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Introduction

Problems

Model Selection:
Searching for the 'best' model in order to explainthe
phenomenaof interest.

MissingData:
Presenceof missingobservationsin the data setsof
interest.
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Introduction

MissingData

Missingnesspatterns:
Structure of the missingobservations

M =
�

1 X observed
0 otherwise

Missingnessmechanisms:
To describe the missingindicator M

Missingat random(MAR)
) f (M jXobs; Xmis; � ) = f (M jXobs)
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Introduction

Assumptions

Responsevariable Y fully observed

Designmatrix X containsmissingvalues

It can be partitioned in X = (Xobs; Xmis)

MAR assumption

f (Y; X; � ) = f (YjX; � )f (X; � )
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Introduction

Method of Weights- EM algorithm

Introducedby Ibrahim (1990), it is usedin missingcovariatesdata.

It providesa weightedlog-likelihood function in the E-step:

Qi (� j� (k) ) =
R

wi logf (yi ; xi ; � ) dxmis ;i

with wi = f (xmis ;i jxobs;i ; yi ; � (k) )

Q(� j� (k) ) =
P n

i=1 Qi (� j� (k) ) is evaluatedwith a Monte Carlo EM
algorithm and a Gibbssampleralongwith the adaptiverejection
algorithm of Gilksand Wild (1992) for samplingfrom
(xmis ;i jxobs;i ; yi ; � (k) )

f (Y; X; � ) = f (YjX; � )f (X; � )

Qi (� j� (k) ) =
R

wi logf (yi jxi ; � ) dxmis ;i +
R

wi logf (xi ; � ) dxmis ;i

= Q(1)
i (� j� (k) ) + Q(2)

i (� j� (k) )
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Model SelectionCriteria

AIC and modi�cations

Oneof the most popular criteria.

AIC is twice a penalizedlog likelihood value,

AIC = 2logLn(�̂ ) � 2 length(� )

Modi�cation in the penalty term:
Takeuchi: p̂ = tr (bI � 1bJ)
Hurvich and Tsai: p̂ = 2 length(� ) n

n� length(� )� 1



Model
selection and

parameter
estimation

with missing
covariates in

logistic
regression

models

Fabrizio
Consentino &

Gerda
Claeskens

Introduction

Model
selection
criteria

Estimation

Applications

Conclusions

Model SelectionCriteria

Derivation

Kullback-Leiblerdistance:
KL(g; f� ) = Eg [logf g(Y; X)=f (Y; X; � )g]

\Adjusted" likelihood function log~f� (y; x) = Q(� j� )

Q(� j� ) =
P n

i=1

R
log f (yi ; xobs ; i ; xmis ; i ; � )f (xmis ; i jxobs ; i ; yi ; � )dxmis ; i

Kullback-Leiblerdistance:
KL(g; ~f� ) = [Eg f logg(Y; X)g � Eg f log~f� (Y; X)g]=n

Kn =
R

g(y; x)
R

g(~y; ~x) log~f (~y; ~x; b� )d~y d~x dy dx=n

An estimator of Kn is bKn = Q(b� jb� )=n
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Criteria
Following Takeuchi'sinformation criterion (Takeuchi,1976), we
de�ne the model robust criterion TIC for missingcovariate valuesas

TIC = 2 Q(b� jb� ) � 2 trf bJ(b� )bI � 1(b� )g

where

bI (b� ) = �
1
n

•Q(b� jb� ) and bJ(b� ) =
1
n

nX

i =1

_Qi (b� jb� ) _Qi (b� jb� )0:

If the matricesI and J are equal,then the penalty in the expression
of the TIC reducesto the number of parametersin the model. This
simpli�cation leadsto a versionof Akaike's information criterion
suitablefor usewith missingcovariate information.

AIC = 2 Q(b� jb� ) � 2 length(� ):
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Criteria

Claeskensand Consentino(2008, Biometrics)proposed
criteria usingonly Q(1)

TIC1 = 2 Q(1) (b� jb� ) � 2 trf bJ(b� )bI � 1(b� )g

AIC1 = 2 Q(1) (b� jb� ) � 2 length(� )

'Full' Q function: Q(1) + Q(2)

If no missingness:Q = logLn and Q(2) = 0
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Applications

Simulationsetting

Logistic regressionmodel

X3 and X4 generatedindependentlyfrom a standard
normal distribution.

X1 and X2 contain missingobservationsand are modeled
usinga bivariate normal regression(X1; X2) � N2(� ; �),

� 0 = (� i 1; � i 2)

The regressors are the fully observedcovariates in X

� it = � t 0 + � t 1xi 3 + � t 2xi 4, t = 1; 2
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Applications

Simulationresults

% missing Criteria Model Correctly Model Correctly
x1, x2 selection speci�ed selection speci�ed

n = 50 n = 100
C O U C O U

5% 5% TIC1 0.530 0.280 0.190 0.810 0.650 0.340 0.010 0.990
AIC1 0.563 0.223 0.214 0.786 0.653 0.333 0.014 0.986
AICorig 0.570 0.227 0.203 0.797 0.677 0.303 0.020 0.980
AICcc 0.527 0.253 0.220 0.780 0.680 0.300 0.020 0.980

10% 5% TIC1 0.503 0.297 0.200 0.800 0.630 0.360 0.010 0.990
AIC1 0.547 0.247 0.206 0.784 0.663 0.330 0.007 0.993
AICorig 0.577 0.220 0.203 0.797 0.677 0.303 0.020 0.980
AICcc 0.507 0.230 0.263 0.737 0.670 0.310 0.020 0.980

15% 15% TIC1 0.477 0.340 0.183 0.817 0.567 0.423 0.010 0.990
AIC1 0.527 0.263 0.210 0.790 0.653 0.333 0.014 0.986
AICorig 0.577 0.220 0.203 0.797 0.677 0.303 0.020 0.980
AICcc 0.443 0.233 0.324 0.676 0.640 0.317 0.043 0.957
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Applications

Simulationresults

% missing Criteria Model Correctly
x1, x2 selection speci�ed

n = 50
C O U

5% 5% TIC1 0.530 0.280 0.190 0.810
MCAR AIC1 0.563 0.223 0.214 0.786

AICorig 0.570 0.227 0.203 0.797
AICcc 0.527 0.253 0.220 0.780

5% 5% TIC1 0.433 0.423 0.144 0.856
MAR AIC1 0.470 0.340 0.190 0.810

AICorig 0.583 0.280 0.137 0.863
AICcc 0.437 0.193 0.370 0.630
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Model SelectionCriteria

Distribution selection

Focussingon f (X; � ).

Q(2) usedfor decidingwhich distribution describesbetter
the missingcovariates.

Criteria used

TIC = 2 Q(b� jb� ) � 2 trf bJ(b� )bI � 1(b� )g

AIC = 2 Q(b� jb� ) � 2 length(� ):

with Q(b� jb� ) = Q(1) (b� jb� ) + Q(2) ( b� jb� )

Main drawback: computationallyintense.
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Estimation

Non-iterativemethod
Following Gaoand Hui (1997) we proposean extension,for the
estimationin logistic regressionmodelswheresomeof the covariates
are missing,to the multivariate normal and t distributions.

logit P(Yi = 1jXobs ; i ; Xmis ; i ) = log f (Xmis ; i jXobs ; i ; Yi = 1)
� log f (Xmis ; i jXobs ; i ; Yi = 0) + logit P(Yi = 1jXobs ; i )

logit P(Yi = 1jXobs ; i ; Xmis ; i ) = � 0 + Xobs ; i � 1 + Xmis ; i � 2

logit P(Yi = 1jXobs ; i ) = � 0 + Xobs ; i � 1

X t
mis ; i = 
 0 + Yi 
 1 + Xobs ; i 
 2 + � i
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Non-iterativemethod - error term

If � i � Nq(0; � )
� 0 = � 0 � 
 t

1� � 1(2
 0 + 
 1)
� 1 = � 1 � 
 t

1� � 1
 2
� 2 = 
 t

1� � 1

If � t � tq(� )
� 0 = � 0 �

� � + q
�

�

 t

1� � 1(2
 0 + 
 1)
� 1 = � 1 �

� � + q
�

�

 t

1� � 1
 2

� 2 =
� � + q

�

�

 t

1� � 1
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Model SelectionCriteria

Distribution selection

Basedon X t
mis;i = 
 0 + Yi 
 1 + Xobs;i 
 2 + � i

For selectingthe distribution we restrict attention to the
useof the model for Xmis givenY and Xobs. The
correspondingAIC is

AICdistr = � 2 logf f (Xmis ; 
 jXobs; Y )g + 2 p
 ;

with p
 the number of parametersin the model.

The smallestobtainedvalueof this AIC indicatesthe best
distribution for modeling the data.
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Applications

Simulationsetting

Logistic regressionmodel

X3; : : : ; X6 generatedindependentlyfrom a standard
normal distribution.

X1 and X2 contain missingobservationsand are modeled
usinga bivariate normal regressionand a bivariate
t -distribution, with oneof four di�erent degreesof
freedomdf= (5; 7; 15; 50)

Four di�erent samplesizesn = 50; 100; 200 and 500; three
di�erent choicesof percentagesof missingness(5%; 5%),
(15%; 5%) and (30%; 5%)

For eachsetting we run N = 2000simulations.
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Simulationresults

Fitted
� 0 � 1 � 2 � 3 � 4 � 5 � 6data

Normal
1.353 0.821 � 0.003 � 0.264 � 0.560 � 1.340 0.539

(0.721) (0.210) (0.177) (0.498) (1.128) (0.739) (1.495)

t50
1.219 0.966 � 0.003 � 0.114 � 0.874 � 1.202 0.237

(0.700) (0.248) (0.183) (0.512) (1.239) (0.722) (1.528)

t15
1.071 1.094 � 0.004 0.053 � 1.222 � 1.050 � 0.097

(0.729) (0.327) (0.192) (0.596) (1.655) (0.759) (1.833)

t7
0.799 1.313 � 0.004 0.359 � 1.860 � 0.772 � 0.709

(0.925) (0.560) (0.210) (0.936) (3.220) (0.977) (3.124)

t5
0.568 1.487 � 0.005 0.620 � 2.403 � 0.534 � 1.231

(1.239) (0.834) (0.229) (1.415) (5.373) (1.318) (4.974)

CC
6.373 7.120 0.405 0.543 � 8.138 � 8.234 0.994

(5917.983) (4010.07) (626.35) (1824.39) (11000.55) (6845.76) (6825.57)

True values:� t = (1; 1; 0; 0; � 1; � 1; 0)
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Simulationresults

Sample Simulated Distribution
Size data selection

missingness= (30%; 5%)
Norm t50 t15 t7 t5

50

Norm 0.000 0.846 0.088 0.050 0.016
t50 0.000 0.805 0.110 0.062 0.023
t15 0.000 0.715 0.136 0.096 0.053
t7 0.000 0.518 0.185 0.156 0.141
t5 0.000 0.399 0.185 0.197 0.220

100

Norm 0.295 0.547 0.127 0.024 0.005
t50 0.232 0.544 0.166 0.056 0.003
t15 0.118 0.472 0.254 0.130 0.025
t7 0.032 0.258 0.278 0.272 0.162
t5 0.009 0.123 0.222 0.309 0.337

200

Norm 0.564 0.316 0.112 0.007 0.000
t50 0.440 0.328 0.214 0.019 0.000
t15 0.165 0.307 0.389 0.132 0.008
t7 0.022 0.088 0.335 0.406 0.148
t5 0.005 0.025 0.134 0.421 0.415

500

Norm 0.668 0.281 0.051 0.000 0.000
t50 0.416 0.419 0.165 0.000 0.000
t15 0.066 0.279 0.588 0.067 0.000
t7 0.000 0.009 0.251 0.648 0.092
t5 0.000 0.000 0.025 0.418 0.557
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Applications

Dataset

The EuropeanValuesStudy (EVS) is a large-scale,
cross-nationaland longitudinalsurveyresearch program.

Data relatedto Belgium.

1603observationsand 6 variables.

Binary outcomevariable that indicatesif the workersare
satis�ed with their job hours

Variablesx1, agewheneducationwas completed,contains
missingvalues
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Dataset

Method Missing Covariate AIC Goodness penalty Timing
Models of �t term

Q (2)

Q-function

Normal 7658.384 3820.192 9 21'42"
t50 7580.776 3781.388 9 13h59'00"
t15 7471.422 3726.711 9 17h55'45"
t5 7403.142 3692.571 9 21h39'55"

LogLik

Non iterative

Normal 7389.142 3685.571 9 2"
t50 7317.908 3649.954 9 2"
t15 7220.962 3601.481 9 2"
t5 7125.912 3553.956 9 2"
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Conclusions

Directly comparablewith criteria with fully observed
variables

Includingthe missingnessprocessprovidesbetter results
for the estimation

Ignoring the missingcasesprovidesbiasedresults

The proposedcriteria includethe signi�cant variablesfor
the phenomenonunder investigation

The distribution selectioncriterion choosesthe most
suitableparametric family for �tting the missingcovariates
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