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Abstract G-frames are generalized frames which include ordinary frames, bounded
invertible linear operators, as well as many recent generalizations of frames, e.g., bounded
quasi-projectors and frames of subspaces. G-frames are natural generalizations of frames
and provide more choices on analyzing functions from frame expansion coefficients. We
give characterizations of g-frames and prove that g-frames share many useful properties
with frames. We also give generalized version of Riesz bases and orthonormal bases. As
an application, we get atomic resolutions for bounded linear operators.
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1 Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [9], reintroduced in 1986
by Daubechies, Grossman, and Meyer [6], and popularized from then on. Frames have
many nice properties which make them very useful in the characterization of function
spaces, signal processing and many other fields. We refer to [4, 7, 11, 14, 15, 16, 20]
for an introduction to the frame theory and its applications. One of the main virtues
of frames is that, given a frame, we can get properties of a function and reconstruct
it only from the frame coeflicients, a sequence of complex numbers. For example, let
{a??y(a? - —bk) : 1 < € < r,j k € Z} be a multi-wavelet frame for L?(R). Then every
f € L*(R) can be reconstructed by the sequence {(f, a?/?1y(a?-—bk)) : 1 < <r j ke Z}
which satisfying

AlFIE< D2 D0 1foa (el - bk) > < BIIf]13

1<t<r 3,keZ
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for some positive constants A and B. Put
¢in(f) = (£, P91 (a? - =bk)), -+, (f, ¥ (a? - —bK)))T € C".

Then the above inequalities turn out to be

AIFIE < Y lew(DIP < BISIE.

J,kEZ
This prompts us to give the following generalization of frames.

Throughout this paper, ¢ and V are two Hilbert spaces and {V; : j € J} C V is
a sequence of Hilbert spaces, where J is a subset of Z. L(U,V;) is the collection of all
bounded linear operators from U into V;.

Note that for any sequence {V; : j € J} of Hilbert spaces, we can always find a big
space V to contain all the V; by setting V = @,¢; V;-

Definition 1.1 We call a sequence {A; € L(U,V}) : j € I} a generalized frame, or simply
a g-frame, for U with respect to {V; : j € I} if there are two positive constants A and B
such that
AlFIP <> AP < BIFIP, Vel (1.1)
Jjel
We call A and B the lower and upper frame bounds, respectively.
We call {A; : j €I} a tight g-frame if A= B.

We call {Aj : j € I} an exact g-frame if it ceases to be a g-frame whenever anyone of
its elements is removed.

We say simply a g-frame for U whenever the space sequence {V; : j € I} is clear.

We say also a g-frame for U with respect to V whenever V; =V, Vj € J.

We observe that various generalizations of frames have been proposed recently. For
example, bounded quasi-projectors [12, 13|, frames of subspaces|2, 3|, pseudo-frames[17],
oblique frames[5, 10], and outer frames[1]. All of these generalizations are proved to be
useful in many applications. Here we point out that they can be regarded as special cases
of g-frames (see examples below) and many basic properties can be derived within this

more general context.

While we were preparing this paper we learned that another generalization of frames
in the context of numerical analysis, called stable space splittings, have been studied in
[18, 19]. We prove at the end of Section 3 that they are equivalent to g-frames. We point
out that the approaches are quite different from each others. In particular, the adjoint
operators of A; are used in the definition of stable space splittings. Moreover, we give a
characterization of g-frames and studied g-Riesz bases and g-orthonormal bases.



Example 1.1 Let H be a separable Hilbert space and {f; : j € J} be a frame for H. Let
Ay, be the functional induced by fj, i.e.,

Af]f: <f7f]>a VfEH

It is easy to check that {Ay, : j € J} is a g-frame for H with respect to C.

By Riesz Representation Theorem, to every functional A € £(U, C), one can find some
¢ € U such that Af = (f,¢), Vf € U. Hence we have the following.

Lemma 1.1 A frame is equivalent to a g-frame whenever V; = C, j € J.

Example 1.2 Pseudo-frames (Li and Ogawa[17]), or similar, oblique frames(Christensen
and Eldar [5, 10]) or outer frames (Aldroubi, Cabrelli, and Molter [1]) are studied recently
in literature. Here we point out that they are a class of g-frames.

Let Hp be a closed subspace of H. Let {f; : j € J} C H be a Bessel sequence in H
and {f; : j € J} C H be a Bessel sequence in H. Recall that {f; : j € J} is said to be a
pseudo-frame for Hy with respect to {f; : j € J} [17, Definition 1] if

F=Y(ff  VfeHo

Jjel

Since both {f; : j € J} and {f] : j € J} are Bessel sequences in Hp, it is easy to
check from the above equation that we can find some constants A, B > 0 such that
AllfII? < > ey S i) < BJ|fII?, Vf € Ho. Let Ay, be the functional induced by f;,
j € J. Then we have

AlFIP <Y IAg P < BIFI?,  Vf € Ho.
jel

In other words, {A £, J€T } is a g-frame for Hy with respect to C.
Example 1.3 Bounded quasi-projectors (Fornasier [12, 13]).

It was shown in [12, Lemma 1] that if a system of bounded quasi-projectors {P; : j € J}
is self-adjoint and compatible with the canonical projections (see [12, 13] for details), then
for any f € H,

AIfIP < IR < BIFIP.

Jjel

In this case, {P; : j € I} is a g-frame for H with respect to H.

Example 1.4 Frames of subspaces (Casazza and Kutyniok [3] and Asgari and Khosravif2]).



Let {W; : j € I} be a sequence of subspaces of H and Py, be the orthogonal projection
on Wj. {W;: j € I} is called a frame of subspaces if there exist positive constants A and
B such that

AIFIP <> IPw, FIP < BIFIP, Ve
jel

Obviously, a frame of subspaces is a g-frame for H with respect to {W; : j € J}.

Example 1.5 Time-frequency localization operators (Dérfler, Feichtinger and Grochenig

18])-
For f,g € L*(R%), define the windowed Fourier transform of f with respect to g by
Vi) = [ 1@l =0 =d.

Let So(R?) := {g € L*(R?) : Vg € LY(R??)} be the Feichtinger algebra. Take some
¢ € So(R?) with |¢ll2 = 1. Let o be a bounded function on R?? with compact support
and o(z) > 0. Define the time-frequency localization operator H, corresponding to o and
pby Hof =V3oV,f lfo € So(R?%) and

01 S Z O($—/€)§CQ,
kez2d

for some constants Cq,Co > 0, then it is shown in [8] that one can find some constants
A, B > 0 such that

AIF13 < > 1 Hoon fI3 < BIFI3,  Vf € LA(RY).
kez2d

Hence {H,(._y) : k € Z*'} is a g-frame for L?(R?) with respect to L2(R?). We refer to [8]
for details.

Example 1.6 Every bounded invertible linear operator itself forms a g-frame.

We see from the above examples that g-frames are natural generalizations of frames
and provide more choices on analyzing functions from frame expansion coefficients . In
the following sections we first study g-frame operators and get the dual g-frames, then
give definitions of g-Riesz bases and g-orthonormal bases and present characterizations of
generalized frames and bases. As an application of g-frames, we get atomic resolutions of
bounded linear operators.



2 G-frame operators and dual g-frames

Let {A; : j € J} be a g-frame for U with respect to {V; : j € J}. Define the g-frame
operator S as follows:
Sf=Y_NAif, Vfel, (2.1)
jel
where A} is the adjoint operator of A;. First of all, S is well defined on U. To see this, let
n1 < no be integers. Then we have

no n2
NNl = sup <ZA;Ajf,h>

held,||h||=1

Jj=n1 Jj=n1
ny
= sup Z(Ajf,Ajh>
IRl=11];=5,
1/2 1/2
ng n2
< sup [ ) IAfIP D AnP
RI=1\ j=n, j=m
1/2
ny
< B2 AP
Jj=n1

Now we see from (1.1) that the series in (2.1) are convergent. Therefore, S f is well defined
for any f e U.

On the other hand, it is easy to check that for any f1, fo € U,
(Sfifo) =D (N1, o) = > (1, N5A fo) = (f1,52)
Jjel jeJ
and therefore,

IS|| = sup (Sf, f) = sup Y _[A;f|* < B.
I£1=1 If1=147

Hence S is a bounded self-adjoint operator.

Since Al|f|* < (Sf, f) < ISFII- If]l, we have

ISFII = AllfIl,

which implies that S is injective and SU is closed in U. Let fo € U be such that (Sfi, fo) =
0 for any f; € U. Then we have (f1,Sf2) =0, Vfi € U. This implies that Sfo = 0 and
therefore fo = 0. Hence SU = U. Consequently, S is invertible and

1
1< =,
1574 <

For any f € U, we have

f=8ST1f =818 = NASTIF =) STIAGA S

Jel Jjel



Let /~Xj =A;S ~1. Then the above equalities become
F=Y) NA =) NAf (2.2)
Jed Jel
We now prove that {A; : j € J} is also a g-frame for U with respect to {V; : j € J}.
In fact, for any f € U, we have
DSUIAAP = DA~ IR
2 JeJ
= D (NSNS
jel
= D (NASTUESTH)
jel
(SS™'f, 57 f)
(f,571f)

1 2
I

IN

On the other hand, since

A7 = D AL

Jjel

JeJ

1/2 1/2
(Z Ajf2) : (Z f\ij)
JeJ JjeJ

1/2
B2 f| (Z f\jf2> ;

IN

IN

JeJ

we have

~ 1
12> =112
Z 14517 = FIIA1
JjeJ
Hence, {A; : j € J} is a g-frame for U with frame bounds 1/B and 1/A. We call it the
(canonical) dual g-frame of {A; : j € J}.
Let S be the g-frame operator associated with {Aj : j € J}. Then we have

SSf = D SNAjF=> S STAS NS f

jel j€eJ
= Y MNNSTIF=85T1f=f  Vfel
jel



Hence S = S~'and A;S~' = A;S71S = A;. In other words, {A; : j € J} and {A; : j € J}
are dual g-frames with respect to each other.

Remark. We see from the above arguments that g-frames behave very similarly to
frames. For example, we can always get a tight g-frame from any g-frame {A; : j € J}.

In fact, put
Q; = A;S7Y2

It is easy to check that {Q; : j € I} is a tight g-frame with the frame bound 1.

Moreover, the canonical dual g-frames give rise to expansion coefficients with the min-
imal norm.

Lemma 2.1 Let {A; : j € I} be a g-frame for U with respect to {V; : j € J} and
Aj = A;S™Y. Then for any g; € V; satisfying f = Zjej A%g;, we have

D llgil? =D UALIP+ D llgs — A f 11>

Jel Jel Jjel
Proof. It is easy to check that
DSIAAP = D (Af, A8 )
jel Jjed
= Y (MAf57)
J€J
= Z<A;gja S_1f>
jel
= Z<gj7Aj871f>
jEJ
= > (g, Nif),  vVfel
JjeJ
Now the conclusion follows.

In example 1.1, we show that every frame {f; : j € J} for H induces a g-frame
{Ay, : j € J} for H with respect to C via the induced functionals Ay;.

Let { f] : j € J} be the canonical dual frame of {f; : j € J}. We conclude that
{Afj : j € J} is the canonical dual g-frame of {Ay, : j € J}.

In fact, it is easy to see that A;‘Cjc = cf; for any ¢ € C, which implies that the
corresponding g-frame operator and frame operator are the same. Consequently,

ApSTH = (ST = (LS ) =L ) = A S, VfEN.

Hence Af,- = Ay;S71. In other words, {Af,- : j € J} is the dual g-frame of {Ay, : j € J}.



3 Generalized Bessel sequences, Riesz bases and orthonor-
mal bases

Similarly to generalized frames, we can define generalized Bessel sequences, Riesz bases,
and orthonormal bases.

Definition 3.1 Let A; € L(U,V;), j € T.

(i). If the right-hand inequality of (1.1) holds, then we say that {A; : j € I} is a g-Bessel
sequence for U with respect to {V; : j € I}.

(). If {f : Ajf =0,5 € I} = {0}, then we say that {A; : j € I} is g-complete.

(iii). If {Aj : j € I} is g-complete and there are positive constants A and B such that for
any finite subset J1 C J and g; € V;,j € I1,

2
AN gillP <[> Ajgs|| < B llgsl, (3.1)

jeh je VISR
then we say that {A; : j € I} is a g-Riesz basis for U with respect to {V; : j € J}.

(iv). we say {A; : j € I} is a g-orthonormal basis for U with respect to {V; : j € I} if it
satisfy the following.

(NS, 950, M5, 902) = 04 ja (951> 93a)s Vi1 d2 € 1,95 € Vins 9y € Vo, (3.2)
STINAP =117, Vfeu. (3.3)

Jjel

Example 3.1 As in Example 1.1, the induced functionals of any Bessel sequence(resp.
Riesz basis, orthonormal basis) form a g-Bessel sequence(resp. g-Riesz basis, g-orthonormal
basis).

Example 3.2 The sequence containing only the identity mapping {Iy;} is a g-Bessel se-
quence, g-Riesz basis, and a g-orthonormal basis for U with respect to U.

Example 3.3 Let (X, %, m) be a measure space and {X; : j € J} be a sequence of
measurable sets. Let A; be the orthonormal projection from L*(X) onto L*(X;), i.e.,
ANif = f'XXj' Then we have

(). {A;: j €I} is a g-frame for L*(X) with respect to {L*(X;) : j € I} if and only if
Ujes Xj = X and supjep #{j" : m(X; N X)) > 0} < +o0.

(ii). {Aj : j € J} is a g-Riesz basis for L*(X) with respect to {L*(X;) : j € J} if and
only if UjeJ X; =X and m(X; N Xy) =0, 7 # 5. If it is the case, it is also a
g-orthonormal basis.



3.1 Characterizations of g-frames, g-Riesz bases and g-orthonormal bases

Let A; € L(U,V;). We do not have other assumptions on A; at the moment. Suppose
that {e; 1 : k € K;} is an orthonormal basis for V;, where K; is a subset of Z, j € J. Then

f = <Ajf7 6j,k>

defines a bounded linear functional on /. Consequently, we can find some w;; € U such
that

<f7 uj7k> - <Ajf7 €j7k‘>7 Vf eu. (34)
Hence
Aif =) (fougplesn, Y EU. (3.5)
keK,

Since 3= ex, [{f; wir) 2 = 1A FII2 < A% N FII% {ujk : k € K;} is a Bessel sequence for
U. It follows that for any f € U and g € V;,

(fN5g) = (Ajf.9) = Y (Fouin) - {ejnn ) = <f, > o, 6j,k>uj,k>-

ke, keK;
Hence
Ag = Z (9, €j.k) Uk Vg € V. (3.6)
keK;
In particular,
ujp = Nejp, jelkek;. (3.7)

We call {u;r : j € I,k € K;} the sequence induced by {A; : j € J} with respect to
{ej,k cjel ke Kj}.
With above representations of A; and A%, we get characterizations of generalized

frames, Riesz bases, and orthonormal bases.

Theorem 3.1 Let A; € L(U,V;) and ujy be defined as in (3.7). Then we have the
followings.

(i). {Aj : j € I} is a g-frame (resp. g-Bessel sequence, tight g-frame, g-Riesz basis,
g-orthonormal basis) for U if and only if {ujr = j € J,k € K;} is a frame (resp.
Bessel sequence, tight frame, Riesz basis, orthonormal basis ) for U.

(ii). If {A; : j € I} is a g-frame, then

) dimV; > dimU
jel

and the equality holds whenever {A; : j € I} is a g-Riesz basis.



(iii). Moreover, the g-frame operator for {A; : j € J} coincides with the frame operator
for {ujr: jel, kekK;}.
(iv). Furthermore, {A; : j € J} and {A; : j € J} are a pair of (canonical) dual g-frames

if and only if the induced sequences are a pair of (canonical) dual frames.

Proof. (i). We see from (3.5) that
SINAP =YD WhwmlP  vfeu.
JET j€ keK,
Hence {A;: j € I} is a g-frame (resp. g-Bessel sequence, tight g-frame) for ¢/ if and only
if {uj: jel kekK;}is aframe (resp. Bessel sequence, tight frame) for U.

Next we assume that {A; : j € J} is a g-Riesz basis for ¢. Since {e;; : k € K;} is an
orthonormal basis for V}, every g; € V; has an expansion of the form g; = keK, CikCiks
where {c; : k € K;} € £2(K;). It follows that

2
AY lgl? < || > Ajgs|| <B Y lgil?

j€l j€d FISU

is equivalent to

2
AN T el <D0 D ciwugnl| <BY D el

J€J1 keK; Jj€I keK; j€I keK;

On the other hand, we see from A;f = ZkeKj<f, ujk)ejr that {f : Ajf =0,5 € J} =
{f: (fiujx) = 0,j € I,k € K;}. Hence {A; : j € J} is g-complete if and only if
{ujr : j €,k €K;} is complete. Therefore, {A; : j € I} is a g-Riesz basis if and only if
{ujr: j€l,k €K} is a Riesz basis.

Now we assume that {A; : j € J} is a g-orthonormal basis. It follows from (3.2) and

(3.4) that
(Wit ks Win ko) = (Dot ey €4 ka)
= <A €J2,k27u31,k1>
(Ajy ]26J27k2’€j1,k1>
<A ejl,kl,Aj2e]27k2>
= 05100k ks Vi1, d2 €1, k1 €Ky, ko € Kj,.

Hence {u; : j € J,k € K;} is an orthonormal sequence. Moreover, observe that

12 =S 102 =30 S (ful?s Ve

jel j€l keK,

We have {u;j : j € ],k € K;} is an orthonormal basis.

10



For the converse, we need only to show that (3.2) holds. In fact, we see from (3.6) that
for any ji1 # j2 € J, gj, € Vj, and gj, € Vj,,

<A;1gj17A;29j2> = < Z <9j1’€j1,k1>uj1,k‘17 Z <gj27ej27k2>uj2,k2> =0

k1 EKjl szKj2

and for g1, g2 € Vj,

(Ajg1,Ajg2) = < > g ik Uik Y <927€j,k2>uj,k2> = (g1, 92)-

k1€K; k2€K;
Now the conclusion follows.

(ii). Since the cardinity of a frame is no less than that of a basis, we have #{u; : j €
J.k € K;} > dimi. Hence ) ;;ydimV; > dimU. Moreover, we see from (i) that the
equality holds whenever {A; : j € J} is a g-Riesz basis.

(iii). We see from (3.5) and (3.6) that

DONA = DD (Aifenun

j€T JEJ k€K,
vy < S Grugalee >
jE€T keK; \K'€K,;
= Z Z <f7 uj,k)“j,kv Vf eu.
Jjel k‘GKj

Hence the g-frame operator for {A; : j € J} coincides with the frame operator for {u; :
jel keK}.

(iv). This is a consequence of (i) and (iii). The proof is over.
The followings are immediate consequences. We leave the proofs to interested readers.

Corollary 3.2 {A;: j € J} is a g-Bessel sequence with an upper bound B if and only if
for any finite subset J; C J,

> Ay

jeh

2
<B> lgl* g€V
VIS

Corollary 3.3 A g-Riesz basis {A; : j € I} is an exact g-frame. Moreover, it is g-
biorthonormal with respect to its dual {A; : j € J} in the following sense

<A;1gj17A;29j2> = 5j17j2 <gj179j2>7 Vij1,72 € 1, 9i € lev 9j2 € ij'
Corollary 3.4 A sequence {Aj: j € I} is a g-Riesz basis for U with respect to {V;: j €
I} if and only if there is a g-orthonormal basis {Q; : j € J} forU and a bounded invertible
linear operator T on U such that A; = Q,T,j € J.

11



Proof. Let {¢;1 : k € K;} be an orthonormal basis for V;, j € J. First, we assume
that {A; : j € J} is a g-Riesz basis for #{. By Theorem 3.1, we can find some Riesz basis
{ujr: j€l,kekK;} for U such that

Aif =Y (Fugrden

ke]Kj
Take an orthonormal basis {u}’k : j €,k € K;} for U and define the operator T' on U by
T UG = Wjk-

Obviously, T is a bounded invertible operator. Let Q; € L(U,V;) be such that Q;f =
ZkeKj(f, uji)ej k- By Theorem 3.1, {Q; : j € J} is a g-orthonormal basis. Moreover, for
any f €U,

QT =Y (TfuSpeie= > (FTuein= Y (frujrejr=Af.

kEK]‘ k’EKj k’EKj

Hence Aj = QjT, Vi el.

Next we assume that {Q; : j € J} is a g-orthonormal basis and A; = Q;T for some
bounded invertible operator T. Then {A; : j € J} is g-complete in U and we can find
some orthonormal basis {u], : j € I,k € K;} for U such that Q;f = ZkeK‘jU, US 1) €5 k-
Hence A, f = ZkeKj (Tf, U;,k)€j7k = ZkeKj<f, T*u;,k)ej,k. Now we see from Theorem 3.1
that {A; : j € J} is a g-Riesz basis.

3.2 Excess of g-frames

By Theorem 3.1, g-frames, g-Riesz bases and g-orthonormal bases have similar properties
as frames, Riesz bases and orthonormal bases, respectively. However, not all the properties
are similar. For example, Riesz bases are equivalent to exact frames. But it is not the case
for g-Riesz bases and exact g-frames. In fact, we see from Theorems 3.1 that a g-Riesz
basis is also an exact g-frame while the converse is not true, which is not surprising since
one element of a g-frame might correspond to several elements of the induced frame.

Example 3.4 Let {¢; : j € I} be a Riesz basis for some Hilbert space H. Define A; :
H — C? as follows:

Aif = ({f.0),0)".

Then {A; : j € J} is an exact g-frame. By Theorem 3.1, it is not a g-Riesz basis for H
with respect to C2. However, it is a g-Riesz basis for H with respect to C x {0}.

The above example shows that an exact g-frame may be a g-Riesz basis when we change
the reference. Does this hold in general? The answer is negative.

12



Example 3.5 Let {¢;: j € Z} a Riesz basis for some Hilbert space H. Define Aj : H +—
C3 as follows:

Ajf = ((fp25-1), (fr 0250, (f p2i01)) T
Then {A; : j € Z} is an exact g-frame. However, {A; : j € Z} is not a g-Riesz basis for
H with respect to any {V; : j € J}, thanks to Theorem 3.1.

On the other hand, it is well known (e.g., see [20]) that a frame either remains a frame
or is incomplete whenever any one of its elements is removed. It is neither the case for
g-frames due to the same reason. The following is a counterexample.

Example 3.6 Let g(z) = e=*°/2

mal basis for (*(Z?). Define

be the Gaussian and {umn @ m,n € Z} be an orthonor-

Ajf = Z (f@)aei%mxg(l“ —2n—j))amn, =12,
m,nEL

Asf = D (f(@), €™ (e —n+ 1/2))amn,  f € LA(R).
mneZ

We see from Theorem 3.1 and the frame theory (e.g., see [7, p. 84-86]) that {A1, A2, A3}
is a g-frame for L*(R) with respect to (*(Z*). However, {A1,As} is not a g-frame but
g-complete.

A natural problem arises: in which case a subsequence of a g-frame for which only one
element is removed is a g-frame or not? To this problem, we have the following.

Theorem 3.5 Let {A; : j € J} be a g-frame for U with respect to {V; : j € I} and
{[\j : j € J} be the canonical dual g-frame. Suppose that jo € J.

(i). If there is some go € Vj, \ {0} such that ]\jOA;Ogo = go, then {Aj : j € 1,5 # jo} is

not g-complete in U.

(ii). If there is some fo € U \ {0} such that A}'fof\jofo = fo, then {A; : j € J,j # jo} is
not g-complete in U.

(iil). If I — Aj,A* or I — A A* is bounded invertible on Vio, then {Aj : j € l,j # jo} is

J0* %70 J0"j0
a g-frame for U.

Proof. (i). Since A} go € U, we have

Asgo =Y ASA;AT g
j€J

Hence, 0= ZjEJ,j#jo A;]\jA;OgO- Put Vjg,j = 5j0,ng- We have

* . * . .
Ajogo - Z Ajvjo,J'
jel

13



It follows from Lemma 2.1 that

Z HUJ'OJ'”2 = Z HJ\J‘A 90||2 + Z ‘A AJOQO Uj07j|’2

jEJ JET JjeJ

Consequently,
lgoll* = llgoll* +2 > 18,45, 90l
J#jo
Hence, A A% go = 0. Therefore, A; A* ,90 = N ST 1A]Ogo = [\jA;OQO =0, j # jo. But
<Ajogo,A]0go> = (AJOAjogo,g()) = ||go||2 > 0, which implies that A} go # 0. Hence {A; :
j€J,77# jo} is not g-complete in Y.
(ii) Since A Ajofo = fo # 0, we have Ajofo # 0 and A]0 A ~j0f0 = jOfO- Now the

conclusion follows from (i).

(iii). Since A; = A;S™!, where S is the g-frame operator for {A; : j € J}, we have

I—A, A =1— AslA*_I A A*

Jo**j0 Jo<*j0°

Let A and B be the lower and upper frame bounds for {A; : j € J}, respectively. For any
f €U, we have

f=2_ AAf.
jel
Hence
Jof ZAJO 7
7€l
Therefore,
(I = AjgAs)Ajf = > Ay AGA (3.8)
J#jo
Note that
2 2
Sakns| = e (S )
J#io 9Vio l9lI=1 ]\ jzjo
2
= sup Z<Ajf,/~XjA;og>
llgll=1 j#j0
< D A fIP - sup ZHA Al gll?
4o lgll=1"jey
< ZHAJOWZIIAijIQ.
J#Jo

We see from (3.8) that

. 1
1A fII7 < I1(1 = AjuA%)™ |2 1A 12> I, £
J#jo
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Hence
SINFIP<C YA
jel J#jo
Therefore,
A
Gl < Yo IP < B, vieu.
J#Jo
This completes the proof.

Corollary 3.6 Let {A; : j € J} be a g-frame for U with respect to {V; : j € J}. If
dimV; < +oo, j € I, then {A; : j € l,j # jo} is either g-incomplete in U or a g-frame
forU for any jo € J.

Proof. If there is some gy € Vj, \ {0} such that AjOA;fogo = ¢gg, then Theorem 3.5
(i) shows that {A; : j € J,j # ~jo} is not g-complete in U. Otherwise, I — [\joA}k'o is
injective. Consequently, (I — Aj A} )Vj, is dense in Vj,. Since dimVj, < +oo, we have
(I — Ajof\;fo)VjO = Vj,. Therefore, I — Ajofx;*-o is bounded invertible. Now the conclusion
follows from Theorem 3.5 (iii).

3.3 Equivalence between stable space splittings and g-frames

Stable space splittings are generalizations of frames which lead to a better understanding
of iterative solvers (multigrid/multilevel resp. domain decomposition methods) for large-
scale discretization of elliptic operator equations (see [19] and references therein). Here
we prove that stable space splittings are equivalent to g-frames.

Let V and Vj,j € J be Hilbert spaces. Let b; be a bilinear form on V; x V; satisfying
bj(u,u) > Cjllul|? and b; (u, v) = bj(v,u) < Cillull - [lvl, Yu,v € V;. (3.9)

Suppose that R; € £L(V;,V). Recall that a system {({V},b;}, R;) : j € J} is called a stable
space splitting of V if there are some positive constants C,C’ such that

Cllull® < _inf ) “bi(uj,uy) <Clluf?, Vue,

u=)y . 7%
Jel *M JJEJ

where u; € V;. It was shown in [19, Theorem 4] (see also [18, Pages 73-75]) that a stable
space splitting {({V;,b;}, R;) : j € J} satisfies A < > . R;R; < B for some constants
A, B > 0, which is equivalent to

Al < Y IIRul® < Bllul®,  VueV.
jel

Hence {R] : j € J} is a g-frame for V with respect to {V; : j € J}.

15



For the converse, we need b;(u,u) to be uniformly bounded, i.e., we assume that
O1|ull® < bj(u,u) < Calful?, Yu e V. (3.10)

Suppose that {A; : j € J} is a g-frame for V with respect to {V; : j € J}. Let A and B
be the frame bounds and {A; : j € J} be the canonical dual g-frame. Put R; = A7 We
see from (3.10) and Lemma 2.1 that

bi(uj,u;) > Cl’“”
E: R ji: 7 '—2beﬂ U in: !

jes J]GJ jel

~ 1
> CurllAjul? = =l

Jjel

Similarly we can prove that

Zb (uj, uj) <*HUH2

u= Ezgej G Uj

Hence {({V},b;}, R;) : j € J} is a stable space splitting.

4 Applications of g-frames

4.1 Atomic resolution of bounded linear operators

Here we give an application of g-frames.

Let {A; : j € J} be a g-frame for U with respect to {V; : j € J}. Suppose that
{]\j : j € J} is the canonical dual g-frame. Then for any f € U, we have

f:ZA;]\jf:Z]\;Ajf, fel.
jel jel

It follows that

Iy=> AR =) ArA,, (4.1)

J€J JeT
where the convergence is in weak™ sense. Let T' be a bounded linear operator on U. We
see from (4.1) that

T=> TAA =) TAA; => MAT =D AAT. (4.2)

Jjel Jjel Jjel Jjel

We call (4.2) atomic resolutions of an operator 7.
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4.2 Construction of frames via g-frames

Let {A; : j € J} be a g-frame for U with respect to {V; : j € J}. We see from Theorem
3.1 that {ujr = j € J,k € K;} = {Ajejr :+ j € J,k € K;} is a frame for U, where
{ejr : k € K;} is an orthonormal basis for V;. However, it might be difficult to find an
orthonormal basis for V; in practice. Fortunately, the orthonormality is not necessary to
get a frame. In fact, we have the following.

Theorem 4.1 Let {A; : j € J} and {[\j : j € I} be a pair of dual g-frames for U with
respect to {V; : j € I} and {gjr : k € K;} and {g;r : k € K;} be a pair of dual frames
for V;, respectively. Then {AZgjr: j € J,k € K;} and {]X;ff]%k cj el kekK;} are a pair
of dual frames for U.

Moreover, suppose that {A; : j € I} and {[Xj : 7 € J} are canonical dual g-frames,
{9jk : k€ K;} and {gjr : k € K;} are canonical dual frames, and that {g; : k € K;} is
a tight g-frame with frame bounds A; = B; = A,Vj € J. Then {Ajg;x : j € I,k € K}
and {Agjk: j € J,k € K;} are canonical dual frames.

Proof. Note that

It is easy to see that both {A7g;x : j € J, k € K;} and {A;‘»gj,k : j € J,k € K;} are frames
for . On the other hand, For any f € U, we have

SN N gGRN TR =D A A gi0d =D NAf =

j€l keK, jel  keK; jel

Similarly we can get that

S ST Kg Ngin = £

Jjel kGK]’
Hence {Ajgjr: j €1,k € K;} and {[\;fgj,k : j € l,k € K;} are dual frames for U.
Next we assume that {A; : j € J} and {]\j : j € J} are canonical dual g-frames
and {g;r : k € K;} is a tight frame with frame bounds A; = B; = A, j € J. Then

Gjk = %gﬁk. Let Sp and Sp 4 be the frame operators associated with {A; : j € J} and
{Ajgjk: j €1,k € K}, respectively. Then we have

Saaf = D) Nk Nigjn

7€l kJEK]‘

= D A (AjfigiRgik

jel kEKj

= AY NAf
jel
= AS\f, Vfel.
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Hence .
Saghiik = S0 Njgik = Ak, G €Tk EK;

This completes the proof.
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