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INTRODUCTION

Let w denote a weight function on (0, c0), i. €., a nonnegative measurable function on (0, c0).
For 1 < p < oo the weighted space LP(w) is the space of real functions generated by the

norm n
N fllerwy = (/(; | f ) Pw(x) dx) .

with the usual modification for p = co. The weighted Hardy operator H,, is defined by
1 X
H = —— Hw(t)de,
wf(x} ) .[0 Fw()

when 0 < W(x) = f; w(t)dt < oo for all x > 0 (cf. [8]). Note that for w = 1 the
operator H), is the usual Hardy operator Hf (x} = (1/x) f; f®de.
It was recently proved in [7] that

(@ If1<p<oo,a>—1and f € LP(x~~1), then

1
W f = HfllLpe-ar-1y = (1 + m)”f";,p(x—ap—l)- (0.1)
b Ifl<p<oo,a>—1,a#0,and f € LP(x~P~1), then
1
||f||ur(x—up—l) = (1 + m)"f - Hf"Ln(x—ﬂn—l)- (0.2)
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Moreover, it was pointcd out in [7] that (0.2) implics Grisvard's inequality, the so-called

fractional order Hardy incquality. Moreover, (0.1) and (0.2) applicd for decreasing func-

tions givc a well-known characterization of Lorentz LP-4-norms from [1] (cf. also [2]).
One special case of (0.1) and (0.2}, 1. c., when p =2 and a = —1/2, gives

1
I = Hflee < 1 flhez <31 — Hf Nl e
In this paper we first prove a result which in fact shows that we even have the identity

Il =\lf — Hflly2

for every function f in L?, In fact, we prove that this formula holds even in the weighted
spaces L2(w), where w-is a weight function with f0°° w(t)dt = 00, if the usual Hardy op-
erator H is rcplaced by the weighted Hardy operator Hy, ; sce Section 1. More generally, in
Section | we present and discuss some representations of the norm in a weighted L2-space
of the form || f — Afll; 2, . where A are averaging operators of Hardy type. The proofs
are given directly via integrals. In Section 2 another proof is given by using well-known
results about isometries in Hilbert spaces. Moreover, the inequalities (0.1) and (0.2) are
sharpened for some cases and these new bounds are sharp (see Section 3). Finally, in Sec-
tion 3 we also present some new applications to fractional order Hardy inequalities and
cquivalent representations of norms in Lorentz spaccs.

1 THE MAIN RESULT
Cur main result in this section reads:
THEOREM 1.1 Let w be a weight function on (0, 00).

(i) Suppose 0 < W(x) = f('; w(t)dt < oo forany x > 0 and f0°° w(tydt = o00. If
f € L*(w), then

"f”Lz(w) = "f - Hl"f"lﬂ(w)- (I-])

where Hay f (x) = (1/W(x)) fy' f(Ow(n)dr.
(i) Suppose 0 < W(x) = [ w(1)dt < 0o forany x > 0 and fooo wt)dt = 00, If
f € L*(w), then

"f”Lz(uJ) = ”f - wa"LZ(u))' (]2)

where H, f(x) = (1/W(x)) [ f(hw(t)dt.

Proof: (i) For arbitrary fixed 0 < b < oo the function fw is Lebesgue integrable on
(0, b). In fact, by the Schwarz inequallity and the assumptions f € L3(w), W) < o it
follows that

h 2 b b
( f'(t)w(t)dt) < | fotwiyd f W) dt < 1 W2y W(B) < 00,
0 0 0
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Then, for almost all x € (0, b),

dl 1 x 2
e ([ rovoa) |

_2f (x)w(x) w(x) 2

= —W—(J:)——.[ FOwk)dt — W )2 (f f(t)w(t)dt)
2

— 2 - -

= f(x) w(x) [f(-‘-’) Wor )f f(t)w(t)dt] w(x)

(cf. [3], p. 74). By integrating from 0 to b we obtain

b 2
f F(OPw(e) dt — f [f(x)—— f f(t)w(t)dt] w(x) dx
0 W(x)

2
W(b) (./; f(t)w(f)dt) im, [W( )(f f(t)w(t)dr) ]

The last limit is zero. Really, in view of the Schwartz inequality and the assumption f €
L2(w), we have

x 2 x
< 1 (f f(t)w(t)dt) < f FPw@r)dt >0  asx — 0t
Wix)\Jo 0
Thus
b b 2
[ rerwmd - [ (70— Husolwedx - ( f fowar) . (4
0 0 W(b)
Now choose ¢ > 0 arbitrary. Since f € L2(w) it follows that there exists ¢ > 0 such that

foo FO w()de < %.

By using the Schwarz inequality, we obtain, for any » > ¢,

b 2 b b b e
(f f(t)w(t)dr) < f(t)zw(t)a'tf w(t)dt 5[ w(t)dt W(b) < ZW(b).

¢

Moreover, the assumption f(;’o w(t) dt = co gives that for large b we have

2
W(b) ([ f(t)w(t)dt) < g/4.

Therefore, for large b, we find that

d

2
< W(b)[(f f(r)w(r)dr) +(f f(t)w(t)dt)]

& £
<2(3+3) =



208 : Kaiblinger et al.

and conclude from (1.3) that

b

b
llm lf fOwndr - [f(x) - wa(x)]2u1(x)dt] =0,

or, equivalently,
”f“LZ(w) =|f - wa”LZ(w)'

(ii) For fixed 0 < a < oc the function fw is Lebesgue integrable on (a, oo) and for
almost all x € (a, o0) we have

d
d-r[ W(x )U f(')w(')dt)]

£ . 2
= M we) f FOw)dt — "’()(f f(r)w(r)a’t)

W(x)
2
= f() w(x) — [ ] w(x).

By integrating from a to 0o we obtain

2

foo F)*wi) dt —/ |:f(x) - —arl— oo_f(r)w(t‘) dt] w(x)dx

2
W( )([ f(t)w(r)dr) - ‘L";o[ﬁ,(x) (f f(t)w(t)dr) :l

The last limit is zero since, by the Schwartz inequality and the assumption f € L2(w),

0< —,r—(f f(t)w(r)dt) < foof(t)zw(t)dr -0 as x — o0.

Thus

o0 cc —_ oo 2
f f(t)zw(r)a't —f [f(x)— wa(x)]zw(.r)dx = —nl—(f f(r)w(r)a’t) .
a o W(a’) a
(1.4)

Now choose & > 0 arbitrary. Since f € L2(w) it follows that there exists ¢ > 0 such that

f f(t)2u1(t)dt < %

Moreover, according to the Schwarz inequality, we obtain, forany a < ¢,

o 2 o oo 1) -~ N
(f f(t)w(t)dt) 5/ f(t)zw(t)dtf w(’)d’.ff w(t) dt-W(a) < EW(a).

We also note that the assumption f0°° w{t) dt = oo gives that for smalt @ > 0 we have

W(a)(f f(r)w(t)dr) <

| ®
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Therefore, for small @, we find that

o0 2
w‘“ia)(fa f(’)w“)d’) =W]a)(_[ f(t)w(t)dt+f f(t)w(t)dt)
2
(f f(t)w(t)dt) +([ f(t)w(;)d,)]
(a) .

£+)
4

'1"

A
m

and conclude from (1.4) that

a‘.if&[ | @t - [f(x)—ﬁwf(x)]zw(x)dx]-—-

or
||f||L2(w) =|f- wa||L2(w)'

REMARK 1.2 If f € L2, then
Ifllz = If — Hfl2 or fo [Hf()Pdx =2 fo FOHSF(x) dx.,

where Hf (x) = (1/x) fy f(t)dt.

REMARK 1.3 The assumption f,° w(t) df = oo on the weight w in Theorem 1.1 cannot
be removed. In fact, if 0 < fo ‘w(t)dt < co, then for the constant function fo(x) = ¢
we have Hy fo = fo, Hwfo = fo andso || fo— Hu foll 20y = 0, | fo— Hu foll L2y = 0
but Il foll 2wy = (f5° w(t) )/ > 0

REMARK 1.4 According to Remark 1.3 the condition f0°° w(t) dt = oo is necessary but
by analyzing the proof of Theorem 1.1 we see that if f € L2(w) and 0 < f0°° w(t)dt <

oa, then
oo 2 oo
1 2y = UF = Hufl2a,, + (fo f(r)w(r)dr) / fo w(e)de

oo 2 0
=17 = Fu iy + ([ r0w0r0r) / [ woar

COROLLARY 1.5
(i) Let f and w satisfy the assumptions in Theorem 1.1(i). Then
||f"L2(w) =|f- Swf||L2(w)'

where Sy, f(x) = [° f(Hw()/ W(t)dt.
(ii) Let f and w satisfy the assumptions in Theorem 1.1(ii). Then

||f||L2(w) =|f- Swf||L2(w),

where Swf(x) fO f(t)w(t)/W(t) dt.
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Proof: (i) Consider the weight « defined by 1 () = w(r)/ W(1)? and note that for b > x

b b I 1 1 i
it = d[— = —
/x u(t)dt /; [ W(r)] W) W) — W) as b — oo,

so that

U(\f)-_—"/; H([)df=m.

This means that the wcight « satisfics the assumptions in Theorem 1.1(ii). Moreover,
we note that if g(x) := f(x)W(x), then f € L2(w) if and only if g € Lz(u). Thus,
according to Theorem 1.1(ii),

||f||L2(w) = ||8||L2(u) = "8 - Hub’“LZ{“)

N b PP N w(t)
—(/(; 'f(-l)W(-t) U()f f()W(t)

00 1/2
= (j(; | f(x)— S.uf(x)IZw(X)dX) = |l f = Swflli2qm-

IU(X) 1/2
W) dx)

(i1} Let now the auxiliary weight v be defined by v(f) = 1Jr)(‘r)/ﬁ/(‘r)2 and note that as in
the proof of (i) we find that

Vix) = : Hd
) fa”()' o

We sce that the weight v satisfies the assumptions in Theorem 1.1(i). Let hi(x) := f(x)ﬁ?(x).
Then f € L%(w) if and only if /# € L%(v). Therefore, by Theorem 1.1(i),

||f||L3(w) = |h ||L2(u) = |k — Hyh ||L2(u)

00 w(r) w(x) 172
= Wix) — —— ha
Uo JOWE) V()/ TOFm ¢ ‘W(x)ﬂdx)

oa - 1/2 -
= ([T 150 =Baroueds) =15 = Suf s

The proof is complete. O

By applying Theorem 1.1 and Corollary |.5 with the weights w(r) = | and w(r} = 12
we obtain the following (somewhat surprising) complements of the identity pointed out in
Remark 1.2.

EXAMPLE 1.6 If f € L?, then
If—Hfllgz=Ifllg2=If—Sfllg2s

where Hf (x) = (1/x) fy f()dt and Sf(x) = [Z(f(0)/1)dr.
Il f L2(x~%), then

L = H gz = 12 = 1f = SFll2ees,
where H f(x) = x [X(f()/1?)dt and Sf(xy = [5 (f()/t)dt.
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REMARK 1.7 The first statement in Example 1.6 means that for each function in L2 it
yields that

Il =Wf — Afll,e

for A= H and A = § so it should be interesting to find all (averaging) operators having
this remarkable property.

2 AN ALTERNATIVE PROOF VIA ISOMETRIES IN HILBERT SPACES

We will give here another proof of Theorem 1.1 by using the following result about isome-
tries in an arbitrary real Hilbert space H (concerning complex Hilbert spaces see e. g. [5],
Chapters 3.9-10; [9], Chapter 4; [10], Lemma 2.6 and Theorem 2.26}:

LEMMA 2.1 Let H be a real Hilbert space with the norm ||lx|| = |x|ly = {x, x}!/2.
Consider T: ‘H -» M with dual operator T*.
(i) The operator T is an isometry, i. e., [Tx|| = ||x|| for any x € H if and only if
™T=1I.
(ii) The operator T is a surjective isometry (or unitary operator) if and only if T*T =
TT*=1.

The proof from the complex case need to be modified so we give the details.
Proof: (i) If T*T = I, then, forevery x,y € H,
(Tx, Ty) = (T*Tx,y) = {x.y)
and, in particular, for y = x € ‘H we obtain
ITx)? = (Tx, Tx) = (x, x) = |lx]|?

or [Txfl = [lx]}.
Conversely, if T is an isometry in M, then

(Tx,Ty) = ;U{T(x+ ) T(x+y)) —(Tx,Tx} - (Ty, Ty)]

[ el S

TG+ 90 = ITx I = 1Ty )% = %[||x+y||2 = %1 = yl*1 = x. )
forall x, y € H. This gives that
(T*Tx,y) = {x,yor (T*T — Ix,y) =0
for all x, y € H. Thus, choosing y = (T*T — I'}x we get
I(T*T — Dx|> = (T*T = Dx, (T*T — 1)x) = 0

ot (T*T — Dx =0 forevery x € H andso T*T = 1.

(ii) If T is a surjective isometry, then T*T = I by (i). Also the inverse T-! exists and
maps T(H) = H into H since the equalities [Tx — Ty|| = |T(x — y){| = llx — yll give
that T is one-to-one. Therefore,

™ =(M*NT'=I1T"!'=7"!
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and so
TT* =TT = I
Thus T*T =TT*=1.
Conversely, assume that 7*T =T = TT*. The first equality gives, by (i), that T is an
isometry. The second equality implies that

T =T ' =TT =T"U=T"",

and therefore T is ontoso that 7 is a surjeclive isomelry, O

Second proof of Theorem I.1. We look now at the space L2(w) as a Hilbert space with
the inner product given by

(f.8) = /0 fxigw(x)dx.

Then, by using thc Fubini theorem, we find that

[n.9] o0 ] X
{Huf, 8} =f wa(x)g(.r)w(x)dx=f (—f f(t)w(r)d!)g(x)w(x)dx
0 o \W() Jo

= [Ooo ([mg(-t) :i((i)) dx)f(z)w(r)dr = (f, H:g),

where
w(r)
Wis )

Horo= [ 10
Now, if 0 < W(x) < oo forany x > 0 and W(oo) = oo, then
HloHy=H,oH; =H,+H,. (2.1}
In fact, by again using the Fubini thcorem, we obtain that

onf(x)__f wa(r)mdr f (f f(s)w(v)ds)w(())zdr

X (1) o i)
=[} ( . W(I)2 df)f(s)w(s)ds—{—‘/; ( ; Wd!)f(.v)w(s)ds

_ fo(fmd[ Wl( )Df(s)w(s)ds +f‘m(£m"[‘ﬁ])f(”wmds

lv.o}

1
f fHw(s)ds + W)f(s)w(v)ds = Hy f(x)+ H} f(x),

W()
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and

1 f* “
Hyo H: f(x) = W—(Efo HX: F(Ow(r) dt

th) fox (f:m 1 :

w(
W) ds)w(t) dt
1 x 5 w(s)
W) fo (fo '”(')d') Ty %
1 Eal A w(s)
+ W(x)[x (fo w(t)a't)f(s) W) ds

- _1_ * 0 w(s) _ .
=W j(; FHwis)ds +[x f(s) W) ds = Hy, f(x) + H} f(x).

For the operator T, = I — H,, we obtain from (2.1) that
TooTw=U—-Hy)'o(I-Hy)y=(U—-H})o{(I-Hy)=1—Hy~Hy+HoH,=1
and

TyoT? =(I—Hy)o(I—HyY =(I—Hyo(~HY)=I—H,—H:+HyoH: =1

By using Lemma 2.1 we obtain that T,, is a surjective isometry in L%(w), i. e., equal-
ity (1.1) holds. Similarly we can prove equality (1.2). . O

REMARK 2.2 Corollary 1.5 follows also from the above proof since H), = S, and the
operator T, = I — H,, is a surjective isometry in L?(w) if and only if the dual operator
Ty =1 — Hp is a surjective isometry in L%(w).

3 FURTHER RESULTS AND REMARKS

First we state and prove the following sharp inequalities of the type (0.1) and (0.2) for the
case p = 2:

COROLLARY 3.1 ¥f f € L}(xf), B < 1 and 8 # —1, then

|1+ 8l
-8

(L8l
mm(l. : _‘; )IIfIILz(xﬂ) < f = Hf 2ty < max(l,

Both inequalities are sharp.

)ufuuw). 3.1)

Proof: First we prove thatif 8 < | and 8 # —1, then
||f||L2(x.ﬂ) =|f-1- ﬁ)Hf"Li(xﬂ)o (3.2)
In fact, by using Theorem 1.1 with w(t) = 1=P and g(t) = f(x)x? we obtain that
WflL2eepy = 18N L2¢x-8y = 118 — HEllL2(x-8
o0 X
= (f feoxf —xPla —ﬁ)f fydt
0 0
= ||f - (1 - ﬁ)Hf"LZ(xﬂ)-

2 1/2
x‘ﬁdx)
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Next we note that, according to (3.2) and the Minkowski inequality or the reversed Minkowski
inequality, we have

(C=BNf = Hf 2oy =0 = Bf + F — (1 = BYH Il 2ot
SABUI N 2ery + 1 f = (0 = BYH fll 20y
= (IB1+ DIl 2o

or
(1= BNF = Hf Vizery = I = BF + f = (1 = BYHfll 20089
= | 1Bl Npaey = ILf = (1 = BYHS |l p2gem|
= {181 =t 1 £ 2y
Thus
181 —1 + 1
%ﬁ'ufu vty < I = Hllpagem, < 'f"TﬁufuLzuﬂ)

and (3.1) follows.
For r > (=8 — 1)/2 the functions

Fr(x) = x"xp0.11(x)

are in L*(x#) and

2 2r+8+1 v
r
Qr = I fr — Hfell 2ty /1 frll 208y = ((r + 1) * (r+ D21 — f")) '

Since @, - |1+ B8/ =pByasr - [(=f—-1)/2]1T and @, — 1 as r — o0 we
conclude that both inequalities in (3.1) are sharp. The proof is complete, O

REMARK 3.2 We note that the crucial formula (3.2) holds trivially also for the case g = !
but for g > 1 it can never hold for any nontrivial function f.

Second we consider a result in Lorentz LP-7-spaces. In [1] Bennet-DeVore-Sharpley
used the functional f** — f* in the definition of the “weak-L°” space and also proved
an interpolation result in this connection (see also [2]). Moreover, they proved that if
felli, l<p<oc,l <g<oco,and f**(oc0) = rE}rg‘)f"""(r) =0, then

oo I/q fos) .d l/q
"f”Lp,q = (f ([l/]?f*([))q{i_t) -9 (L (Illp[f**(f) _ f*(t)])l—t—r') , (33)
0

where f* denotes the nonincreasing rearrangement of a measurable function f on a o-
finite measure space (§2, ) and f**(1) = Hf*(t) = (l/t)f(; f*(s)ds. By applying
Corollary 3.1 with 8 = 2/p — 1 we obtain the following more precisc statement for
q= 2;
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EXAMPLE3.3 If f € LP2, 1 < p < 00 and f**(00) = rE}rgof"”“(t) = (}, then

1/2 0o 1/2
min(l _p_l__l) (f ( I/Pf*(t)]2df) < (./(; (H/P[fﬂ-(r) f*(l)])2dr)
172
Emax(l.ﬁ)([o ( IJf"’f"'(lf))zc”) .

The first inequality is sharp for 1 < p < 2 and the second one for 2 < p < .
REMARK 3.4 By using the estimates (0.1) and (0.2) instead of Corollary 3.1 we obtain
another and more precise (than in [1]) variant of (3.3) also for the general case p > 1.

Note also that Example 3.3 with p = 2 in particular gives another remarkable complement
of the equality in Remark 1.2 as follows: if f € L2, then

ifle2 = If = Hf gz = 1f* = Hf |l

Third we recall that it is well-known that if f € C!(0, c0) with f(0) = f(co) = 0,
then the fractional order Hardy inequality -

f(x) i/p |f(x) = fFO)IP 'p .
(1) con([7 [R5t ar0) ", o

D<d <1,

6#1/p
holds. An elementary proof together with references and historical remarks can be found
in [7] (see also [4]). In particular, the following (so far least) constant C(68, p) = 2-lp (1 +
1/16 — 1/ p{) was pointed out. By applying our Corollary 3.1 with § = —26 the following
improvement (for 6 < 1/2) of the above constant can be obtained for the case p = 2:

| 20+1
C,2) = AT 6 % 1/2.

For the readers convenience we include the proof. By Jensen’s inequality

1 [* 2
_ I—[ LF () — FO))dy
X Jo

1 f* 2
F) -2 [ FO)dy
x Jo

and so

o0 l X
‘f(x)——f FO)dy
x Jo

1 X
< - f 1f(x) — f()I12dy,
x Jo

2 [ols) x
2 dx sf [ £ () — FOPdy x5~ dx
0 0

% £X | f(x) — F)I?
Sfo .[0 =yt D

oo pOQ 2
LT[R,
2)o Jo

|x — yl29+l

where in the last equality we have used the symmetry of the integral. The proof now follows
by using this estimate together with the left hand side inequality (3.1) with g = —20.

REMARK 3.5 The exception & # 1/p in the formula (3.4) was analyzed and explained
in [6]. The key is to study interpolation of closed subspaces, that is, the real method of
interpolation (-)¢,, applied to closed subspaces of Xp and X, which need not necessarily
be a closed subspace of (Xo, X1)g,p. This gives also an explanation of the corresponding
restriction 8 #% —1 in Corollary 3.1.
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Open problem Find the best possible constant C(8, p) in inequality (3.4).

REMARK 3.6 The resulls given in this paper for functions on (0, 00) can also be for-
mulated for functions on / = (a,b), where —c0 < a < b < 0o. For example, Theo-
rem |.1(i) will then have the following form: If w is a nonnegative function on I such that

0 < W(x) := f"r w(t)dt < oo forany x € I and f;’ w(t)dt = oo, then f;’[f(x) -

[d]

Hu,f(x)]zm(x)dx = j;f’f(.r)zw(x)dx, where Hy, f(x) = (l/W(x)) fﬂr fHw(t) de.
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