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Abstract

Histograms are mostly used as data presentation. In many ap-
plications we are interested in a good approximation of the density
function, which creates the histograms. Standard techniques like
the kernel density estimation are applied for approximating the
density function. The problem of these techniques is that the data
which define the histogram need to be known apriori. To avoid this
problem we present an algorithm, which reconstructs the density
function only from the given histogram (i.e., the width and the
height of the bins are used as input) and without knowledge about
the specific measurements. This becomes possible because we use
techniques for reconstruction from averages. Using the fast effi-
cient algorithm presented by Grochenig and Schwab [7] it is shown
in this paper, that this reconstruction scheme can be used for the
case of averaging and provides good results for the approximation
of the density function from a given histogram.
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1 Introduction

Histograms can be viewed as a particular example of a density estimate
and their appearance depends on both the choice of origin of the his-
togram and the width of the intervals used. Our goal is to find a good
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approximation of the underlying density function. For some concrete
applications of this problem see eg. [3], [2], [4], [8] or [9].

There are many different techniques that solve this problem. For
example, the kernel density estimation (KDE) is a well-known technique
in statistics. The simplest way of KDE can be thought as a smoothed
version of histograms. The main problem in practice is to obtain a
sufficiently smooth representation of the data while at the same time
retaining its main features. In this context the choice of bin-width is
critical.

In Section 2 we describe the standard technique of KDE and refer
to Baxter and Beardah [3] who present a solution of the under/over
smoothing problem.

These KDE techniques require an explicit knowledge of the observa-
tions that produce the histogram. Our goal is to avoid this assumption
and to reconstruct the density function directly from the histogram. We
can look at this problem as a kind of resolution enhancement, i.e., if
multiple sensors take measurements over disjoint intervals we only get
sums, respectively averages over these intervals and our intention is to
get a resolution of arbitrarily small intervals.

The critical difference in this approach is that we do not use the his-
togram as a presentation of data but rather as input for the reconstruc-
tion of the density function.

2 Kernel Density Estimation

Let X;, i=1,...,N, be scalar measurements drawn from an arbitrary
probability distribution f. One well-known approach (the kernel density
estimation KDE, see also [10]) of finding an approximation f for the

unknown density function f is obtained based on a kernel function K (u)
and a bandwidth h as

flw) = %ZK(?) )

The kernel function K satisfies the following properties
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This method can be viewed as placing a ‘bump’ at each point and
then summing the height of each bump at each point of the x-axis.

Compared to the histogram, the shape of f does not depend upon
the choice of origin but critical on the choice of bandwidth h. Large
values of h over-smooth, while small values under-smooth the data.

In [3] Baxter and Beardah present a choice of h, which ‘optimizes’
the kernel density estimation in the sense that the calculated h makes
the KDE as ‘close’ as possible. The measurement of ‘closeness’ is the
asymptotic mean integrated square error (AMISE) which can be shown
to have the form

- 1 1
AMISE(f) = — A+ Zfle. (2)

As described in [3] the terms A and B in equation (2) are dependent
on the known kernel, while B is also dependent on the integral of the
squared second derivative of the unknown f. Then the optimal value of
h which minimizes the AMISE is given by

hamise = [i] v : (3)

nB
This expression, which through B depends upon the second derivative
of the unknown density f, is the starting point for many methods for
automatic selection of h.
Here in this paper we will not go into further details of selecting the
optimal h, which can be found for example in [12] or [3].

We want to focus on another problem:

Following the technique described above an apriori knowledge of the
points X; is assumed. In that case a histogram is only used as a method
of data presentation. Now we want to concentrate on the problem that
the histogram is the only input we have, i.e., the histogram does not
appear as a data representation but as data itself. Therefore our goal is
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to find a good approximation of the density function from the histogram
itself without using the data/observations X;. This leads us to the next
section.

3 Reconstruction of the Density from Histograms

As mentioned above the input of our reconstruction algorithm is not the
observations X; because they may be unknown, but the histogram, i.e.,
the position, the width and the hight of the bins.

The problem can be modeled as follows: Let be given n intervals of
same length, i.e., for i = 1,...,n and fixed d > 0:

I; = [ai, ait1),
ai+1=a; +d .

Then we can describe a histogram by a step-function fr

. Wi, for x € [ai,aiﬂ)
fu(@) = { 0, forxz<ajorzxz>a, (4)

with [ fa(z)dz =1 to get a normalized histogram.
The problem we want to handle is to get an approximation f of the
unknown density f from the given function f.

The first step is to define the samples for the reconstruction. Let the
function w be defined as follows:

[ 1/d, forzxe [—%,4—%]
u(@) = { 0, otherwise ' (5)

Considering the convolution

x+d/2
(f *u)(e / FQue s = [ (e - aas
z+d/2 1
- / F(6) = de (6)
z—d/2 d
1 z+d/2
=2/, e
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It is obvious that

zo+d/2
(Feuan) =y [ F© @

0—d/2

is the average of the function values of the interval [zo — é, T + é]
Since the bins of a histogram are normalized by their width d, the

following equation holds for ¢ =1,...,n:
(f *u)(@i) = fu(w:) (8)
with n
a; a;
T = = 9)

the midpoints of each bin.

3.1 Reconstruction with parabolic splines

In [5] Carl de Boor gives a spline interpolation for this problem:
Let be f to be a parabolic spline, i.e., a piecewise polynomial function
of order 3 with continuous first derivative,

fEP&CmCl, (10)

where P3 - is the linear space of piecewise polynomial functions of or-
der 3 with breakpoint sequence (, which coincide with the sequence
Qj, 1= 1, L.

If the underlying density function f is smooth and vanishes outside the
interval [a1, a,11], then we have fU)(a1) = fU)(a,41) =0forj =0,1,...
to the extent of the smoothness of f.

This gives altogether n + 1 interpolation conditions and 2n— homoge-
neous conditions, for a total of 3n conditions on the 3n polynomial co-
efficients. For the solution of the resulting linear system the reader is
refered to [5].

3.2 Reconstruction with shift invariant functions

In this paper we want to present a more general solution for the density
reconstruction from a histogram, i.e., we choose the approximation f
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for the unknown function f from the space of shift invariant functions
f € V(y), which is defined by

V(p) ={g € L*(R) : g(x) = Y cxp(x — k) for (c) € 2(Z)}, (1)
kEZ

where ¢, the generator, is a continuous function with compact sup-
port of size S so that

supp(y) C [-S,5]. (12)

As mentioned above, the reconstruction of a density function from
a histogram can be ascribed to the problem of reconstruction from av-
erages. During the last years there were several publications on this
topic. For example, Sun and Zhou presented some results in [11] for the
bandlimited case. In this paper we concentrate on a fast local recon-
struction method for sampling in shift invariant spaces formulated in [7]
by K.Grochenig and H.Schwab. Now we will show that this efficient
algorithm can be applied to the case of reconstruction from averages.

As mentioned above, we assume that the unknown density f is ele-
ment of the space of shift invariant functions, i.e.,

f@)=> ap(z — k), (13)
keZ
which means that the function f is completely determined by the coeffi-
cients ¢ or, in other words, the problem of finding the exact reconstruc-
tion f is equivalent to find the coefficients cg.
Applying the convolution with u, we have

(fxu)(z) = ) el *u)(x — k), (14)
keZ

where obviously (f * u) is determined by the same coefficients as f and
is generated by ¢ * u, i.e.,

(fxu) € V(pxu). (15)

From equation (8) we see that the midpoints of the bins x; = (a; +
ai+1)/2 can be used as samples of the function (f * u).

As we will see in the next chapter, we calculate the coefficients ¢ from
these samples of (f*u) and then reconstruct the density function f with
these coefficients.
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This technique involves an important interpretation because we do not
reconstruct the desired density f from samples but from the averages

(fxu)(x;),i=1,...,n.

3.2.1 Calculating the Coefficients of density function f

Here we follow the description of reconstruction methods in shift invari-
ant spaces presented in [7]. To keep the notation clear we define

Y =gp*u. (16)

Then the averages, which we use as samples for the function (f *u),
can be written as

lan+5+d/2]
(f *u)(z;) = Z cxp(zi — k) (17)
k=[a1—S—d/2]
for
z; = % i=1,..n. (18)

Let U be the matrix with entries
U, = (i — k) (19)

withi=1,..,nand k € (a1 — S —d/2,an+1 + S+ d/2) N Z. Then with
(f *u)|x = ((f * u)(z))i=1,..n the equation (17) can be rewritten as

Ue=(f*u)|x (20)

or in the sense of normal equations

U Uc = U*(f * u)|x. (21)

As described in [7] the structure of this problem must be exploited
to receive a fast reconstruction algorithm:

Lemma 1 ( [7]). If supp(¢) C [-S—2,S+94], then T = U*U is a band
matriz of (upper and lower) band-width 25 + d.
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Let be T'= U*U, given by the entries
T = Y 0w —k)(zi —1) (22)
i=1

fori=1,...,nand k,l = [al—S—%L...,Lan—FS—F%J. The next step

is to compute b = U*(f *u)|x, i.e.,

b= S0 R fork=[a—S— 5] et S+ 5]
=1

(23)
so that we have to solve the linear system

Te=b. (24)

Since T is a positive definite band matrix, the band Cholesky algo-
rithm is an effective method for solving (24) because the operation count
is linear to the number of samples n (see also [6]).

After we evaluate the coefficients ¢ from the function (f *u) we can
use them to construct the restriction of f to [a1,a,] by

lan+5]

f@y="Y_ aplx—k) for z € [ay, an). (25)
k=[a1—S]

Once again: The coefficients of the function (f * u), which reconstruct
the averages (=midpoints of the bins), are the same as the coefficients of
the density function f.

As described in [7] the operator count of this algorithm is
O(n-C) (26)

where C' depends quadratic on the length of the generator . In other
words, the costs of the algorithm are linear to the number of data (=bins
of the histogram).

For a detailed description see [7].
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3.2.2 Initialization of the Histogram

For exact reconstruction the set of samples, which are the midpoints of
the bins, needs to fulfill certain conditions. If ¢ is a B-spline of order
N, ie., ¢ = Xo,1) % *X[o,1] (N + 1 convolutions), then the main result
of [1] implies that the maximum gap condition

Supiez(xi_H — J?Z) =0<1 (27)

is sufficient for exact reconstruction. To hold this condition we have to
factorize the histogram, i.e., we have to choose a A > 0 such that

L Gt aiq

T
sup; (i'i—kl — i‘z) =< 1,
fori=1,...n—1 (28)

and the step function in (4) becomes

. f wy, forxe [, HE
fH(x)_{O, for x < L or x > 42 . (29)

Consequently the length of the modified histogram is

d:w fori=1...n. (30)

With these modified data we can reconstruct from the samples

(f * u) (&) = fu(@:) (31)
the desired density function by

flx) = f(a-N). (32)

3.2.3 Averages created by different average-functions u;

As described above we have examined the situation, that the averages
are always taken with respect to the same window u.

Now let us study the more general situation that we are taking av-
erages over areas of different width, i.e.,
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v Yy, forxze [—%,%’]
uj(@) = { 0, otherwise (33)

Figure 6 shows this situation. We are using the same density function,
but the averages are taken over areas of different length.
Consequently the sampling values w; are given by

Ti+pi/2
wy= (fru)a) = o | 7 peae. (34)

K Jaj—p;/2

Therefore we need to modify the algorithm described before in the
following way:

1. For each sample-value w;, we must calculate the appropriate average-
function uj, j =1,...,J. Let be f € V(¢), then

¥ = g xuy. (35)

2. We must store these v¢; to compute b = U*w
J -
b=y ¥(x; — k)w;. (36)
j=1
3. Also the calculation of the matrix 7" must be modified:
J _—
Ty = > sy — k)j(x; — 1), (37)
j=1

A closer look at the system matrix T verifies that the matrix T" does
not have the same structure as before.

Since the support of 1); depends on the width of the bins, i.e.,

supp(1y) € [-5 — &2, 5+ 2] (38)

the width of the band in the matrix T" varies, too (see figure 7).

Applying the modifications described above, we get the following
approximation of the density function as plotted in figure 9.



FAST DENSITY EST. FROM HISTOGRAMS IN SHIFT INVARIANT SPACES 167

4 Numerical Simulations

We tested this algorithm on several different data sets. We used also
data of large dimension, i.e. a histogram with 10* bins. By handling
this quantity of data two features of the proposed algorithm are of great
importance:

1. The number of operations is linear to the number of bins.
As mentioned above the calculation of the coefficients of the unknown
density function requires @ (n - C') multiplications, where n = 10* and C
depends quadratic on the length of supp(%)).

2. The algorithm uses data segmentation for the reconstruc-
tion. Since we have a local reconstruction method we can handle non-
adjacent intervals separately. Therefore we can separate the reconstruc-
tion in several intervals depending on numerical limitations e.g. memory
capacity.

Using this data segmentation we approximate the density function
from 10* given average-values. After calculating the coefficients we eval-
uate the density function at 107 values, which can be viewed as an im-
provement of the resolution of the factor 103. The error of the approxi-
mation f measured by

e =Mt

is 1.12%.
Figure 1 shows a part of the reconstruction and the given histogram.

To see more details we also want to present an example of small size:
Figure 2 shows the histogram with the underlying density function. We
want to find a good approximation for the density function from the
given histogram by using approximations from the space of shift invariant
functions.

In our simulation we use MATLAB. We use the shift-invariant spline
spaces with the B-spline of order 3

¥ = X[-1/2,1/2) * --- * X[-1/2,1/2] (39)

4 times (40)
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as the generator of V(y). Thus supp(¢) C [—2,2] and S = 2 (see
Figure 3).

As we can see in Figure 4, the algorithm yields to a good approxi-
mation of the original density function.

In Figure 5 the difference between approximation and original density
function is plotted.

In Figure 6 we see the exact reconstruction of the midpoints of the
bins x; by the function (f * u), i.e., fori=1,...,n

(f *u)(z) = w; (41)

and therefore

/ f”“ (F = u)(2)de = w; - d, (42)

which means that the area under the function ( fx u) is the same as the
area of the bins. The function (f * u) can be viewed as moving average.
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Figure 1: Histogram with reconstruction.
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Figure 3: Generator ¢: B-spline of order 3 with supp(¢) C [—2,2].
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Figure 4: Reconstruction (solid line) and the original density function
(dotted line).
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Figure 6: The histogram with marked midpoints, which are used as
samples for the function (f * u). Solid line: Reconstructed function



FAST DENSITY EST. FROM HISTOGRAMS IN SHIFT INVARIANT SPACES 171

0.15 ﬁ i

o i L L L i K

-3 -2 -1 o 1 2 3 a

Figure 7: The density function and the histogram with different bin-
width.
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Figure 8: The system matrix 7" in two different situations.
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Figure 9: Reconstruction (solid line) and the original density function
(dotted line).
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