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Abstract

Density conditions for wavelet systems with arbitrary sampling points to be frames are studied. We show that for a wavelet
system generated by admissible functions with irregular affine lattices to be a frame, the sampling points must have a positive
lower affine Beurling density. The same is true for wavelet systems with arbitrary sampling points and nice generating functions.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Density is a useful concept in the study of frames. For example, it was shown in [9,13] that {¢/?"*®: n € 7}
forms a frame for L?([—1/2, 1/2]) provided {A,: n € Z} is separable and possesses a lower Beurling density greater
than 1. In [3], Christensen, Deng and Heil studied the density of Gabor frames and proved that for a Gabor system
{ei2” b"xg(x —ay): n € 7} to be a frame for LZ(R), the time—frequency parameters (ay,, b,) must have a finite upper
Beurling density and possess a lower Beurling density no less than 1. See also [1,2,8] for more examples.

For the case of wavelet systems, one can consider similar problems. In [7,11,12,16-18], it was shown that for
a wavelet system with arbitrary sampling points to be a frame for L?(R), the sampling points must be relatively
uniformly discrete, or equivalently, they must have a finite upper affine Beurling density.

For the lower affine Beurling density, however, there is no general result. In [19], the authors studied density
conditions for irregular multi-generated wavelet systems of the form

{t(sej sejte)Ve: j€le, keKy, 1<E<r}
to be frames, where r is a fixed positive integer, ¥, € L2(R), se,j >0tk €R, J¢, Ky CZ, and

(t(s, %) (x) := 572y ((x — 1) /).
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For convenience, we call a sequence of sampling points of the form {(s¢ j, s¢, jtex): j € Je, k €Ke, 1 <L <7} an
irregular affine lattice. Even for this special case, it is not clear whether the sampling points have a positive lower
affine Beurling density for the wavelet system to be a frame.

On the other hand, Example 2.1 in [19] shows that the (one-dimensional) lower Beurling density of the trans-
lation parameters {fy x: k € Ky, 1 < £ < r} may be zero even if the corresponding wavelet system forms a frame.
Specifically, let

Jw) = el = 2zo), |l <1/27,
s otherwise

and {tx: k € Z} be a rearrangement of {k € Z: k < 2 or 22 <k < 2241 for some [ > 1} such that # < tx41, here
U(w) = Jg ¥ (x)e™27*® dy is the Fourier transform of . Then {t(2/,2/4)y: j, k € Z} is a frame for L*(R). Ob-
viously, supy (fx+1 — t) = +00. This seems to suggest that the lower affine Beurling density of the sampling points
might be zero. Fortunately, when the “affine density” is considered, it is also positive in this example. In fact, it is true
for every wavelet frame generated by admissible functions with irregular affine lattices. Before stating our results, we
introduce some notations.

The group action in G := {(s, #): s > 0, t € R} is defined by

(a,b)(@,b) = (ad',b+ab).
For any (x, y) € G, its (a, b)-neighborhood is defined by Q, »(x,y) = (x,y)V with V = [a_1/2, al/z] x[—=b/2,b/2],
a > 1,b > 0. Itis easy to check that
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Let I' = {(xy, y»): n € A} be a sequence of elements of G.

b b
Qup(x,y)=[a""?x,a"?x] x [y _Z x}.

(i) I iscalled (p, g)-uniformly discrete if u(Q p 4 (xn, yu) N O p.g(Xm, Ym)) =0, n # m, where du = (1/s?)dsdr is
the left-invariant measure on G.
(ii) I is called relatively uniformly discrete if it is a finite union of uniformly discrete sequences.

It is easy to see that for any a > 1,b > 0, {(a/,a’bk): j,k € Z} is (a, b)-uniformly discrete. We denote |x] =
max{n € Z: n < x} and [x] = min{n € Z: n > x}, and #E denotes the cardinality of a sequence or a set E.

C2°(R) is the set of all functions which are compactly supported and infinite times differentiable.

We call a function ¢ € L?(R) admissible if

+o<>1 A ,
Cy Z=/|%_—||I//(§)| d& < +o0.

Let v be the weighted counting measure defined by v(E) = Z(M) <S> where E C G is a discrete set.
For any sequence I" C G, its lower and upper affine Beurling density are defined by

v(I'N . . . . v(I'N X,
DI = lim lim inf ("N Qap(x,¥) _ lim  lim  inf (I' N Qq.p(x,))
a>+00bst00@0EG o S aSToohs oo ()EG bxIna

and

+ bra— S V(Fm Qa,b(x: y)) ~ ~ V(FmQa,b(xa Y))
D™ ()= lim lim sup = lim lim sup
a—=>+00b—>+00 (5 \)eG fo,,,h(m)Sd“ a—+00b—>+00 (¢ \)eG bxlna

respectively. For the regular case, i.e., I’ = {(a/, albk): j. k € Z}, one can check that D=(I") = DT (I") = 1/(bIna).
We refer to [18, Example 3.1] for details.

We note that a similar density concept has been established in [5,14,15] and both lead to the same density (up to a
constant) when the regular case is considered. However, it is not clear whether they coincide in general since they use
different areas to count the point number.

For wavelet frames with irregular affine lattices, we have the following.
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Theorem 1.1. Let vy € L2(R) be admissible, S; and T; be real sequences, and Sy consist of positive numbers,
1<e<r If Uy {x(s,s0)¥e: s € Se, t € Ty} is a frame for L?(R), then the lower affine Beurling density of
Ui {(s, s0): s € S¢, t € Ty} is positive.

For wavelet frames with arbitrary sampling points, it was shown in [18] that the sampling points must have a
positive lower affine Beurling density whenever ¥, ¥;, Xy,, and X1, are admissible. In this paper, we show that
the admissibility of ¥y and X Wé is sufficient.

Theorem 1.2. Let I'y C G be sequences, 1 <L < r, and {t(s,t)¥e: (s,t) € Iy, 1 <L < r} be aframe for L%(R). If
Yo (x) is local absolutely continuous and ¢ (x), xtﬁé (x) are admissible, then

D( U n) > 0.

1<e<r

Remark 1. It is known that there are critical densities for Gabor frames [3] and Fourier frames [9,13], respectively.
One may ask if the same is true for wavelet frames. Specifically, is there a positive constant D, such that for any
wavelet frame of the form {t (s, )Y¥,: (s,t) € [y, 1 <€ <r}, we have D’(Ulgegr I'y) > D.?

The answer is negative.

As pointed out in [4], if {t(a/, a/bk)y: j, k € Z) forms a frame, then so does {t(a’, a’b*k)y*: j k € Z} with
Y (x) = (b/b*) V2 (bx /b¥) for any b* > 0. Now DV ({(a’, a’b*k): j, k € Z}) = 1/(b* Ina) can be arbitrarily small
since b* is arbitrary.

Observe that Cv/# =Cy - b*/b. We have

S C P
C DT ({(al,alb*): j ke Z)) = bl—‘” =Cy D" ({(a’, a’bk): j. k eZ}).
na
This suggests that Cy, D' (I") could have a positive lower bound. Unfortunately, it is not the case. In fact, we can make
Cy D' (I") arbitrary small by substituting ey for v with an arbitrary small e.
Moreover, even if the norm of v is taken into account, a positive lower bound does not exist, either. Specifically,
we have the following.

Theorem 1.3. Let X be the set of all pairs of (, "), for which ¥ € L>(R), I' C G is a sequence, and
{t(s,)¥: (s,t) € '} is a frame for L%(R). Then we have

inf Cy DY (I =0.
w.hex g2 "

Remark 2. For a regular wavelet frame {t(s, 1)y (s,t) € I'} with I' = {(a’, a/bk): j, k € Z}, it was shown in [4,
Theorem 3.3.1] that

2A< D(I')Cy < 2B,

where A and B are the lower and upper frame bounds, respectively. For the relationship between the density, frame
bounds and the admissibility constant with more general sampling points, we refer to [10].

2. Proofs of the main results

For fixed ¢ € LZ(R), the continuous wavelet transform of a function f € LZ(R) is defined by

+00 -
(Wy f)(s,1) = / f(x)lsl‘l/ZW(xT_t) dx.
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If ¢ is admissible, then
+00 +00

//siz|(wwf)(s*f>|2dsdf<+oo, VfeLX(R).

—0 0

Lemma 2.1. Let {(s,,,1,): n € A} C G be an (a, b)-uniformly discrete sequence. Suppose that i(s, ) > 0 is a mea-
surable function defined on G. Then for any p > a> and ¢ > b,

a3/?
Z //h(s,z)dtds< // 4<1+—>h(s,t)dtds,

N
(n: 1) €0 pq(1,0) E, (5.)¢0 _,(1,0)

plad.q

where E, = [s,a= "2, 5,a'/?] x [t, — b/2, 1, + b/2].

Proof. Put I' ={(s,,t;,): n€ A}.Forany j e Z,let I'; ={(s,t) e I': al=12 < s < altV/2}. We can write
I';= {(Sj,katj,k): ke Aj},
where A ; C Z. Without loss of generality, we assume that #; x <?; x4 1. Let

_ b b
Ejr= [sj,ka ]/Z,Sj,kal/z] X I:l‘j,k - E’tj’k + §i|

1/2 1/2

Since I’ is (a, b)-uniformly discrete and s; ra™ "/ < a’l < sjka =, we have

b b
Lik — Esj’k 2tk + Esj’k/’ Vk, k' € Aj, k> K.

Hence
b j-172
Lik —tjx 2 E(Sj,k +sjx) =a b.
Therefore, we can split A; into at most N; := (a’j“/z} subsets Aj ¢, 1 <£ < Nj, such that
tik—tix=Nia/ VP >b, kK e, k#K.
Note that N; < a~ /T2 4 1. We have

sjal’? tj+b/2

> /fh(s,t)dtds= > %Z / fh(s,t)dtds

< Inp—1 . Inp—1 — )
12400 ke, B 1> P SHREAL s a1/ 1j4=b)2

alt! 400

< ) //Njh(s,t)dtds

. Inp—Ina *
|12 " ai=1 —00

2Ina
Jj+1
a +00 a3/2
< Z /f<1+—)h(s,t)dtds
In p—Ina §
11> " hmas ai—1 —00

a3/?
< // 2(1 —|——>h(s,t)dtds.
s

s¢l(p/a®) ™2, (p/a®)/?]
teR

Similarly we can prove that

a3
> //h(s,t)dzdsg // 2<1+—)h(s,t)dtds.

N
Itjk12q/2 Ejx >0
J€Z, kea; " [t|>(g—b)/2
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On the other hand, if s; 4 ¢ [p~!/2, p!/?], then either a/*!/2 > p'/2 or a/=1/2 < p=1/2. Hence |j| > (Inp —
Ina)/(21Ina). It follows that

Z //h(s,r)dtds< Z //h(s,t)dtds+ Z [fh(s,t)dtds

(Snstn) ¢ Q0 p.q(1,0) E, |j|>ln2p];l;a’ keA; Ejk ltjk124q/2 Ej

32
< // 4(1+—>h(s,t)dtds. m
N
GDEQ, 43 4 (10)

The following lemma is a consequence of Wirtinger’s inequality [6].

Lemma 2.2. If f(x) is absolutely continuous on [a,b], f, f' € L?*[a, b] and there is some ¢ € [a, b] such that
F@©=0,then [V | ()P dx <4 —a)>/m®- [21f ()] dx.

Lemma 2.3. Let {(s,, ,): n € A} C G be an (a, b)-uniformly discrete sequence. Suppose that f € C°(R), ¥ € L%(R)
is locally absolutely continuous and v (x) and xv’(x) are admissible. Then we have

1 1
> Awmneewlf<cn ] (; + S—2>(|(W¢f)(s, D>+ |(Wy N0

(Snatn)¢Qp,q(lvO) (Svt)¢Qp/a3,q_b(l!O)

Wy 60+ Wy 6.0 ) deds, f e LA(R),

where &(x) = (x) +x¢’'(x) and C,j is a constant.

Proof. Since (Wy f)(s, 1) = (f(- +1),s /2 (-/s)), it is easy to check that

ad

o Wy )(s.0)= Wy f)(s.0),

LWy (5.0 = =AW (s,

Put E, = [s,a™'/?, s,a'/?] x [t, —b/2, 1, + b/2]. We have

1
> //;|(W¢f)(s,t)—(W¢f)(s,tn)|2dtds

(sn;tn)¢Qp,q(1»O) E,
spa'’?  ty+b/2

1
S / s / Wy ) (s,1) = (Wy )51 dr s

Gt #0pa (100 L1 * ) Y
spall? In+b/2
< ¥ L 4 / |(Wy (s, ) drds  (Lemma 2.2)
< - — s, s emma 2.
s w2 v

(Snafn)¢Qp,q(lqo)xnu_1/2 tn—b/2
4p? 1 5
= Y ?//;|(Wv,f/)(s,t)| drds
(Snstn) Q0 p.q(1,0) B

4> 1 a2
g / 4<§*Cls—z)kww/)(s,ﬂfdtd& @1

(Svl)éQp/a_’)_q,b(lvo)

X
/]
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where Lemma 2.1 is used in the last step. Using this lemma again, we get

1 237
3 /f—|(w,,,f)(s 0| drds < /f 4< +—)|(W¢f)(s D’ drds. (22)
(Snstn)EQp.q (1, O) (S,l‘)¢Qp/a3yq_;,(1~O)

By the triangle inequality, we have
> //—|(W¢f)(s i) dr ds
(Snstn)€Qp,q(1,0) E,
1 1 2 ’ 2
< Map St ([Wy )5, 0"+ [(Wy f)) (s, 0)|7) de ds, (2.3)
(S’t)¢Qp/a3,q—b(l’O)
where M, ; is a constants. Similarly we can prove that

> f / s~ 2 Wy )G, t0) = 50> (W £ (50, 10| dr ds
(Snstn) ¢ Qp.q(1,0) E,

200
<y ol // Wy )t drds

(S,,,tn)éprq(l,O)

<y den /f—|<w s drds

(Snatu)¢Qp,q(lvo)

1 2 2
<uy, ] (;+S—2>(|(W,;f)(s,t)| +|wy £)s.0) ar s, 24)
(:0€0 3 4 (1,0)
where (2.3) is used in the last step. Putting (2.3) and (2.4) together, we get

(a—1)b 2 - 2
S S Wy At = [ fsn P Wy £)Gsn, )] dr ds
all?
(5nstn) Qg (1,0) i

= > //| “2Wy )G, t0) = (T2 Wy )G tw) = s 2 (Wy £ (s 1)) | e ds
(Snstn) ¢ Q0 p,q(1,0) E,

1 1 2 2
<M, // (;+s—2>(|(W,,~,f)(s,t)| + Wy ).
(D0, 3 4, (1.0)

+| Wy D+ [(Wy £, 0 deds.

Proof of Theorem 1.2. Put I = | J;_, I';. Let A be the lower frame bound.

By [18, Theorem 3.2], Iy is relatively uniformly discrete. Hence we can split I, into Ny uniformly discrete se-
quences Iy . Therefore, we can find some ag > 1, by > 0 such that Iy x is (ag, bo)-uniformly discrete, 1 < £ <r
1 <k<Ny,.

Take some f € L?(R)NC2°(R) such that f # 0 and f, f’ are admissible. Since (Wy, £)(s, 1) = (s'/2 f (s-+1), ¥),
we have (Wy, f)(s, 1) = (Wgr)(1/s, —t/s). It follows that

+00 +00 +00 +00
/ /—|(W,/,f)(s 3] dtds—/ / ‘(Wf¢)<— —é) dtds_/ /‘(wa)<— t> dr ds
0 —o0 0 —

+00 +00

=/ fslz|(wf¢)(s,t)|2dtds<oo.

0 —o0
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Similarly, we can prove that 1/s - [(Wy f')(s, )|*, 1/s - |(Wy, f)(s, D)%, and 1/s - |(W f')(s, )| are integrable on G.
By Lemma 2.3, there are some p > 1 and ¢ > 0 such that for any (ag, bp)-uniformly discrete sequence I’ C G,

S NG|’ < ||f||§.

(s,)el"\Qp.4(1,0)

On the other hand, it is easy to check that {(s/x, (t — y)/x): (s,t) € Iy} is (ao, bp)-uniformly discrete for any

(x,y)eGsince Ipx is, 1 <€ <r, 1<k < Ng. Furthermore, (s/x, (t — y)/x) ¢ 0p.q(1,0) whenever (s,1) ¢
Op.q(x,y). Hence

S 27 (N +-+ Np)

2
_y _ y _ .—1
w5 < 5 () ()
=1 (s,0)ely
r N2 e\ P
Y T (3) w—
=1 (s,t)ely x
r Ng s t— 2
-2y on(R5)
t=1k=1(s,)elp\Qpq(x,¥)
ro e s 1—y\|?
Y2 mn(5 )
=1 k=1 (s,0)€l;NQp 4(x,y)
A A s t—y 2
<AMmEYY Y ‘(Wwf)(;,7>
e=1k=1(s,N€ly xNQp 4 (x,y)
Therefore,
r Ng
rng,q e =JUJTuun0pgx.y)#0, Vx.y)eg.
{=1k=1
—1/2 ,1/2
Foranya > p,b >a p'/“q and (x, y) € G, we have

_ : bx 1 _ ;
Opg (a Viep Ty - =+ (k + §>qa 1/2xpf“/2) C Qup(x,y),

b
ga=12pi+1/2 o

) Ina
0<j<|—|-1,0<k<
Inp
Hence
[Ina/Inp|—1

b ; bx (Ina a—1

v(FﬂQab(X,y))> E (?—Oﬂl/zxp]} <——1>—a1/2x~—.
’ —1/2pj+1/2 1/2 _

P AL pcq\Inp p—1

Therefore,
V(N Qap(ry)

D (I')= lim lim inf .
p'/2qInp

a—>+00 hb—+o00 (x.)€G bxIna

This completes the proof. O
The following lemma can be proved similarly to Lemma 2.1.

Lemma 2.4. Let {(s;,tj1): j€ A, ke Aj}and {(s;,0): j € A} be (a, b)-uniformly discrete sequence. Suppose that
h(s,t) > 0 is a measurable function defined on G. Then for any p > a and g > b,

all?
Z //h(s H)deds < /f 2<1+—)h(s t)dt ds,

(5551 k)EQp.q(1,0) Fik (S!t”éQp/,,,p—l/Z(q,h)(l!O)
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where Fj i =[sja= 2, 5;a"1 x [tjx/sj —b/(2s)),tjk/s; +b/(2s)]

Lemma 2.5. Let {(s;,#;¢): j € A, ke Aj}and {(s;,0): j € A} be (a, b)-uniformly discrete sequence. Suppose that
Y e L’(R), f € C°(R) and f, f', f,and f’ are admissible, where f(x) = f(x)/2 4 xf’(x). Then we have

2 _ 1 2
> wnsaol<c, [ (1+5)avnes)

Crti)# (10 SDEC 10 p=1/2(g—1) (1)

| Wy £, O+ | (Wy F)Gs, s8]+ | (Wy £y (s, )] ) de ds,

where C ; » 1S a constant.
Proof. Since (Wy f)(s,st) = (s'/2f(s(- +1)), ), we have

0 d 1 ~
&(Wx//f)(s,sf) =s(Wy f')(s, 51), g(Wx//f)(S,Sl) = ;(Wllff)(sasr)'
Similar to the proof of Lemma 2.3, we can prove that
> //[(W¢f)(s s1) — (Wy £)(s, st;4/s)|” dr ds
(87,2, k)EQp,q(1,0) Fik

2 al?
g dab 2(1 +—)|(W,/,f)(s sn)|” dr ds

2

6DEQ, 4 p—172(g—p) (10

pla.p

and

Z //|(Wlﬁf)(s stjk/sj) — Wy f)(sj. 1), k)| drds

(S] 1j, k)¢qu(l 0) F &

l/ 5 5
<M, f/ 2(1 + —>(|(W¢,f)(s, SO + |(Wy F)(s, s0)|7) dr ds.

$DEQ, 0 1720y (10)
Now the conclusion follows by the triangle inequality and Lemma 2.4. O
Proof of Theorem 1.1. By [19, Theorem 2.1], S; x {0} is relatively uniformly discrete, 1 < £ <r. Using Lemma 2.5

instead of Lemma 2.3, the conclusion can be proved similarly to Theorem 1.2, which we leave to interested read-
ers. O

Proof of Theorem 1.3. Denote D, = inf(y rycx C¢/||1p||% -DY(I).
Fix some ¢ > 1 and 0 < 8,¢ < 1. Let b = 1/(2a), Iy = {(a’,a’bk): j,k € Z}, and 1} = x
8)([_“1_8’_1) +5x[1’a1_5) + Xa1-e a0y For any f € L>(R), we have

O lre(al abkyu)* = 37

Jj.keZ j.keZ

[—a,—al~®)

2
f(w)afj/zlﬁ(a,jw)eizna*fbkw dw

R

/f a]/z (a))elznbkwda)

:ZZa/ajif(ajw)tﬁ(w)|2dw

JezZ =,

Jj.keZlZ

alt!

=D 2a / @) (a7 w)[ do =2 / @ (a o) do.

JEZL i+ J€Z R
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Since §* <Y oy, | (@ w)|? < 1, a.e., the above equalities show that {t(a/, a/bk)y: j, k € Z} is a frame for L2(R).
It is easy to check that

w3 =28%(a""* —1)+2a(l —a™*) and Cy =2(8*(1—¢)+¢)Ina.

Hence

C 2(82(1 — &) + ¢) Ina 1
VoD () = = f_ Jina 1
(KA 26%2(a'=¢ —1)+2a(l —a=¢) blna

By letting 6 — 0 and ¢ — 0 consecutively, we get
1 2

‘= ablna  Ina’

Since a > 1 is arbitrary, we get D, < lim,_, » 2/Ina = 0. This completes the proof. O
Acknowledgments

Part of this work was done while the author was visiting NuHAG at the Faculty of Mathematics, University of
Vienna and the Erwin Schrodinger International Institute for Mathematical Physics (ESI), Vienna. He thanks NuHAG
and ESI for hospitality and supports. He thanks Hans G. Feichtinger for many relevant comments and suggestions. He
thanks Gitta Kutyniok for providing some recent papers. He thanks the referees for pointing out some references and
for valuable suggestions, which prompted the author to add Theorem 1.3.

References

[1] J.J. Benedetto, Irregular sampling and frames, in: C.K. Chui (Ed.), Wavelets: A Tutorial in Theory and Applications, Academic Press, Boston,
1992, pp. 445-507.
[2] A. Beurling, Balayage of Fourier—Stieltjes transforms, in: L. Carleson, P. Malliavin, J. Neuberger, J. Wermer (Eds.), The Collected Works of
Arne Beurling, vol. 2, Harmonic Analysis, Birkhduser, Boston, 1989, pp. 341-365.
[3] O. Christensen, B. Deng, C. Heil, Density of Gabor frames, Appl. Comput. Harmon. Anal. 7 (1999) 292-304.
[4] 1. Daubechies, Ten Lectures on Wavelets, SIAM, Philadelphia, 1992.
[5] P. Duren, A.P. Schuster, K. Seip, Uniform densities of regular sequences in the unit disk, Trans. Amer. Math. Soc. 352 (2000) 3971-3980.
[6] G. Hardy, J.E. Littlewood, G. Pélya, Inequalities, second ed., Cambridge Univ. Press, Cambridge, 1952.
[7] C. Heil, G. Kutyniok, Density of weighted wavelet frames, J. Geom. Anal. 13 (2003) 479-493.
[8] C. Heil, D. Walnut, Continuous and discrete wavelet transforms, STAM Rev. 31 (1989) 628—-666.
[9] S. Jaffard, A density criterion for frames of complex exponentials, Michigan Math. J. 38 (1991) 339-348.
[10] G. Kutyniok, Affine density, frame bounds, and the admissibility condition for wavelet frames, Constr. Approx., in press.
[11] P. Olsen, K. Seip, A note on irregular discrete wavelet transforms, IEEE Trans. Inform. Theory 38 (1992) 861-863.
[12] T.E. Olson, R.A. Zalik, Nonexistence of a Riesz basis of translates, in: Approximation Theory, in: Lecture Notes in Pure and Appl. Math.,
vol. 138, Dekker, New York, 1992, pp. 401-408.
[13] J. Ortega-Cerda, K. Seip, Fourier frames, Ann. of Math. 155 (2002) 789-806.
[14] K. Seip, Beurling type density theorems in the unit disk, Invent. Math. 113 (1993) 21-39.
[15] K. Seip, Regular sets of sampling and interpolation for weighted Bergman spaces, Proc. Amer. Math. Soc. 117 (1993) 213-220.
[16] W. Sun, X. Zhou, Irregular wavelet frames, Sci. China Ser. A 43 (2000) 122-127.
[17] W. Sun, X. Zhou, Irregular wavelet/Gabor frames, Appl. Comput. Harmon. Anal. 13 (2002) 63-76.
[18] W. Sun, X. Zhou, Density and stability of wavelet frames, Appl. Comput. Harmon. Anal. 15 (2003) 117-133.
[19] W. Sun, X. Zhou, Density of irregular wavelet frames, Proc. Amer. Math. Soc. 132 (2004) 2377-2387.



