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1. Adiabatic Dynamics
a. The Born-Oppenheimer Approximation
b. Quantum Mechanical Nuclear Motion
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a. Nonadiabatic Interactions
b. Avoided Crossings and Conical Intersections
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3. Ehrenfest Dynamics
a. The Self-Consistent Field Approximation
b. Ehrenfest Mixed Quantum-Classical Dynamics
c. Appraisal of the Ehrenfest Method
4. Surface Hopping Dynamics
a. de Broglie-Bohm Derivation
b. Fewest Switches Algorithm
c. Appraisal of the Surface Hopping Method

5. Mixed Quantum-Classical Nuclear Dynamics

wm.J.Paterson  &. T1me Scale Separation
b. Proton Transfer in Solution
c. Prognosis
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Objective: z’hg\P(r,R,t) = #(r,R)¥(r,R 1)

AN
r = electrons R = nuclei

ﬂz—ZZM —Z—v + V(r,R)
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Define Adiabatic (Born-Oppenheimer) Potential Energy Surfaces EJ(R)
and Electronic Wave Functions @;(r;R)

Fixed nuclear positions R:

Hy(r,R)®, (r;R) = £(R)D
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Define Adiabatic (Born-Oppenheimer) Potential Energy Surfaces QSJ(R)
and Electronic Wave Functions @;(r;R)

Fixed nuclear positions R:

Hy(r,R)®,(r;R) =

Adiabatic (Born-Oppenheimer)
Potential Energy Surfaces
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Define Adiabatic (Born-Oppenheimer) Potential Energy Surfaces QSJ(R)
and Electronic Wave Functions @;(r;R)

Fixed nuclear positions R:

Hy(r,R)®, (r;R) = £(R)D

\ J
Adiabatic (Born-Oppenheimer) J

electronic wave functions
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Exact Treatment:
Expand total wave function in terms of complete set of adiabatic wave functions:

Y(r.Rt) = > @ (riR)Q(Rt)

Born-Oppenheimer Approximation = Adiabatic Approximation:
Approximate total wave function by a single product:
(Single adiabatic electronic state)

¥Y(r,Rt) = O, (r;R)Q,(R,t)
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Born-Oppenheimer Approximation:

P(rRt) = @ (rR)Q;(R.1)

Substitute into TDSE, multiply from left by q)’; (r;R), Integrate over r:

ih%Qj(R,t) (®) {— gzijv;a + Ej(R)}Qj(R,t)

Adiabatic Potential
Energy Surface
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ihaQ(R,t) {— gzﬁjavﬁa + E(R)}Q(R,t)

Propagate wave function:

2 N2
QR t+0t) = Q(R,t)+5t%Q(R,t)+(5t) ;ZQ(R,t)+...
iot /A
~ Q(R,t)-—| - \% E(R) |Q(R,T
(R.1) h{gmam ()}( )

see: Feit and Fleck, split
operator method

see: Kosloff, fourier
R A transform method
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Gaussian wave packet:  Q(X)

Re[Q(x)]

AL
VY

(O‘27Z')_1/4 exp{

Q)

. (X_ Xo)2

20

+ip0(x—x0)/h}

<p=> =Py
=S

<X> = XO
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Gaussian wave packet:  Q(Xx) = (027z)1/46Xp{ (2_ o)’ +1ip, (X — X)/h}
o

<p=> =Py
(@)

Re[Q(x)] Q)

A | N T
\/xo\/ > =%,

1/2
AX = [<x2>—<x>2]1/2 = “Q*(X)XZQ(x)dx—xg} = ol 2

2

Ap = [<p2>_<p>2]1/2 UQ(X){—WC?X }Q(x)dx—po} = nlov?2

— AXAp = hl2 uncertainty principle
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Ultimate Solution:
Treat all electrons and nuclei by quantum mechanics

However:

Quantum wavepacket propagation on a grid

scales prohibitively with dimensionality
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2
/4 X — X .
Gaussian wave packet:  Q(Xx) = (O'Zﬂ) eXp {—(220) +1Py (X—=X%;) / h}
o

<d£|—h—|£2> <Q |—|hi|d—Q>
dt dt

d

a<p>
- <%7{Q*|—ih%|£2>—<Q*|—ih%|%7{9>
— <}[Q|d—Q> <Q*|d—}[|£2> <Q|5L[|d—Q>

o) - o) -

similarly, %<x> = <p>/m
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2
_1/4 X — X _
Gaussian wave packet:  Q(Xx) = <0'27z) exp {— ( 5 20) +1p, (X —X%,)/ h}
O

Quantum (Ehrenfest Theorem) Classical (Hamilton’s Equations)
d = / ix = p,/ M
a< X> = <p>/m dt 0 0
i< > = —<dV(X)> ipo = V%)
dt b= = dx dt dx,
) Semiclassical “Frozen Gaussian
let V(x)=Ax
Method” E. J. Heller
dV (X) — nAXn—l
dx

<X"P>#E<x>"T forn>2
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Limitation to frozen Gaussian approximation:

Gaussian wavepacket deforms and
splits into many parts

——— Inaccurate for anharmonic
potential energy surfaces
(except for very short times)
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1d. Classical
Nuclear Motion

Mixed Quantum-Classical Dynamics: Foundations
and Applications to Photo-Biological Questions
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Classical (Hamilton’s Equations)

d
axo = Pp/m
gp _ o adv(x)
dt dx,

Classical Molecular Dynamics

d
—R = /m

dt P

d dE(R)
ac P dR

1. Empirical “classical” force fields

2. Semiempirical potential energy surfaces

3. Direct “on-the-fly” Dynamics

4. Car-Parrinello dynamics
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Direct Dynamics: Adiabatic “on-the-fly” Dynamics
The Hellman — Feynman Theorem for calculating forces:

d d
d—Rfj (R) — d—R<(DJ (r1 R) | }[el (r’ R) | cDj (r’ R)>r

subject to <CI)J-(I‘;R)|CDJ-(I’;R)>r = 1
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Direct Dynamics: Adiabatic “on-the-fly” Dynamics
The Hellman — Feynman Theorem for calculating forces:

d d
d—Rfj (R) — d—R<(DJ (r1 R) | }[el (r’ R) | cDj (r’ R)>r

subject to <CI)J-(I‘;R)|CDJ-(I’;R)>r = 1

let ﬂe,(r,R)|CDj(r;R)> = fjj(R)|CDj(I’;R)>
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Direct Dynamics: Adiabatic “on-the-fly” Dynamics

The Hellman — Feynman Theorem for calculating forces:

d d
=ER) = d—R<CDj(r;R)|}[e|(r,R)|CDj(r,R)>r
subject to <CDj(r;R)|(Dj(I’;R)>r = 1

let ﬂe,(r,R)|CDj(r;R)> = fjj(R)|CDj(I’;R)>

- [Z5®) - <<1>,-(r;R)|d}[j'jg’R)|cb,-<r;R)>

r

; dd—Rd)ir;RH L(LR)O (r: D\> , )|ﬂe,(r,R)|%g)j(r;R)>

r
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(alkali halide) T

ENERGY (eV)

0 1 2 3 4 5
DISTANCE (A)
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-3
0 1 2 3 4 5

DISTANCE (A)

Nonadiabatic Coupling: d12 — <(01|5§02/@X>



2a. Nonadiabatic
Interactions

Potential Energy Curves
for the
Oxygen Molecule

electron transfer
photochemistry
laser-induced chemistry
reactions of open shells
energetic impacts
radiationless transitions
spin-orbit transitions
reactions at metal surfaces

15

=
o

energy (eV)

B i

g
I\\\‘\II

1

2

internuclear distance (A)

3

=
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¥(rR) =@ (FR)Q;(R) > ¥(rR) = ) &(rR)Q(R)
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¥(r,R) = rR)Q;(R) = ¥(rR) = > &(rR)Q(R)

Substitute into TISE, multiply from left by D (r;R) integrate over r:

-—>M_Vy O, (R)+E/(R) Q;(R)-EQ(R) =

J

-5 2 Di(R)Q(R) + A3 d(R).Vy O(R)
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¥(r,R (FR)Q,;(R) = ¥(r,R) = > &,(r;R)Q(R)
I

Substitute into TISE, multiply from left by D (r;R) integrate over r:

P SMIVE 9, (R) ¢ £,(R) @, (R)-E 0, (R) -
_h_;; D;i(R) @ (R) + hz% d;(R)-V; Q;(R)

where nonadiabatic (derivative) couplings are defined by:

_ —ZI\/I‘lH R)[ Ve @(r.R)]}dr
_ _;Malj{cpj(r,R)[vgacbj(r,R)]}dr
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Born-Oppenheimer Approximation:

P(rRt) = @ (rR)Q;(R.1)

Substitute into TDSE, multiply from left by q)’; (r;R), Integrate over r:

.0 h°
i (RY) = {_sz I Ej(R)+Djj(R)}Qj(R,t)
a 1\ v J
L Adiabatic Potential

Energy Surface

where D;(R) = _%:M;lj{q)? (r.R) [Véacpj(r,R)}}dr
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¥(r,R (FR)Q,;(R) = ¥(r,R) = > &,(r;R)Q(R)
I

Substitute into TISE, multiply from left by D (r;R) integrate over r:

P SMIVE 9, (R) ¢ £,(R) @, (R)-E 0, (R) -
_h_;; D;i(R) @ (R) + hz% d;(R)-V; Q;(R)

where nonadiabatic (derivative) couplings are defined by:

- —ZM‘lH R)[ Ve, @;(r.R)]ldr <—
_ _;Malj{cpj(r,R)[vgacbj(r,R)]}dr
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Avoided Crossing

lonic Molecule 4 ¢
(alkali halide) >

ENERGY (eV)

0 1 2 3 4 )

DISTANCE (A)
“diabatic” potential energy curves
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_ Hll(R) H12(R)
#(R) = {HQ(R) H22<R)}

/ The Non-Crossing Rule

E(R)
/\ “diabatic” potential energy curves

£, (R) = R 2 i, (R HL RIF + 4HLRIT
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~ [HL(R) Hy(R)
#(R) = {Hu(R) HZZ(R)}

The Non-Crossing Rule

ER) 2H |

& “diabatic” potential energy curves

adiabatic potential
energy curves

R

£, (R) = R 2 i, (R HL RIF + 4HLRIT
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Franck-Condon region

The non-crossing rule
for more than 1 degree
of freedom:

“Conical Intersection™
Conical Intersection
()

N degrees of freedom:

T Broduct B N-2 dimensional “seam”
Ground State

Product A

£, (RyR,) = TRl e R) L 2 i R R~ Ha(R RIF + 4, R, RT
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1 : Mixed Quantum-Classical Dynamics: Foundations' |
Zb' AVOlded Cl'OSSlIlgS and and Applications to Photo-Biological Questions — B==== T =
Conical Intersections Summer School, Vienna, 7-12 July, 2008 | o

M. J. Paterson
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‘) = -
/,' The Massey Criterion:
\\_// AEA: [
E(R) 2H12“
N AE =~ 2 H12
\ )
At

~ distance/velocity

U

R 2H,,/|8(H,, —H,,) /R |/ R

~ 2H,/|0(H;; —Hy)/ R

R|O(H.. —H..,)/6R S
- iR1O(H,, 222) | << 1 — adiabatic
4H2
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°~

_ Landau-Zener Approximation

E(R) i~ Assumptions:
_ S N N 1. Hy and H,, linear
/ N_.9 2. H,, constant

3. Velocity constant

—27Z'H122

P r eXp| —
_hR | a(Hll_ sz)/aR |_

nonad
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— 3. Ehrenfest Dynamics
a. The Self-Consistent Field Approximation
b. Ehrenfest Mixed Quantum-Classical Dynamics
c. Appraisal of the Ehrenfest Method
4. Surface Hopping Dynamics
a. de Broglie-Bohm Derivation
b. Fewest Switches Algorithm
c. Appraisal of the Surface Hopping Method

5. Mixed Quantum-Classical Nuclear Dynamics

wm.J.Paterson  &. T1me Scale Separation
b. Proton Transfer in Solution
c. Prognosis
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TP T

~t

e Classical motion induces electronic transitions
e Quantum state determines classical forces

— Quantum — Classical Feedback: Self-Consistency
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TWO GENERAL MIXED QUANTUM-CLASSICAL
APPROACHES FOR INCLUDING FEEDBACK

Ehrenfest (SCF) Surface-Hopping
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ov(r,t)

P = ?feﬁl’(r,t)j | R(t)

17

Y(r,t)

Zci (t) @.(r;R) (adiabatic states)

dcj/dt

i [
_%ijcj _ R-Z< D (r;R) |V, (r;R) > ¢
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ov(r,t)

17 P = jl{elkll(r,t)«\v | R(t)

Classical path must respond self-consistently to
guantum transitions: “quantum back-reaction”

Ehrenfest and Surface Hopping differ
only in how classical path is defined
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3. Ehrenfest Dynamics
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4. Surface Hopping Dynamics
a. de Broglie-Bohm Derivation
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c. Appraisal of the Surface Hopping Method
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c. Prognosis
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., O
zha—\l’(r,R,t) = #(r,R)¥(r,R 1) (1)
t

Self-consistent Field Approximation (fully quantum):

¥(r,Rt) = E(r,t)Q(R,t)epojEr(t ')dt} 2)

Substituting (2) into (1), multiplying on the left by Q(R,t) and integrating
over R gives the SCF equation for the electronic wave function E(r,t):

ih&E(r,t)
Ot

_ _%ZVfE(r,t) F Vo (rR)E(rt) O

where Vi .(r,R) = IQ*(R,t)VrR(r,R)Q(R,t)dR 4)



. Mixed Quantum-Classical Dynamics: Foundations
3a. The Self-Consistent and Applications to Photo-Biological Questions %M
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Substituting (2) into (1), multiplying on the left by E(r,t) and integrating
over r gives the equivalent SCF equation for the nuclear wave function Q(R,t)

aQ(R t) _

in ZM‘lv Q(R,t)

(5)
+j (r,R)E(r,t)dr Q(R,1)

The classical (Ehrenfest) limit requires 2 steps:
1. Replace Q(R,t) with a delta function in Eq. (4)

2. Take the classical limit of Eqg. (5) (eg. using the Bohm formulation as above).

Thus, the potential energy function governing the nuclei becomes

P

f = (r,t)#,(r,R)E(r,t)dr instead of the adiabatic energy #(R).
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17 ot = j[elqj(r’t) j R(t)

MR@) = —V.<¥()|H, |¥{)>
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MR@) = -V,<¥{)|, |¥)>

Problem:
single configuration
- average path
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Excited State Population vs. Inverse Temperature

Detailed Balance | |
KT exp(-AE/KT)
2-state quantum system \ AE T-exp(-AE/KT)
coupled to classical chain _,
AE = 34.6 ki/mole T
\ Ehrenfest S
Boltzmann x

1
D

log(population)

ﬁZ AN
N

0 0.001 0.002
UT (K)
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Multi-Configuration Wave Function:

¥(r,R,t) = Z O, (r,R) Q;(R,1)

Substitute into Schrodinger Eq and take classical limit:

- Surface Hopping

However, a rigorous classical limit has not been achieved !
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One Approach: Multi-Configuration Bohm Equations:

¥(r,Rt) = Z @, (r,R)Q;(R,t)

Q;Rt) = AR )exp[;S;(R1)]

1 n? VZA
= ———(VaS,)’ - E(R)- R
J 2M( R J) J( ) 2M AJ
smallh =
S; = —%(VRSJ-)Z— Ej(R)

— motion on potential energy surface |
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-1
An = V 'R ——— VZS -
RA1 ZMA] R™n
ZAnp[;(sm—sn)]
Tt 1

Surface Hopping:
Evaluate all quantities along a single path
Sum over many stochastic paths
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Multi-Configuration Theory: Surface Hopping

70
17 = H P
p ol ()D | R(t)
1] MR() = -V, & . ie. motionon single p.e.s.

2] Stochastic “hops” between states so that probability = |c,|?

3] Apply instantaneous “Pechukas Force” to conserve energy

4] “Fewest Switches”: achieve [2] with fewest possible hops:
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lc,2=0.8 I%P=07

R
8 §§§§§§§§§§§§¥i\\\‘;
N |
112 !
/ I
2 | |
| 1 3
I
1:k 1:k+1

Stochastic Fewest Switches algorithm (2-state):
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¥iTIL.

N /
Y (
| |
8 ||
| |
E¥A
I ‘\ !
I
2 [ |
| | 3
|
1:k 1:k+1

Stochastic Fewest Switches algorithm (2-state):
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c,2=0.8  [c[2=0.7

N

N /
Y [
||
8 ||
|
E¥A
1\ !
—
|
2 ||
| | 3
|
1:ktk+1

Stochastic Fewest Switches algorithm (2-state):
16,(K) P —lcy(k+D)
P = - ¢, (K) [

0, 1c,(K) [ <|c,(k+D)[

1K) P>l (k+Df
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SHORTCOMINGS OF SURFACE HOPPING

1] Trajectories are independent

Trajectories should talk to each other

guantum wave packet surface hopping

Fundamental approximation, but required to make practical
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SHORTCOMINGS OF SURFACE HOPPING

2] Too drastic: hops require sudden change of velocity

Consider swarm of trajectories —
trajectories hop stochastically at different times

‘%

- gradual evolution of flux
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SHORTCOMINGS OF SURFACE HOPPING

3] Trajectories should evolve on some effective potential,
not on a single adiabatic potential energy surface

Consider swarm of trajectories —
trajectories hop stochastically at different times:

b L

sources and sinks
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SHORTCOMINGS OF SURFACE HOPPING

4] Not invariant to representation

adiabatic representation diabatic representation

The natural representation for surface hopping is adiabatic
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Potential (a.u.)

SHORTCOMINGS OF SURFACE HOPPING
5] Quantum Mechanical Coherence Neglected —

—Hsesprobabilitiesretamplitudes— FALSE
Y(t) = Zci(t)¢i(R)

i .
i
0.08 T T e
2 ExaCt QM """
. B [u] .
"y X % os| Surface Hopping
0.04} g
=2 06 -
0.02} 5
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0 E 04
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SHORTCOMINGS OF SURFACE HOPPING
6] Decoherence Neglected ?

see talks by:
Maurizio Persico
Irene Burghardt
Mario Barbatti
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SHORTCOMINGS OF SURFACE HOPPING

7] Forbidden Hops (or frustrated hops)

Hopping algorithm calls for a hop but
there is insufficient kinetic energy

- probability on state k # |c,|2
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SHORTCOMINGS OF SURFACE HOPPING

7] Detailed Balance?

What are the populations of the guantum
states at equilibrium?

\/ )
7 T .,
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Detailed Balance:

* Long Timescales

« Multiple Transitions

» Relaxation Processes

* Infrequent events

N, Piso = N, P, = Equilibrium

hv

A 4

v

e.g., honradiative transition
VS. reaction on excited state
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“In theories in which the reservolir is treated classically and

its effects on the system described in terms of random
functions instead of noncommuting operators, it follows that
W_.,=W,,. Thisis a serious shortcoming of all semiclassical

theories of relaxation.” K. Blum, Density Matrix Theory
and Applications, 2" Ed., (Plenum, NY, 1996).

However

This is N0t true for either Ehrenfest or Surface Hopping
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Detailed Balance

2-state quantum system

coupled to classical chain

AE = 34.6 kJ/mole

log,(population)

-10

Excited State Population vs. Inverse Temperature

.. KT _ exp(-AE/KT)
»"" AE T-exp(-AE/KT)

s ,— Surface Hopping

Boltzmann —
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Many Quantum States

[classical bath] ---C---C---C---C---C---C--C---C--H

/ - —
V
Random force and friction classical guantum
(5000 °K) (Morse) (Morse)
Ehrenfest (SCF) T Surface Hopping s

Priya Parandeka
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Tenets of Conventional Molecular Dynamics

1. The Born-Oppenheimer Multiple Electronic
Approximation States, Metals, ...
2. Classical Mechanical Zero Point Motion,
Nuclear Motion Quantized Energy

Levels, Tunneling
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Proton Transfer Reaction: AH-B = A"—HB"

A —HB™

AH-B

Quantum Effects:
Zero-Point Energy
Quantized Energy Levels
Tunneling



