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How do we calculate electric properties?

1. Expectation value
)y = (¥|Qy) , (1)
where Q € {p, o} for our purposes.

2. Energy derivatives, analytically or numerically

E—E—|—<8E> F—|—1Ft OB F + (2)
= Ly OF ) o, 5 OF> o

Response theory: compare equ. (2) with

1 t
E=E— pF — F'aF — ... (3)
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Thus, in terms of finite differences we can write

and

Need

Q

no= -(g—ﬁ)H (4)

E(F =0)— E(F = ¢)

€

O°E
-(5%)...

_E(F =¢)+2E(F =0)— E(F = —¢)

Q

(5)

(7)

e2

E(F =¢) =(T) + (V) + &(f) (8)
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How do we get (f)?

Easy! f = > . qiT;, which requires integrals of type (¢|7|¢) in a given
one-electron basis {|¢;) }

Problem: convergence of the correlation energy Feorr = Foxact — Fur
with one-electron basis is very slow — known to behave as ~ (I + 2)~* with

1=1"

respect to angular quantum number [ in atoms.

ASCF Acorr % corr
cc-pvVDZ 58 136 58%
cc-pVTZ 15 56 83%
cc-pVQZ 3.5 26 92%
cc-pVbhZ 0.2 14 96%
Total -128.54709 E;, -320.2

Table 1: Ne atom energies using correlation consistent basis sets (mE},) taken from

B. J. Persson and P. R. Taylor, J. Chem. Phys. 105, 5915, (1996)
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» In a helium atom, lim; , 0% =1 + %’r’lg.

» Dynamical correlation arises from the behaviour of the wave function
as two electrons approach one another, cusp required to cancel ri_jl
singularity. Wave function should be linear in the region of the correlation

cusp.

» Trying to describe a two-electron cusp in terms of one-electron functions.

Include functions that depend explicitly on coordinates of two electrons
rather than just one, e. g. in Gaussian type geminals (GTGs)

g(a7b7c7d)e7f7a7/8777A7B)

. a b c d_e_ f 2 2 2
g = x;T;Y;Y;%;2; exp | —ar;y — BTjB — YTy
2
— qbi(a'aba C,Q,A)¢j(d,€,f,ﬁ,8) exp (_fy’rz'j) (9)

GCF f(v.7i;)
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However, GTGs lack the correct cusp behaviour. — Mimic linear r;; by
expansion

n—oo

ri; = 14+ lim Z Ck €XP (—fykr?j) (10)
k

» Cannot describe cusp exactly, but experience shows much better
convergence in terms of the energy than one-electron bases.

» Can obtain over 90% of the correlation energy by adding six correlation
factors to a cc-pVDZ basis (as good as or better than cc-pVQZ!), and
99% by adding six correlation factors to a cc-pVTZ basis.
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What are the consequences for (f)?
Not so easy anymore. . .

Now we need two-electron integrals of type

(9(Yos T12) Pibyr|T1 + 72| Pidy) . v ER (11)

and

(9(Vo, T12) Pidir |71 + 72| g (Vs T12) P Ps1) Yoy Yw ER - (12)

First, a few definitions:

We consider GTOs of the Cartesian form

Gijk(r,a, A) & :Uilyizz exp (—afri) : (13)
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GTOs commonly appear in pairs as an overlap distribution

Qil,jm,kn(ra a, ba Aa B) d:ef Gijk(ra a, A)Glmn(ra b7 B) . (14)
The benefits are obvious:

» Factorization into three Cartesian components is obtained straightforwardly

» Recursion formulas are readily available

» The product of two exponentials may be rewritten as a single factor using
the Gaussian product rule

By introducing Hermite Gaussian functions

def a t a U 8 v )
Ao (r, p, P) = P rY:) 5p ) &P (—p"“p) (15)
T Y z

we can expand the overlap distribution as
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i+l j+m k+n

Qil,jm,kn — S: S: S: EzlEimEﬁnAtuv

t=0 u=0 v=0

— Z Etuo Atuv .

tuv

Well, how do we get (f) now?

We start from the two-electron overlap integrals

Iov1 = Ia:IyIz

involving one geminal, i. e.

(exp (—VuT7a)Pichi|Pjdbyr) -

(16)

(17)

(18)

(19)

When we wish to calculate the energy of a system with an electric field
in, say, the z-direction, the integrals to be evaluated are of type D,I,1,.
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The overlap integral is evaluated as

JJ &7 exp (=7u175) 9i(1) 1 (2)d;(1)$;1(2)

= Jf &°r exp (—%"’fz)ﬂaj(l)ﬂifj/@) (20)
— Ztuv tu’U Z u! ’Et/ / /‘/tuv;t/ulvl (21)
with the Hermite integrals
‘/tuv;t/u/v/ — V;ﬁt’vy VUZU ’ (22)
where the x-direction, for example, is given by
- t 9 t+t’ ,
Vi = 0 (55) e (-aXia . (@)
| VP + vo(p + p') OP;
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That is excellent! This means, that we only have to do 1/3 of the work,
I. e. the evaluation of D, in our case.

After some thinking, preferably after having a few drinks, we get
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That is excellent! This means, that we only have to do 1/3 of the work,
I. e. the evaluation of D, in our case.

After some thinking, preferably after having a few drinks, we get

itj+1d 45 . it+j i’ 45 +1 o
A Z Z i+1,7 i’ i < o Z Z ij i’ +1,7 « rx
<f> — Et Et/ ‘/;ﬁ;t/ + Et Et/ ‘/t;t/
t=0 '—0 t=0 1—0
] il—i_j/ .. v,
—|_(XA —|_ XC’ - XPE - XP/E) E E .E'Z’J.Etz/‘7 ‘/;?:t/
t=0 ¢/=0
k+l1 k/—l—l/ /. m4+n m/—i—n, ,
kl k'l
> D EVES VLY S EMER Vi, . (24)
u=0 /=0 v=0 /=0

And some time later, after a little programming effort has been made, we
eventually obtain. . .
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Selected results

GCFs o
0/0.0/0.0  1.360
1/1.0/1.0 1.360
2/1.0/3.0 1.353
2/2.0/3.0 1.358
3/1.0/3.0 1.355
3/3.0/3.0 1.363
4/1.0/2.0 1.352
4/9.0/3.0  1.353
5/1.0/2.0  1.382
5/9.0/3.0 1.352
6/1.0/2.0 1.387
6/27.0/3.0 1.350

FCI 1.383

Table 2: Polarizabilities for helium, aug-cc-pVQZ
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GCFs o
0/0.0/0.0 42.23
1/1.0/1.0 41.93
2/1.0/3.0 41.84
3/1.0/3.0 41.64
4/1.0/2.0 4150
5/1.0/2.0 41.46
6/1.0/2.0 41.70
MCSCF  37.73

MRCI 37.82
MRCI+Q  37.95

AQCC 37.85

Table 3: Polarizabilities for beryllium, 6-3114++4G(3df,3pd)
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GCFs Q| o 7
0/0.0/0.0 6.428 5299 0.714
1/1.0/1.0 6.771 5.300 0.710
3/3.0/3.0 6.865 5.232 0.722
6/27.0/3.0 9.700 5214 0.727

MCSCF 6.286 5.163 0.721

MRCI 6.397 5.221 0.709
MRCI+Q  6.433 5.265 0.708

AQCC 6.311 5.238 0.708

Table 4: Polarizabilities for hydrogen fluoride, d-aug-cc-pVDZ (MP2-GTG) and d-aug-
cc-pVTZ (benchmarks)

High dependence on GCFs!
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Summary

» GCFs to augment conventional orbital basis sets gives
substantially improved correlation energies

» Addition of geminals to the wave function is capable of
improving the description of electric properties, as it is the
case for beryllium

» Such improvements cannot be expected to be universal

» Better correlation energy does not necessarily imply improved
description of electric properties
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Discussion
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