Sw(Rd) and S

β
α. Similar characterizations hold for Sα and S

β.
See [13] for this aspect of the spaces of type S.

Proceeding as in the previous section, it is then possible to show the following charac-
terization of S

β
α (and of Sα and S

β).

Proposition 3.12. Let α, β > 0, and g ∈ S
β
α \ {0}. Then for f ∈ (Sβ

α)′, the following
are equivalent:

(i) f ∈ S
β
α.

(ii) There exist constants λ1, . . . , λd, µ1, . . . , µd > 0 such that∥∥∥eλ·|x|1/α+µ·|ξ|1/β

(Vgf)(x, ξ)

∥∥∥
L

∞(Rd×bRd)
< ∞ .

(iii) There exist constants λ1, . . . , λd, µ1, . . . , µd > 0 such that∥∥∥eλ·|x|1/α

f
∥∥∥

L
∞(Rd)

< ∞ and
∥∥∥eµ·|ξ|1/β

f̂
∥∥∥

L
∞(bRd)

< ∞ .

Remark. The equivalence of (i) and (ii) is essentially proved in [5] (using the Wigner
distribution instead of the STFT). Also, in [21], the Wigner distribution has been used
to characterize spaces of Björck and of Gelfand-Shilov type.

4. Modulation Spaces

So far we have investigated the joint time-frequency behavior of test functions and
distributions by means of the short-time Fourier transform. We now reverse the point of
view and consider spaces that are defined by the decay properties of the short-time Fourier
transform. This class of spaces is known as modulation spaces and is well understood,
see [14, Ch. 11–13]. We may thus use and apply results from the theory of modulation
spaces to obtain new results about spaces of test functions. In this sense, the theory of
modulation spaces sheds a new light on the theory of test functions and distributions.
We recall the definition of a modulation space.

Definition. Let φ(t) = e−π‖t‖2

be the Gaussian and m a submultiplicative weight function
on the time-frequency plane. Then we define M

p
m(Rd) to be the space

M
p
m(Rd) =

{
f ∈ S

′(Rd) : Vφf ∈ L
p
m(Rd×R̂d)

}
(4.1)

with norm

‖f‖M
p
m(Rd) = ‖Vφf‖L

p
m(Rd×bRd) =

(∫

Rd×bRd

∣∣(Vφf)(z)
∣∣p m(z)p dz

)1/p

. (4.2)

Remark. (i) For 1 ≤ p ≤ 2, M
p
m is a subspace of L

2(Rd), because M
p
m ⊆ M

p ⊆ L
2(Rd)

by [14, Thm. 12.2.2].
For other types of weights, so-called moderate weight functions, M

p
m is not necessarily

a subspace of L
2 or even of S

′. Also, (4.1) is not the most general definition of modu-
lation spaces: usually one uses mixed L

p,q-norms imposed on Vgf ; see [14] for a detailed
discussion and full generality.
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(ii) Note that M
p
m is always non-trivial. Since m is submultiplicative, it grows at most

exponentially, i.e., |m(z)| ≤ C eA ‖z‖ for some A, C > 0. Therefore, M
p
m contains at least

the Gaussian φ, since |(Vφφ)(x, ξ)| = e−π(x2+ξ2)/2 [14, L. 1.5.2]. Since M
p
m is invariant

under time-frequency shifts, it contains all finite linear combinations of the time-frequency
shifts Mξ Tx φ. A slightly different argument shows that M

p
m also contains all finite linear

combinations of Hermite functions.
(iii) We are mostly interested in spaces that are invariant under the Fourier transform.

In view of Lemma 1.1(vi), this requires the additional property

m(x, ξ) ≤ C m(ξ,−x) for (x, ξ) ∈ Rd×R̂d .

If m satisfies this condition, then the Fourier transform is an isomorphism on M
p
m.

(iv) The definition of M
p
m is “fairly” independent of the choice of the particular window.

More precisely, for every g ∈ M
1
m \ {0}, there exist constants A, B > 0 such that

A ‖Vφf‖L
p
m
≤ ‖Vgf‖L

p
m
≤ B ‖Vφf‖L

p
m

,

in other words, for every g ∈M
1
m \ {0}, we have that ‖Vgf‖L

p
m

is an equivalent norm on
M

p
m [14, Thm. 11.3.7].

The concept of modulation spaces leads to an elegant description of spaces of test
functions and distributions within time-frequency analysis.

Proposition 4.1. (i) Let ms(z) = (1+‖z‖)s. Then S =
⋂

s≥0 M
p
ms

for all p∈ [1,∞].

(ii) Let w∈M and set mλ(x, ξ) = eλ(w(x)+w(ξ)). Then Sw =
⋂

λ≥0 M
p
mλ

for all
p∈ [1,∞].

(iii) Let α, β, λ > 0 and set mλ(x, ξ) = eλ(|x|1/α+|ξ|1/β). Then S
β
α =

⋃
λ>0 M

p
mλ

for all
p∈ [1,∞].

Proof. For p =∞, assertions (ii) and (iii) are reformulations of Theorem 2.7 and Propo-
sition 3.12, respectively. For p∈ [1,∞[ , the statements follow from the embeddings

M
∞
mλ+ε

⊆ M
1
mλ

⊆ M
∞
mλ

for some ε > 0,

where ε depends on w ∈ M in (ii).
Statement (i) was already observed in [14, Prop. 11.3.1] and is a special case of (ii). �

It is worth noting that while for α, β ≥ 1, the weight functions mλ(x, ξ) = eλ(|x|1/α+|ξ|1/β)

are submultiplicative, and thus M
p
mλ

6= {0} by the remarks above, this is not true in
general. In particular, if αi + βi < 1 for some i, then M

p
mλ

= {0} for all λ > 0, and thus

S
β
α = {0} [3] (compare Lemma 3.1.(i)).

These representations of spaces of test functions allow us to use methods of time-
frequency analysis for the investigation of Sw(Rd) and S

β
α. As an example how to apply

known results about modulation spaces, we provide a characterization of test functions
by means of Gabor expansions.

By a Gabor expansion, we understand a series expansion of the form

f =
∑

k,l∈Zd

〈f, Mβn Tαk g〉 Mβn Tαk γ (4.3)

for some fixed pair of windows (g, γ). The construction of Gabor expansions valid in
L

2(Rd) is well understood and we may use the textbook results [10, 14] without much ado.
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Assume that G(g, α, β) is a frame for L
2(Rd), meaning that the Gabor frame operator

defined by Sf =
∑

k,l∈Zd〈f, Mβn Tαk g〉 Mβn Tαk g is invertible on L
2(Rd). Since

f = S−1Sf =
∑

k,l∈Zd

〈f, Mβn Tαk g〉 Mβn Tαk S−1g ,

we can choose γ = S−1g ∈ L
2(Rd), see, e.g., [10] or [14]. A much deeper theorem of

Janssen [19] states that if S in invertible on L
2(Rd) and if g ∈ S, then also γ = S−1g ∈ S.

A similar statement can be derived for ultra test functions.

Theorem 4.2. Assume that g ∈ Sw and that the Gabor frame operator S is invertible
on L

2(Rd). Then γ = S−1g ∈ Sw.

Proof. The statement follows by a combination of the main result in [15] and Prop. 4.1(ii).
Set mλ(x, ξ) = eλ(w(x)+w(ξ)) as above. If g ∈ M

1
mλ

and S is invertible on L
2(Rd)L, then

by [15, Thm. 4.2] S is also invertible on M
1
mλ

, and thus γ = S−1g ∈ M
1
mλ

. Consequently,

if g ∈ Sw =
⋂

λ≥0 M
1
mλ

, then also γ ∈ Sw by Prop. 4.1(ii). �

Using these facts, we obtain the following characterization of ultra-test functions in
terms of their coefficients of Gabor expansions.

Theorem 4.3. Assume that S is invertible on L
2(Rd) and g ∈ Sw with dual window

γ ∈ Sw. Then (4.3) holds for f ∈ Sw with convergence in Sw. Furthermore, f ∈ Sw

if and only if f has a Gabor expansion with coefficients ckl = 〈f, Mβn Tαk γ〉 satisfying
|ckl| ≤ Cλ e−λ(w(αk)+w(βl)) for all λ ≥ 0.

Proof. Let mλ(x, ξ) = eλ(w(x)+w(ξ)), and apply [14, Cor. 12.2.6] to M
1
mλ

for each λ ≥ 0. �

If w(t) = log(1+‖t‖), then this yields a characterization of the Schwartz class S which
was already observed in [17]. For w(t) = ‖t‖c, one obtains a characterization of ultra-test
functions (see also [25]). For Wilson bases in place of Gabor frames, similar results have
been obtained in [11, 16, 25].

Finally, we check when a modulation space contains functions with compact support,
more precisely, we ask when M

1
m contains functions of arbitrarily small support. As is

to be expected, this question brings in the logarithmic integral and quasianalyticity.

Theorem 4.4. Assume that m(x, ξ) ≤ C m(ξ,−x) and set m2(ξ) = m(0, ξ). Then the
following are equivalent.

(i) M
1
m contains functions of arbitrarily small support.

(ii) F L
1
m2

contains functions of arbitrarily small support.
(iii) m satisfies the logarithmic integral condition

∫

‖z‖≥1

log m(z)

‖z‖2d+1
dz < ∞ . (4.4)

(iv) m satisfies ∫

‖ξ‖≥1

log m(0, ξ)

‖ξ‖d+1
dξ < ∞ . (4.5)

Proof. (ii) ⇐⇒ (iv) is classical, see [4, p. 412] and [23] for details.

(ii) =⇒ (i). Assume that supp f ⊆ [−A,A]d and that
∫

bRd |f̂ (ξ)|m2(ξ) dξ < ∞. Then
using Lemma 1.1 we obtain

(f̂ ∗ M−x f̂
∗
)(ξ) = 〈f̂ , Tξ M−x f̂ 〉 = 〈f, Mξ Tx f〉 = 0
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for ‖x‖ > 2A. Therefore,
∫∫

Rd×bRd

∣∣(Vff)(x, ξ)
∣∣ m(x, ξ) dxdξ ≤

∫

‖x‖≤2A

∫

bRd

∣∣(f̂ ∗ M−x f̂
∗
)(ξ)

∣∣ m(0, ξ) dξ m(x, 0) dx

≤
∫

‖x‖≤2A

‖f̂ ∗ M−x f̂
∗‖

L
1
m2

m(x, 0) dx

≤
∫

‖x‖≤2A

‖f̂‖
L

1
m2

‖M−x f̂‖
L

1
m2

m(x, 0) dx

≤ C ‖f̂‖2
L

1
m2

< ∞ .

Since Vff ∈ L
1
m(Rd×R̂d) implies that Vφf ∈ L

1
m(Rd×R̂d) by [14, Lemma 12.1.1], we have

f ∈ M
1
m. Consequently every compactly supported function in F L

1
m2

is also in M
1
m.

The implication (ii) =⇒ (i) follows.
(i) =⇒ (iii). Next assume that for every ε > 0, there exists f with supp f ⊆ [−ε, ε]d

and f ∈ M
1
m, i.e., Vφf ∈ L

1
m(Rd×R̂d) where φ(t) = e−πt2 . Since under the assumptions

made, M
1
m is invariant under the Fourier transform, we also have f̂ ∈ M

1
m. Invoking

[14, Lemma 12.1.1], we derive that V bff ∈ L
1
m(Rd×R̂d). By Lemma 1.1.(iii), we find that

(V̂ bff)(η, y) = e−2πiy·ηf(−y)
̂̂
f (η) = e−2πiy·ηf(−y) f(−η) ,

and thus supp V̂ bff ⊆ [−ε, ε]2d. Consequently, FL
1
m(Rd×R̂d) contains functions with

arbitrarily small support, and by the theory of the logarithmic integral ([4, p. 412] and
[23]), m satisfies condition (4.4).

(iii) =⇒ (ii). If (4.4) is satisfied, then for every ε > 0, there exists a function F on R2d

such that supp F ⊆ [−ε, ε]2d and
∫

bR2d |F̂ (ζ)|m(ζ) dζ < ∞. Fubini’s theorem then implies
that ∫

bRd

|F̂ (ω, ξ)|m(0, ξ) dξ ≤ m(−ω, 0)

∫

bRd

|F̂ (ω, ξ)|m(ω, ξ) dξ < ∞ (4.6)

for (almost) all ω ∈ R̂d. For such an ω, define the function f on Rd by

f (x) =

∫

Rd

F (w, x) e−2πiω·w dw .

Then supp f ⊆ [−ε, ε]d and

f̂ (ξ) =

∫

Rd

∫

Rd

F (w, x) e−2πiω·w dw e−2πiξ·x dx = F̂ (ω, ξ) .

Now (4.6) implies that
∫

bRd |f̂ (ξ)|m2(ξ) dξ < ∞, in other words, F L
1
m2

contains functions
of arbitrarily small support. �

In some applications, even stronger decay conditions on the short-time Fourier trans-
form are considered, see, e.g., the superexponential decay conditions in the design of
windows for Gabor frames [2]. In this case the weight function v is no longer assumed to
be submultiplicative and may thus grow faster than exponentially, e.g., v(z) = ea‖z‖c

for
some c > 1. It still makes sense to consider the modulation spaces M

p
m, but they seem

to lose all their basic properties. For instance, M
p
m may not be invariant unter time-

frequency shifts, and the definition of M
p
m may depend on the choice of the window.

Moreover, the version of Hardy’s theorem for the STFT imposes a limit on the growth of
m. If m(z) ≥ C ea‖z‖2

for some a > π/2, then the corresponding M
1
m contains only the

trivial function f ≡ 0 [17].
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5. J. Cho, A characterization of Gelfand-Shilov space based on Wigner distribution, Commun. Korean
Math. Soc. 14 (1999), 761–767.

6. J. Chung, S.-Y. Chung, and D. Kim, Une caractérisation de l’espace S de Schwartz, C. R. Acad.
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