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OPTIMAL CONVERGENCE
FOR ADAPTIVE IGA BOUNDARY ELEMENT METHODS
FOR WEAKLY-SINGULAR INTEGRAL EQUATIONS

MICHAEL FEISCHL, GREGOR GANTNER, ALEXANDER HABERL, DIRK PRAETORIUS

ABSTRACT. In a recent work [FGHP15], we analyzed a weighted-residual error esti-
mator for isogeometric boundary element methods in 2D and proposed an adaptive
algorithm which steers the local mesh-refinement of the underlying partition as well as
the multiplicity of the knots. In the present work, we give a mathematical proof that
this algorithm leads to convergence even with optimal algebraic rates.

1. INTRODUCTION

1.1. Isogeometric analysis. The central idea of isogeometric analysis (IGA) is to use
the same ansatz functions for the discretization of the partial differential equation at hand,
as are used for the representation of the problem geometry. Usually, the problem geometry
Q is represented in CAD by means of non-uniform rational B-splines (NURBS), T-splines,
or hierarchical splines. This concept, originally invented in [HCBO5] for finite element
methods (IGAFEM) has proved very fruitful in applications; see also the monograph
[CHBO09].

Since CAD directly provides a parametrization of the boundary 0f2, this makes the
boundary element method (BEM) the most attractive numerical scheme, if applicable
(i.e., provided that the fundamental solution of the differential operator is explicitly
known). However, compared to the IGAFEM literature, only little is found for isogeo-
metric BEM (IGABEM). The latter has first been considered for 2D BEM in [PGK™*09]
and for 3D BEM in [SSE*13]. Unlike standard BEM with piecewise polynomials which is
well-studied in the literature, cf. the monographs [SS11, Ste08] and the references therein,
the numerical analysis of IGABEM is widely open. We refer to [SBTR12, PTC13, TM12]
for numerical experiments and to [HAD14] for some quadrature analysis. To the best of
our knowledge, a posteriori error estimation for [GABEM, however, has only been consid-
ered for simple 2D model problems in the recent own works [FGP15, FGHP15]. Here, the
question is how to adapt the known techniques from standard BEM to non-polynomial
ansatz functions and how to exploit the additional freedoms and full potential of IGA.

For standard BEM with discontinuous piecewise polynomials, a posteriori error estima-
tion and adaptive mesh-refinement are well understood. We refer to [CMPS04, CMS01,
AFF*13] for weighted-residual error estimators and to [FFH'14, FFKP14] for recent
overviews on available a posteriori error estimation strategies. Moreover, optimal con-
vergence of mesh-refining adaptive algorithms has recently been proved for polyhedral
boundaries [FFK*14, FFK™15 FKMP13] as well as smooth boundaries [Ganl3]. The
work [AFF*15] allows to transfer these results to piecewise smooth boundaries; see also
the discussion in the review article [CFPP14]. However, the remarkable flexibility of

Date: June 1, 2015.
Key words and phrases. isogeometric analysis, boundary element method, IGABEM, adaptive algo-
rithm, convergence, optimal convergence rates.
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the IGA ansatz functions to manipulate their smoothness properties motivates the de-
velopment of a new adaptive algorithm which does not only automatically adapt the
mesh-width, but also the continuity of the IGA ansatz function.

Adaptive IGAFEM is considered, e.g., in [VGJS11, DJS10]. A rigorous error and
convergence analysis in the frame of adaptive IGA is found in [BG15] which proves
linear convergence for some adaptive IGAFEM using hierarchical splines for the Poisson
equation, while optimal rates are announced for some future work.

1.2. Model problem. We develop and analyze an adaptive algorithm for the follow-
ing model problem: Let € C R? be a Lipschitz domain with diam(2) < 1 and T' C 99
be a compact, piecewise smooth part of its boundary with finitely many connected com-
ponents. We consider the weakly-singular boundary integral equation

Vo(z) = —%/Flog |z —ylo(y)dy = f(x) forallx €T, (1.1)

where the right-hand side f is given and the density ¢ is sought. To approximate ¢, we
employ a Galerkin boundary element method (BEM) with ansatz spaces consisting of
p-th order NURBS. The convergence order for uniform partitions of I' is usually subopti-
mal, since the unknown density ¢ may exhibit singularities, which are stronger than the
singularities in the geometry. In [FGHP15], we analyzed a weighted-residual error esti-
mator and proposed an adaptive algorithm which uses this a posteriori error information
to steer the h-refinement of the underlying partition as well as the local smoothness of the
NURBS across the nodes of the adaptively refined partitions. It reflects the fact that it is
a priori unknown, where the singular and smooth parts of the density ¢ are located and
where approximation by nonsmooth resp. smooth functions is required. In [FGHP15],
we observed experimentally that the proposed algorithm detects singularities and possi-
ble jumps of ¢ and leads to optimal convergence behavior. In particular, we observed
that the proposed adaptive strategy is also superior to adaptive BEM with discontinuous
piecewise polynomials in the sense that our adaptive NURBS discretization requires less
degrees of freedom to reach a prescribed accuracy.

1.3. Contributions. We prove that the adaptive algorithm from [FGHP15] is rate
optimal in the sense of [CFPP14]: Let u, be the weighted-residual error estimator in the
(-th step of the adaptive algorithm. First, the adaptive algorithm leads to linear conver-
gence of the error estimator, i.e., pp, < Cq"up for all £,n € Ny and some independent
constants C' > 0 and 0 < ¢ < 1. Moreover, for sufficiently small marking parameters,
i.e. agressive adaptive refinement, the estimator decays even with the optimal algebraic
convergence rate. Here, the important innovation is that the adaptive algorithm does not
only steer the local refinement of the underlying partition (as is the case in previous lit-
erature, e.g., [CFPP14, FFK'14, FFK*15, FKMP13, Ganl13]), but also the multiplicity
of the knots. In particular, the present work is the first available optimality result for
adaptive algorithms in the frame of isogeometric analysis. Additionally, we note that we
can prove at least plain convergence of the error if the adaptive algorithm is driven by the
Faermann estimator 7, analyzed in [FGP15] instead of the weighted-residual estimator
He-

Technical contributions of general interest include a novel mesh-size function h € L>(I)
which is locally equivalent to the element length (i.e., h|p ~ length(7") for all elements
T), but also accounts for the knot multiplicity. Moreover, we prove an inverse estimate
1B2W] 2y < C[¥| -1/ for NURBS on locally refined meshes. Similar estimates

for piecewise polynomials are shown in [DFG104, GHS05, Geo08].
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Throughout, all results apply for piecewise smooth parametrizations v of I' and discrete
NURBS spaces. In particular, the analysis thus covers the NURBS ansatz used for
IGABEM, where the same ansatz functions are used for the discretization of the integral
equation and for the resolution of the problem geometry, as well as spline spaces and even
piecewise polynomials on the piecewise smooth boundary I" which can be understood as
special NURBS.

1.4. Outline. The remainder of this work is organized as follows: Section 2 fixes
the notation and provides the necessary preliminaries. This includes, e.g., the involved
Sobolev spaces (Section 2.2), the functional analytic setting of the weakly-singular inte-
gral equation (Section 2.3), the assumptions on the parametrization of the boundary I'
(Section 2.4), the discretization of the boundary (Section 2.5), the mesh-refinement strat-
egy (Section 2.6), B-splines and NURBS (Section 2.7), and the IGABEM ansatz spaces
(Section 2.8). Section 3 states our adaptive algorithm (Algorithm 3.1) from [FGHP15]
and formulates the main theorem on linear convergence with optimal rates (Theorem 3.2)
of the weighted-residual estimator p,. The linear convergence of u, is proved in Sec-
tion 4. The proof requires an inverse estimate for NURBS in a fractional-order Sobolev
norm (Proposition 4.1) as well as a novel mesh-size function for B-spline and NURBS
discretizations (Proposition 4.2) which might be of independent interest. The proof of
optimal convergence behaviour is given in Section 5. For the empirical verification of the
optimal convergence behavior of Algorithm 3.1 and a comparison of IGABEM and stan-
dard BEM with discontinuous piecewise polynomials, we refer to the numerous numerical
experiments in our preceding work [FGHP15].

2. PRELIMINARIES

2.1. General notation. Throughout, |- | denotes the absolute value of scalars, the
Euclidean norm of vectors in R?, the measure of a set in R (e.g., the length of an interval),
or the arclength of a curve in R%. The respective meaning will be clear from the context.
We write A < B to abbreviate A < ¢B with some generic constant ¢ > 0 which is clear
from the context. Moreover, A ~ B abbreviates A < B < A. Throughout, mesh-related
quantities have the same index, e.g., N, is the set of nodes of the partition 7, and h,
is the corresponding local mesh-width etc. The analogous notation is used for partitions
T resp. Ty etc.

2.2. Sobolev spaces. For any measurable subset I'y C T', let L*(T'y) denote the
Lebesgue space of all square integrable functions which is associated with the norm
[ullZ2py) = Jr, [w(@)[? dv. We define the Hilbert space

H'Y2(Tg) := {u € L*(To) : ||ull g2,y < 0}, (2.1)
associated with the Sobolev-Slobodeckij norm
|2
Fal2p iy = Nl Zeqrgy + uBpyy With s, /F /F |x _W dy da.
0 0
(2.2)

For finite intervals I C R, we use analogous definitions. By H~"/2(I'y), we denote the dual
space of H'/?(Ty), where duality is understood with respect to the extended L?(T'y)-scalar
product, i.e.,

(u; P)r, = /F u(x)p(x)dz  for all u € HY*(Ty) and ¢ € L*(Ty). (2.3)
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We note that HY2(I') ¢ L2(I') ¢ H~Y2(I) form a Gelfand triple and all inclusions are
dense and compact. Amongst other equivalent definitions of H/ 2(Ty) are the characteri-
zation as trace space of functions in H*({2) as well as equivalent interpolation techniques.
All these definitions provide the same space of functions but different norms, where norm
equivalence constants depend only on I'y; see, e.g., the monographs [HW08, McL00] and
the references therein. Throughout our proofs, we shall use the Sobolev-Slobodeckij
norm (2.2), since it is numerically computable.

2.3. Weakly-singular integral equation. It is known [HWO08, McL00] that the
weakly-singular integral operator V : H=Y/2(I") — HY2(T") from (1.1) is a symmetric and
elliptic isomorphism if diam(£2) < 1 which can always be achieved by scaling. For a given
right-hand side f € H'/2(I'), the strong form (1.1) is thus equivalently stated by

(Vo ¥)p = (f; ¥)r for all € HVA(T), (2.4)

and the left-hand side defines an equivalent scalar product on H~*/2(T). In particular,
the Lax-Milgram lemma proves existence and uniqueness of the solution ¢ € HY 2(T).
Additionally, V : L*(T") — H'(T) is well-defined, linear, and continuous.

In the Galerkin boundary element method, the test space H-Y 2(T) is replaced by some

discrete subspace X, C L2(I') ¢ H Y2(I'). Again, the Lax-Milgram lemma guarantees
existence and uniqueness of the solution ®, € X, of the discrete variational formulation

(V®,; U\ = (f; U forall U, € X,. (2.5)

Below, we shall assume that X, is linked to a partition 7, of I' into a set of connected
segments.

2.4. Boundary parametrization. Let I' = (J,I'; be decomposed into its finitely
many connected components I';. Since the I'; are compact and piecewise smooth as well,

it holds
||u||2 _ I |2 ]u(:c)—u(y)|2d do ~ 2 )
HI/Q(F)_Z ulm/z(mZ Y P P Y x—Z”“”Hl/Q(w
i i,j i J )

i
see, e.g., [FGP15, Section 2.2]. The usual piecewise polynomial and NURBS basis func-
tions have connected support and are hence supported by some single I'; each. Without
loss of generality and for the ease of presentation, we may therefore assume throughout
that I' is connected. All results of this work remain valid for non-connected I'.

We assume that either I' = 0 is parametrized by a closed continuous and piecewise
two times continuously differentiable path v : [a,b] — I' such that the restriction 7| )
is even bijective, or that I’ ;Cé 0f) is parametrized by a bijective continuous and piecewise
two times continuously differentiable path « : [a,b] — I'. In the first case, we speak of
closed T' = 0f), whereas the second case is referred to as open I’ ; o).

For closed T' = 012, we denote the (b — a)-periodic extension to R also by 7. For the
left and right derivative of -, we assume that +(t) # 0 for ¢ € (a,b] and v (t) # 0
for t € [a,b). Moreover we assume that v"(t) + ¢y (t) # 0 for all ¢ > 0 and ¢ € [a, D]
resp. t € (a,b). Finally, let v, : [0, L] — T denote the arclength parametrization, i.e.,
IVE(t)] =1 = |vy(t)], and its periodic extension. Elementary differential geometry yields
bi-Lipschitz continuity

|s —t| < 2L, for closed T,
s #te€|0,L], for open I,

[vL(s) — (1)
|5 — 1]

C’F_1 < < Cr for s, t € R, with { (2.6)
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where Cr > 0 depends only on I". A proof is given in [Ganl4, Lemma 2.1] for closed
I' = 0Q. For open I' & 09, the proof is even simpler.

Let I C [a,b]. If T = 9Q is closed and |I| < 2L resp. if ' G 99 is open, the bi-Lipschitz
continuity (2.6) implies

CrHu o velaey < lulgegy,my < Crluo vl . (2.7)

2.5. Boundary discretization. In the following, we describe the different quantities
which define the discretization.

Nodes z; = v(%;) € M,. Let N, := {z; : j =1,...,n} and z := z, for closed
' = 09 resp. N, := {zj 7 =0,... ,n} for open I ; 0f) be a set of nodes. We suppose
that z; = y(Z;) for some Z; € [a,b] with a = 2y < 2, < % < --- < Z, = b such that
Vizroz) € C*[Z-1, 5])- )

Multiplicity #z; and knots IC,,K,. Let p € Ny be some fixed polynomial order.
Each node z; has a multiplicity #z; € {1,2...,p+ 1} with #zy = #z, = p+ 1. This
induces knots

Ka = (Zhy ooy Zhy vy ZnyeeesZn)s (2.8)
N—— ~ ~"~ o
#2z, —times #2z, —times

with & = 1 resp. k = 0 and corresponding knots K, := 'y|(_afb}(lC*) resp. K, = v 1(K,)
on the parameter domain [a, b].

Elements, partition 75, and [T], [Ty]. Let 7, ={T1,...,T,} be a partition of I"
into compact and connected segments T = v(T}) with Tj = [2;_1, %;]. We define

[T :={[T) : TeT.} with [T]:=(T,#zr1,#2r2), (2.9)

where 271 = z;_1 and 272 = z; are the two nodes of 7" = Tj.

Local mesh-sizes h, r, FL*,T and h,, h,. The arclength of each element T' € 7, is
denoted by h,r. We define the local mesh-width function h, € L>*(T') by h.|r = h. 7.
Additionally, we define for each element 7' € T, its length h, 7 := |y~*(T)| with respect
to the parameter domain [a, b]. This gives rise to h, € L>(T") with iL*|T = fz*,T. Note that
the lengths h, r and lvz*,T of an element T are equivalent, where the equivalence constants
depend only on 7.

Local mesh-ratios £,. We define the local mesh-ratio by

fo = max {hor/hur « T,T" € T, with TNT" # 0}. (2.10)

Patches w,(2), w,(U), wi(U), and | JU. For each set U C I', we inductively define
for m € Ny

U ifm=20,
WHU) = w(U):=U{T eT, : TnU #£0} ifm=1,
wy (WM HU)) if m > 1.

For nodes z € I', we abbreviate w,(z) =: w,({z}). For each set U C [T,], we define

Uu={TeT : [1cu},

and

W) = WM JU).



FIGURE 2.1. The patch w,(z) of some node z € N, resp. the patch w,(T)
are illustrated in blue resp. green.

2.6. Mesh-refinement. Suppose that we are given a deterministic mesh-refinement
strategy ref(-) such that, for each mesh [7,] and an arbitrary set of marked nodes M, C
N, the application [T;] := ref([7;], M,) provides a mesh in the sense of Section 2.5
such that, first, the marked nodes belong to the union of the refined elements, i.e.,
M, C U([T:]\[T+]), and, second, the knots K, form a subsequence of the knots IC;.. The

latter implies the estimate
TN T < 201K = [, (2.11)

since [T,] \ [T:] is the set of all elements in which a new knot is inserted and one new
knot can be inserted in at most 2 elements of the old mesh, i.e., at the intersection of 2
elements.

We write [T;] € ref([T,]), if there exist finitely many meshes [71], ..., [T;] and subsets
M; C N of the corresponding nodes such that [7;] = [T1], [T3] = [T, and [T;] =
ref([7;_1], M;_1) for all j = 2,...,¢, where we formally allow m =1, i.e., [T,] = [T1] €
ref ([T.]).

For the proof of our main result, we need the following assumptions on ref(-).

Assumption 2.1. For an arbitrary initial mesh [To] and [T] := ref([To]), we assume
that the mesh-refinement strategy satisfies the properties (M1)—(M3):

(M1) There exists a constant Rmax > 1 such that the local mesh-ratios (2.10) are uni-
formly bounded
Ry < REmax for all [T] € [T]. (2.12)
(M2) For all [T,],[T+] € [T], there is a common refinement [T, ® T;] € ref([T,]) N
ref([T:]) such that the knots K, ® K of [T, ® T| satisfy the overlay estimate
Ch @ K| < IR+ [ [ = [KCo- (2.13)
(M3) Each sequence [Tg] € [T] of meshes generated by successive mesh-refinement, i.e.,
[T;] = ref([T;—1], Mj_1) for all j € N and arbitrary M; C N;, satisfies
-1

|ICZ| - |’C0| < C'meshz ‘M]| fOT le N, (214)

j=0
where Cresn > 0 depends only on [To).
6



This assumption is especially satisfied for the concrete strategy used in [FGP15] and
[FGHP15]. This strategy looks as follows: Let [T;] € [T]. Let M, C N, be a set of
marked nodes. To get the refined mesh [T ]| := ref([T;], M,), we proceed as follows:

(i) If both nodes of an element T' € T, belong to M,, T will be marked.

(ii) For all other nodes in M, the multiplicity will be increased if it is less or equal
to p + 1, otherwise the elements which contain one of these nodes z € M,, will be
marked.

(iii) Recursively, mark further elements 7" € 7T, for refinement if there exists a marked
element T' € T, with TNT" # () and ﬁ*,T/ > Ivioil*j.

(iv) Refine all marked elements 7" € 7T, by bisection and hence obtain [75].

According to [AFFT13], the proposed recursion in step (iii) terminates and the gen-
erated partition 7, guarantees (M1) with Ry = 2Fo. The following proposition shows
that also the assumptions (M2)—-(M3) are satisfied.

Proposition 2.2. The proposed refinement strategy ref(-) used in [FGP15, FGHP15]
satisfies Assumption 2.1, where Ryax = 2ko and Chesn depends only on the initial partition
of the parameter domain, i.e., To transformed onto [a, b)].

Proof. For any partition 7, of I" and any subset of marked elements S, C T, let ;EE(T*, S,)
be the partition obtained from the recursive bisection in step (iii)—(iv) above. This local
h-refinement procedure has been analyzed in [AFF*13]. According to [AFF*13, Theo-
rem 2.3|, the recursion is well-defined and guarantees &, < 2R for all 7, € ref (To).

To see (M2), [AFF*13, Theorem 2.3] guarantees the existence of some coarsest common
refinement 7,87, € ref(7;) Nref(7:) such that

T To| < [Tl + T2 = [Tol-
The corresponding nodes just satisfy N, @ N, = N, UN,. There exists a finite sequence
of meshes T, = 7},7'2 = ;gf(ﬁ,Sl),...,ﬁ = ;gf(ﬁ;,l,&,l) = T7.®7T, with suitable
S; CTjfor j=1,...,0—1. If we define M; C N as the set of all nodes in S;, we see
that the sequence [T;] = [Ti],[T2] = ref([T1], M1),...[Ts] = ref([Ti—1, M,—1) satisfies
T = 7N; for j = 1,...4. By repetitively marking one single node, we obtain from [7;] a
mesh [7, & T,] with nodes N, ® N, = N, UN, and #z = max(#,z, #,2), where #,
resp. #, denote the multiplicity in K, resp. K, and, e.g., #,.2 := 0 if z € N, \ NV,.
There obviously holds

Ke@ Kyl = Y #z <K+ K| = [Kol.
2eENLUNL

Moreover, [T, @ T,] is clearly a refinement of [T, | as well.

Finally we consider (M3). As before we have 77 = ref (7, Sp), ..., T = ref(Ti—1, Si_1)
for suitable S; C 7;, j = 0,...,¢ — 1. Note that there holds |S;| < 2| M,|. We denote
1#;| = IKj1| — IK;] = (INj+1] — IN;|) as the number of multiplicity increases during the
j-th refinement. There holds

il = 151 = [Tl = |T5] + [#]

and hence
-1
el = Kol = [Tel = | Tol + > 1#l.
=0

The term |7;| — |7o| can be estimated by C’Z?;[l) |S;| with some constant C' > 0 which

depends only on the initial partition of the parameter domain, see [AFF*13, Theorem 2.3],
7



and hence by 2C' Zﬁ;é |M;|. The estimate |#;| < | M| concludes the proof with Ciesn =
2C + 1. U

2.7. B-splines and NURBS. Throughout this subsection, we consider knots K :=
(ti)ie@ on R with multiplicity #t; which satisfy t,_; < t; for ¢ € Z and lim;_,4 ., t; = *o00.
Let N := {t,- S Z} = {Z'j 1] € Z} denote the corresponding set of nodes with
Zj_1 < Zj for j € Z. For i € Z, the i-th B-spline of degree p is defined inductively by

Bi,O = X[ti_l,ti)7
Bip:=Bi1pBip-1+ (1= Bip)Bit1p forpeN,

t—t; .
Bip(t) = vl if t; # titp,
P 0 if t; = tiyp.

(2.15)

where, for t € R,

We also use the notations pr = B;, and pr := fBip to stress the dependence on the
knots K. The following lemma collects some basic properties of B-splines.

Lemma 2.3. Let I = [a,b) be a finite interval and p € Ny. Then, the following assertions
(i)—(vi) hold:
(i) The set {B;plr : i € Z,Bip|r # 0} is a basis for the space of all right-continuous
N -piecewise polynomials of degree lower or equal p on I which are, at each knot t;,
p — #t; times continuously differentiable if p — #t; > 0.
(i) Fori € Z, B;, vanishes outside the interval [t;_1,ti1p). It is positive on the open
interval (t;i—1,tisp)-
(iii) Fori € Z, B;, is completely determined by the p + 2 knots t;_1, ..., tisp.
(iv) The B-splines of degree p form a (locally finite) partition of unity, i.e.,

> Bi,=1 onR (2.16)
i€z
(v) Fori € Z and s € R, we have

. s+K (1) _ pk

VteR: BIMt) = B, (t—s), (2.17)
and for ¢ > 0

. Ky _ pk

VteR: B (t) = B;,(t/c). (2.18)

(vi) Forl € N, let K, = (tei)icz be a sequence of knots such that #t; ¢ = #1; for alli € Z.
If v(lég)geN converges pointwise to K, then ( lﬁf)éeN
B, for alli € N.

Proof. The proof of (i) is found in [dB86, Theorem 6], and (ii)—(iii) are proved in [dB86,

Section 2]. (iv) is proved in [dB86, page 9-10]. Finally, (v)—(vi) is proved in [FGP15,
Lemma 4.2]. O

converges almost everywhere to

In addition to the knots K = (ti)icz, we consider positive weights W := (w;);ez with
w; > 0. For i € Z and p € Ny, we define the i-th NURBS by

. wiBi,p
> ez WeBeyp

We also use the notation Rf};W := R,;,. Note that the denominator is locally finite and
positive.

Ri, - (2.19)
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FIGURE 2.2. B-splines on the interval [0, 1] corresponding to knot sequence
(...,0,0,0,1/3,1/3,1/3,2/3,2/3,1,1,1,...).

For any p € Ny, we define the B-spline space

SP(K) = {Z a;Bip : a; € R} (2.20)

€7

as well as the NURBS space

./Vp(’C,W) = {Z CLiRZ‘,p ra; € R} = yp—(m (221)

=
i€z Y icz we By,

2.8. Ansatz spaces. Let [Tg] be a given initial mesh with corresponding knots Ky such
that hy < |['|/4 for closed I' = 9Q. We set [T] := ref([To]). Suppose that Wy = (w;)Y,
are given initial weights with N = || for closed T' = 9 resp. N = |Ko| — (p+ 1) for
open I' G 09.

If I = 09 is closed, we extend the transformed knot sequence Ko = (t;)N, arbitrarily
to (ti)iEZ with t,p == to = a, ti S ti+1, ].imig):l:oo ti = +o00 and Wo = (wl')iez with
w; > 0. For the extended sequences, we also write Ky and W, and set

XO = WP(ICO’ W0)|[a,b) O /7|[71,1b) (222)
9



Ifr ; 09 is open, we extend the sequences Ky = (ti)i]\;_p and W, arbitrarily to (¢;);ez

with t; < tiq, lim; 100 t; = 00 and Wy = (w;)iez with w; > 0. This allows to define
XO = e/I/p(’CO, W0)|[a,b} (@] ’7_1. (223)

Due to Lemma 2.3, this definition does not depend on how the sequences are extended.

Let [7,] € [T] be a mesh with knots KC,. Via knot insertion from ICy to K,, one obtains
unique corresponding weights W,. These are chosen such that the denominators of the
NURBS functions do not change. In particular, this implies nestedness

X, C Xy forall [T,] € [T],[T4] € ref(T,), (2.24)

where the spaces X, resp. A are defined analogously to (2.22)-(2.23). Moreover, the
weights are just convex combinations of W,, wherefore

Wipin = min(Wp) < min(W,) < max(W,) < max(Wp) =: Wiax- (2.25)

For further details, we refer to, e.g., [FGP15, Section 4.2].

3. ADAPTIVE ALGORITHM AND MAIN RESULTS

For each mesh [7;] € [T}, define the node-based error estimator

pl=>" p(2)?, (3.1a)

zeN5
where the refinement indicators read
12 = D OR(f = V) [2a ) forallzeNoo  (3.1b)
It has been proved in [FGHP15] that p, is reliable, i.e.,
16 = @l 120y < Cra o (3.2)

where Cle > 0 depends only on p, Wyin, Wnax, 7, and Apax. We note that the weighted-
residual error estimator in the form p, ~ Hhi/ “on(f -V, r2(r) goes back to the works
[CS96, Car97], where reliability (3.2) is proved for standard 2D BEM with piecewise
constants on polyhedral geometries, while the corresponding result for 3D BEM is found
in [CMS01]. We consider the following adaptive algorithm which employs the Déorfler
marking strategy (3.3) from [D6r96] to single out nodes for refinement.

Algorithm 3.1. Input: Adaptivity parameter 0 < 0 < 1, Chane > 1, polynomaial order
p € Ny, initial mesh [To|, initial weights Wj.
Adaptive loop: For each { =0,1,2,... iterate the following steps (1)—(iv):

(i) Compute discrete approximation ®, € Xy from Galerkin BEM.
(ii) Compute refinement indicators py(2) for all nodes z € N.
(iii) Determine an up to the multiplicative constant Crape minimal set of nodes My C

N, such that
Op; < Y ()’ (3.3)
zEMy

(iv) Generate refined mesh [Tpy1] := ref ([T, M,).

Output: Approximate solutions ®, and error estimators py for all ¢ € Ny.
10



Our main result is that the proposed algorithm is linearly convergent, even with the
optimal algebraic rate. For a precise statement of this assertion, let [Ty] := {[T,] € [T] :
.| = |Ko| < N} be the finite set of all refinements having at most N knots more than

[7o]. Following [CFPP14], we introduce an estimator-based approximation class Ay for
s > 0: We write ¢ € A, if

e

cc=sup ((N+1)° min ) < oo. 3.4
B Nemo (V1) min | ) (34
In explicit terms, this just means that an algebraic convergence rate of O(N~*) for the
estimator is possible, if the optimal meshes are chosen.

Theorem 3.2. Let f € HY(T'), so that the weighted-residual error estimator (3.1) is
well-defined. We suppose that the Assumption 2.1 on the mesh-refinement holds true.
Then, for each 0 < 6 < 1, there exist constants 0 < q, < 1 and Cy, > 0 such that
Algorithm 3.1 is linearly convergent in the sense of

toin < Cin gl e for all £;n € Ny. (3.5)

In particular, this implies convergence

_ l—00
Crat 16 = Pl 112y < e < Chindlin o —— 0. (3.6)
Moreover, there is a constant 0 < Oypy < 1 such that for all 0 < 0 < Oy, there exists a
constant Cqpy > 0 such that for all s > 0, it holds
cie
peh, = < —p;/SSHQM
(1 - qlin )

The constants Gy, Cyin depend only on p, Wmin, Wiax, ¥, 0, and Fnax from (M1). The con-
stm;t Oopt depends only on p, Wiin, Wimax, ¥, and (M1)—(M3), and Cypy depends additionally
on 6.

Aol = [Ko|) ™% for all £ € Ny. (3.7)

Remark 3.3. The proof of Theorem 3.2 reveals that linear convergence (3.5) only re-
quires (M1), while optimal rates (3.7) rely on (3.5) and (M2)—-(M3).

The proof of our main result is split in the following two sections. The ideas essentially
follow those of [CFPP14], where an axiomatic approach of adaptivity for abstract prob-
lems is found. We note, however, that [CFPP14] only considers h-refinement, while the
present Algorithm 3.1 steers both, the A-refinement and the knot multiplicity increase.

Remark 3.4 (Convergence of Algorithm 3.1 for the Faermann estimator). In [FGP15],
we analyzed the Faermann estimator n? ==Y\, n2(z) with n}(z) == |f — VqD*]?{m(w*(z))
which was first introduced for standard BEM in [Fae00], in the frame of adaptive IGA-
BEM. Unlike the weighted-residual error estimator (3.1), the Faermann error estimator
is well-defined under minimal reqularity of the given data f € HY*(T'). We proved that
1 1s even efficient and reliable, i.e., 1. 2 [|¢ — D[ g-1/2(p) and satisfies n.(2) S p(2); see
[FGP15, Theorem 3.1 and 4.4] resp. [FGHP15, Theorem 4.3|. Instead of the weighted-
residual estimator p,, Algorithm 3.1 can also be steered by the local contributions of n,.
Numerical experiments in [FGP15, FGHP15] showed optimal convergence of this adap-
tive strateqy. However, a mathematical proof for such an empirical observation is even
open for h-adaptive standard BEM with piecewise polynomials. However, [FFMET14,
Theorem 3.2] proves at least plain convergence for adaptive standard BEM.

Indeed, adaptive IGABEM steered by the Faermann estimator fits exactly into the ab-

stract framework of [FFME™14, Section 2]: Instead of triangulations T, and elements
11



T € Ty, one can employ the argument for the sets of nodes Ny and the nodes z € N,. As
auxiliary estimator, we consider

pR= " g2 with pA(2) = b0 (f = V)32
ZEN@

where 7Lg s the equivalent mesh-size function of Proposition 4.2 below. The auziliary
estimator p, and the Faermann estimator n, then satisfy the assumptions [FFMET14,
(A1)-(A3)]: Here, Assumption (A1) states that for any f € H*(T), it holds

Z n(z) < Cy Z P2 (z)  for all £ € Ny

ze€My z€EMy

which is guaranteed by [FGHP15, Theorem 4.3]. Assumption (A2) states that, for any
0 >0, it holds

_ 1 _
Gyt D () <) - mﬂﬁm + (146 || ®py — q)eui?fl/z(r) for all £;m € Ny.
zEMy
This can be proven essentially as in [FFMET14, Theorem 3.1]. The heart of the matter
is the estimate hyi1 < qeirhe on we(My), which follows from Proposition 4.2 below and

Mo [ JUTIN [Tes)).

Assumption (A3) states that, for any fv € HY2(T') with corresponding solution 5 =
V=L f € H-Y2(I') and Galerkin approzimation ®, € X,, it holds

’ Z nzg(f»z) - Z nl?(f:z)‘ S 03||f_ﬂ|H1/2(F) fO’l" all ¥ € No,

zEMy zEMy

where n2(f,z) == n2(2) and n?(f,z) = |f — V@gﬁﬂ/z(w(z)). Since n, is efficient and
has semi-norm structure, this is verified as in [FFMET14, Section 2.4]. The generic
constants C1,Cy,Cy > 0 depend only on Fmax, D, Wmin, Wmax, and 7. Altogether, the
assumptions [FFMET14, (A1)-(A2)] are fulfilled on the dense subset H'(T') of H'/?(T).
Therefore, [FEMET 14, Proposition 2.5] applies and shows that Algorithm 3.1 driven by
the Faermann estimator leads to plain convergence ||¢p — (I)EHfjflﬂ(F) ~ ny — 0 for all

fe  HY2(T). O

4. PROOF OF THEOREM 3.2, LINEAR CONVERGENCE (3.5)

As an auxiliary result, we need the following inverse-type estimate for NURBS with
respect to the fractional H~/2(I")-norm. For piecewise polynomials, an analogous result
is already found in [GHS05, Theorem 3.6] resp. [Geo08, Theorem 3.9]. Our proof is
inspired by [DFG*04, Section 4.3], where a similar result is found for piecewise constant
functions as well as for piecewise affine and globally continuous functions in 1D. For
integer-order Sobolev norms, inverse estimates for NURBS are found in [BBAVC™06,
Section 4].

Proposition 4.1. Let [T,] € [T]. Then, there is a constant Ci,, > 0 such that
1B 200 (VI ) |2y + (102Ul 2y < Conel [Wullgoaoy  for all U, € X, (4.1)

The constant Cy,, only depends on Fmax, Py Wimin, Wimax and 7.
12



Proof. The proof is done in four steps. First, we show that Hhi/Q’l/}”LQ(F) S Ml g-1r2)

holds for all ¢ € L*(T") which satisfy a certain assumption. In the second step, we prove
an auxiliary result for polynomials which is needed in the third one, where we show that
all ¥ € A, satisfy the mentioned assumption. In last step, we apply a recent result
of [AFF*15], which then concludes the proof.

Step 1: Let X C L*(T") satisfy the following assumption: There exists a constant q €
(0, 1) such that for all T € 7, and all ¢ € X there exists some connected subset A(T, 1)) C
T of length |A(T,1)| > q|T| such that v does not change its sign on A(7,v) and

min [(x)] 2 ¢ max |¢(z)]. (4.2)

zeA(T,))

Then, there exists a constant C' > 0 which depends only on ¢ and &,, such that
1B 2Pl 2y < Clllgg-asoqy for all ¢ € X.
For a compact nonempty interval [¢,d] = I C [a,b], we define the bubble function
e d_i\2 :
Pr() = {éfr i i i i [Ia b\ I
It obviously satisfies 0 < Py < 1 and suppP; = I. A standard scaling argument proves
ColI| < 1Prl72ry < 1Pt ey < Coll] (4.3)

and

TP P22y < Csll Pl (4.4)

with generic constants C,Cy, C3 > 0 which do not depend on I. For each T € T, let
I(T,%) be some interval with v(I(T,v)) = A(T, ). With the arclength parametrization
YL, we define, for all T' € 7T, the functions Pa(r,y) := Prry) © 7z and the coefficients

cr = sgn(Y|ar ) ) her egﬂ;lw ()] (4.5)

Note that (4.3)—(4.4) hold for Pa(r,) with I simply replaced by A(T,%) and with (-)’
replaced by the arclength derivative dr. By definition of the dual norm it holds

(Y .
[l > 0 i gy = S erPagy € HT) € HY(T).  (46)
HXHH1/2(P) TeT.

First, we estimate the numerator in (4.6):

widl = |X [ s@erbarpe)ds] 2 S he_min W@ Pl

TeTx TeT. TEATY)
(4 2)
¢ s max 9 () [*| Pacr [l 22 ama)
TeTx
(4.3)
> Ci¢° Z har [0 720
TeTx

= Clq3||h1/2¢”2L2(F)'
13



It remains to estimate the denominator in (4.6): With [Fae00, Lemma 2.3] and [FGHP15,
Lemma 4.5], we see

) [Fae00] s )
’X|H1/2(r) S 1hy / X||L2(F) + Z |X|H1/2(wz)
2EN
[FGHP15] - o ,

S [Tl Xlz2ry + Z 1h/ x|z,
ZEN*

~ |’h:1/2X||%2(r) + Z Hhi/zaFX”%%A(T,w))
TeTx

= ||h:1/2X||%2(r) + Z h*,TC%“HaFPA(Tﬂ/))H%Q(A(T,w))
TeTx

44 —1/2. 112 2 -2 2

< 1A X||L2(r) + Cs Z horep| AT, )| ||PA(T,¢)||L2(A(T,1/)))

TeTx
=~ Hhil/QXH%z(r)
This yields
HX||H1/2 = HXH%Q(F) + X H2m) S HhII/ZXH%%r)
)

where the hidden constant depends only on Ay, and . With

_ _ (4.3) _
Ie» 1/2X||%2(r) = Z h*}CQTHPA(T,dJ)||%2(A(T,w)) < G Z h*,ch?rlA(T, Y)]
TeTx TeTx
4.5
=0y b min [(@)PIATY)
TeT )

< G Y herl¥liaame < Callhl 972
TETx

we finish the first step.
Step 2: For some fixed polynomial degree p € Ny, there exists a constant ¢; € (0,1)
such that for all polynomials F' of degree p on [0, 1] there exists some interval I C [0, 1]
of length |I] > ¢, with
Ft) > F(t 4.7
min [F(0)] 2 0 max [F()]. 47
Instead of considering general polynomials PP ([0, 1]) of degree p, it is sufficient to consider
the following subset

M :={F eP"([0,1]) : |F|ls =1}.

Note that M is a compact subset of L>°([0,1]) and that differentiation (-)" is a con-
tinuous mapping on M due to finite dimension. This especially implies boundedness
sUPpem || F' |lo < C4 < 00. We may assume Cy > 2. For given F' € M, we define the
interval I as follows: Without loss of generality, we assume that the maximum of |F| is
attained at some t; € [0,1/2] and that F(t;) = 1. We set t3 := t; + C;* € (t1,1] and
ty:=t,+C; /2 € (t1,3/4] and I := [t;,ts]. Then, |I| = 1/(2C,) and for all ¢ € I it holds

1/2<Cy(ts —t) = F(t)) + Cu(ty —t) < F(ty) + | F'||oo(t1 — ) < F(t) = |F (1))
14



Altogether, we thus have
¢ =1/(2Cy) <1/2< rtmIn\F(t)] and |I|=q
€

and conclude this step.

Step 3: We show that X, satisfies the assumption of Step 1 and hence conclude || hy 0| L2(r)
S Wil g-ve(ry for all W, € X.: Let T C [a,b] be the interval with v(T) = T and
¥ := 1p oy|p. Since |I| ~ |y(I)| for any interval I C [a,b], where the hidden constants
depend only on v, we just have to find a uniform constant ¢, € (0,1) and some interval

I C T of length |I| > ¢o|T| with

i [9(t)| > g max [9(0). (4.8)

The function ¢ has the form F/w with a polynomial F' of degree p and the weight function
w, which is also a polynomial of degree p and which satisfies Wy, < w < wpae. Hence,
(4.8) is especially satisfied if

wma

min [F(t)| > ¢ = max |F(t)]. (4.9)

tel Wmin €T
After scaling to the interval [0, 1], we can apply Step 2 and conclude this step.
Step 4: According to [AFF*15], it holds ||/ *0r(Ve)) || 2y < I1hs/*ll oy + 19l g-vseqr)
for all ¢ € L*(T"), where the hidden constant depends only on T, 7, and ... Together
with Step 3, this shows (4.1). O

The proof of linear convergence (3.5) will be done with the help of some auxiliary (and
purely theoretical) error estimator p,. The latter relies on the following definition of an
equivalent mesh-size function which respects the multiplicity of the knots.

Proposition 4.2. Assumption 2.1 (M1) implies the existence of a modified mesh-size

function h: [T] — L>°(T") with the following properties: There exists a constant Cyy > 0
and 0 < Getr < 1 which depend only on Emax,p and v such that for all (7] € [']lj and

all refinements [T;] € ref([T.]), the corresponding mesh-sizes h, := h([T.]) and hy =
h([Ty]) satisfy equivalence

Coi e < he < Ciiih, (4.10)
reduction
h L < Py, (4.11)
as well as contraction on the patch of refined elements

halop@rnm) < Getrholo, () - (4.12)

Note that w ([Ti\[T.]) = w.([T\[T4]), which follows from U([T:\[T:]) = U([TI\[T+])
and the fact that the application of w,y resp. w, only adds elements of T, NT,.

Proof. For all [T;] € T, we define h, € L®(I) by
helr = |7~ (wi(T)] - qlzzEN*m*(T) P forall T € T,

where 0 < ¢; < 1 is fixed later. Clearly, E* ~ h,, where the hidden equivalence constants
depend only on iy, p, and ¢;. Let € T'. First, suppose = € w, ([T3]\ [T:]) UN,, ie.,
neither the element [T'] € [T,] containing x nor its neighbors result from h-refinement or

from multiplicity increase. Then, hy (z) = hy(x). Second, suppose x € w ([T ]\[T:])\N-,
15



i.e., the element [T"] € [T;] containing x or one of its neighbors result from h-refinement
and /or multiplicity increase. If only multiplicity increase took place, we get

2zeNin 1 #z > #z
+Nwy (T7) 2ENNwx (T)
' Sq-q :

In the other case, consider the father [T] € [T,] of [T"], i.e., T" C T. Note that
Y wr (T < g2 |y (wil(T))]

with a constant 0 < g < 1 which depends only on &p,.c. Choose 0 < ¢; < 1 sufficiently
large such that

@/q" < 1.
This choice yields s (z) < (q2/qi?) - hy(x), since N, Nw,(T) contains at most 4 nodes.
Therefore, we conclude the proof with g, := max(q1, g2/ qu ). O

Remark 4.3. Note that the construction of h, in Proposition 4.2 even ensures con-
traction hlw, (1) < Getrhlw, () if [T] € [T3]\ [T4] is obtained by h-refinement, while the
multiplicity of all nodes z € Ny Nwy (T) is arbitrarily chosen #z € {1,...,p+1}. In
explicit terms, this allows for instance to set the multiplicity of all nodes z € Ny Nw, (T)

to #z:=1, if T is obtained by h-refinement. O
For any [7,] € [T], we define the auxiliary estimator
pli=Y_ PAT) with pX(T) = [[hY?00(f = V)| (4.13)
TeT

which employs the novel mesh-size function h, from Proposition 4.2. Obviously the
estimators p, and p, are locally equivalent

PAT) Sp2(2) S D pAT') forall z€ N, and T € T, with z € T, (4.14)

T/ €Ty
2T’

where the hidden constants depend only on K.y, p, and 7. The proof of the following
lemma is inspired by [FKMP13, Proposition 3.2] resp. [CFPP14, Lemma 8.8|, where only
h-refinement is considered.

Lemma 4.4 (estimator reduction of p). Algorithm 3.1 guarantees
ﬁf%rl < Qestﬁé2 + CestH(I)Z—H - (I)f||%71/2(r) fOT all £ > 0. (415)
The constants 0 < gesy < 1 and Cesy > 0 depend only on Emax, Dy Wiin, Wmax, 7Y, and 6.

Proof. The proof is done in several steps.
Step 1: With the inverse estimate (4.1), there holds the following stability property for
any measurable I'y C I

1Ry 20r(f — V@u)lizo) — 17500 (f — V)| 120
< g 300V (@ — @)l 2wy < CllPer — el gorjogry.

with a constant C' > 0 which depends only on Cy, Ciy,y, and 7.
Step 2: With Proposition 4.2, we split the estimator into a contracting and into a
non-contracting part
~ 71/2 T1/2
Pz2+1 = ||he4/rlﬁr(f - V‘I’£+1)||%2(w4+1(m+1]\m])) + ||hzilar(f - V(I)Hl)||L2(F\wz+1([77z+1]\[77z]))
16



Step 1, the Young inequality, and Proposition 4.2 show, for arbitrary ¢ > 0, that

~1/2 2
1o} 300 (f = V@it || 22wy (77000
1/2 _
< (L4 ) P300(f = VO Gy (i + (15 IC [ @i = el oy
1/2 _
< (14 0)geullhe*00(F = V@) Loy + 1+ Pesr = Rellf o

Analogously, we get

~1/2
1he100 (f = V@) e 0vwr s (17272

1/2 _
<(1+ 5)||h/ or(f— V@Z)||%2(r\w,3(m]\m+1])) + (146 Ppsy — (I’KHH 12

Combining these estimates, we end up with

~ ~ 71/2
P < (1+0)pf — (1+0)(1 - thr)Hh/ or(f - V®£)|’%2(W([m\m+l}))

) (4.16)
+2(146 1)C'ZHCI>z+1 - q’é”%—lﬂ(r)'

Step 3: Local equivalence (4.14) and the Dorfler marking (3.3) for u, imply

0p¢ ~ 0p; < D, (=)= Y AT,
zEMy TeT,
T'Cwe(My)

where the hidden constants depend only on Amax, p, and 7. Hence, pe satisfies some
Dorfler marking with a certain parameter 0 < 6 < 1. With M, C |J([T] \ [Tes1]), (4.16)
hence becomes

PEa < ((140) = (14 0)(1 = qun)d) 57+ 201+ 67)C2 | @ess = Byl[G o)
Choosing § sufﬁciently small, we prove (4.15) with Ces := 2(1 + 671)C? and qeg =
(14+6)(1—(1—gew)b) <1. O

Proof of linear convergence (3.5). Due to the properties of the weakly-singular integral
operator V', the bilinear form A(¢,v) := (V¢ ; ¥)r defines even a scalar product, and

the induced norm [[¢||y = A(1,¥)"2 is an equivalent norm on H~Y2(T"). According
to nestedness of the ansatz spaces X, C Xy, 1, the Galerkin orthogonality implies the
Pythagoras theorem

16 = Pest Il + 11 — Pelly = [l — ]l for all £ € No.
Together with the estimator reduction (4.15) and reliability (3.2)
1§ = Pelly > (|6 = Pell g-1/2(0) < 1e > pr,

this implies the existence of 0 < k, A < 1, which depend only on Ciq, Cest and gest, such
that A, := ||¢ — @,||?, + X\ p2 ~ p? satisfies

Apig < kA, for all £ € Ny;
see, e.g., [FKMP13, Theorem 4.1], while the original idea goes back to [CKNS08]. From

this, we infer
M%—I—n ~ ﬁZJm ~ Aprp <KE'Ap = K" ﬁf ~ g" uz for all /,n € Ny

and hence conclude the proof. Il
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5. PROOF OF THEOREM 3.2, OPTIMAL CONVERGENCE (3.7)

As in the previous section, we define an auxiliary error estimator. For each [T,] € [T,
let

pri= ) TP with p(T) = ||R200(f = V)| Far)- (5.1)
TeT
Note that the estimators u, and p, are again locally equivalent

p2(T) < p2(z) < Z p2(T") forall z€ N, and T € T, with z € T, (5.2)

T/ €Ty
zeT’!

where the hidden constant depends only on Apax. Analogous versions of the next
two lemmas are already proved in [FKMP13, Proposition 4.2 and 4.3] for h-refinement
and piecewise constants; see also [CFPP14, Propostion 5.7] for discontinuous piecewise
polynomials and h-refinement. The proof for Lemma 5.1 is essentially based on Propo-
sition 4.1. The proof of Lemma 5.2 requires the construction of a Scott-Zhang type
operator (5.9) which is not necessary in [FKMP13, CFPP14], since both works consider
discontinuous piecewise polynomials.

Lemma 5.1 (stability of p). Let [Ti] € [T| and [T,] € ref(7,). For S C T, N T, there
holds

‘(ZP+(T)2)1/2 B (ZP*(T)2>1/2‘ < Cstab [P+ = Pl g-r/2(ry. (5.3)
TeS TES

where Cgap, > 0 depends only on the parametrization v and the constant Ci,, of Proposi-
tion 4.1

Proof. For all subsets I'g C T, it holds
IR0 (f = Vo) lay) = IR0 (f = V) laeqry)
S IR0V (@ — @)y < CindI @4 = Pullg1qry- (5.4)
The choice I'y = [ J S shows stability

1/2 1/2
‘(Zp+<T)2> - (ZP*(T)2> ’ S C(inVHCI)—',- - (I)*Hj;j—l/z(p)a
TeS TeS

and we conclude the proof. O

<R 2orV (@, — @) 12y

Lemma 5.2 (discrete reliability of p). There exist constants Cre, Crer > 0, which depend
only on Fmax, Py Wiins Wmax, and 7y, such that for all refinements [Ty] € ref([T]) of [T,] €
[T] there exists a subset R.(T+) C T, with

H(I)Jr - (b*”%—l/Q(F) < Crel Z P*(T)2 (55)
TeR(TL)
as well as
UMTINTD) S URATL)  and [RA(TH)| < Crerl [T\ [T2I- (5.6)

For the proof of Lemma 5.2, we need to introduce a Scott-Zhang type operator. Let
[7.] € [T) and {Riplapy : i=1—p,...,N —p}o 7|[;1b> be the basis of NURBS of X,
where 7)” stands for )" if I' = 09 is closed and for "] if I' & 0Q is open. Here, N
denotes the number of transformed knots K, in (a, b]. With the corresponding B-splines

there holds R;, = B;,/w, where w = }_,., w;By, is the fixed denominator satisfying
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Wiin < W < Way; see Section 2.8. In [BAVBSV14, Section 2.1.5], it is shown that, for
i€ {l—p,..., N —p}, there exist dual basis functions B}, € L*(suppBi;,) with

/ oy, Bialt1Bp(t)dt = 8y = { o (5.7
and
1B5 | 2suppis, ) < (20 + 3)97|suppBip| /2. (5.8)
Define R}, := szw with the denominator w from before, and EM, = R;pliap) © 'V’[;,lby
For I C {1 —p,...,N — p}, we define the following Scott-Zhang type operator
Pop: IA(T) = X.: 4 s Z /SuppR Yoy (1)) dt) R, (5.9)

In [BAVBSV14, Section 3.1.2], a similar operator is considered for [ = {1 —p,..., N —p},
and [BAVBSV14, Proposition 2.2] proves an analogous version of the following lemma.

Lemma 5.3. The Scott-Zhang type operator (5.9) satisfies the following two properties:
(i) Local projection property: For T € T, with {z T C Suppﬁi,p} C I and ¢ € L*(T),

the inclusion | € Xilwp(r) = {f|wP(T) e X*} implies Y|r = (P )|
(ii) Local L*-stability: For ) € L*(T') and T € T, there holds

| Per(@)|z2ry < Coall¥oll L2ty

where Cg, depends only on Fmax, P, Wmax, and 7.

Proof. All NURBS basis functions which are non-zero on 7', have support in w?(7"). With

this, (i) follows easily from the definition of P, ;. For stability (i), we use 0 < R;,, < 1
and (5.8) to see
1Pl = [S ([ Byvhed)R),
iel suppR; p L>(T)
< X | R0 Rla
i€l suppR;,p
\suppRiﬁpﬁT\>O
* 1/2
S D IRl euwer 1] e, a7
\suppéLfIfﬂT\>O
(5.8)
,S Z ||w||L2(suppR1p S ||¢HL2 T))
\suppl{fPIﬁT\>O
Overall, the hidden constants depend only on Ky, P, Wmax, and . Il
Proof of Lemma 5.2. We choose
1= {i : lsuppRa, N\ 2T\ [T2])] > 0]}.
We prove that
o -, on I'\Wl([TJ\[TH]),
P (®y—®,) = (5.10)
0 on U([T\ [T4)).

19



To see this, let T' € T, with T" C T'\w?([7, ]\[7;]) Then ,{i : T C suppﬁi,p} C I. It holds
wP(T) € U([T] N [T4]), wherefore (@, — ®,)|,pr) € Xilyp(r). Hence Lemma 5.3 (i) is
applicable and proves P, (&, — @, )|r = (P, — D,)|7. For T € T, with T' C J([T:]\ [T+]),
the assertion follows immediately from the definition of P, , since ]A%i,p|T =0foriel.

Let N, == {z € N, : z € w?([T}]\ [T3))}. For 2z € N, let . be the P! hat function,
Le., ¢,(2') = 0, for all 2/ € N, supp(¢,) = wi(2), and drp, = const. on T, and 7T, o,
where w,(2) = T, U T, with T,,T,5 € T,. Because of Galerkin orthogonality and

Zzeﬁ* w. =1 on W([T]\ [T4]), we see
104 — @I} = (f = Vi; (1 = Por) (@4 — @))r
= (X elf — VR (1= P)(@s — @)
z€./\~/*
We abbreviate ¥ := Y _w@.(f — V®,) and estimate with (M1), Lemma 5.3 (ii) and
Proposition 4.1

(B Pop(@4 = @) < S 102 P (@4 — @) 22y

O R gy R Pt (B4 — ©) |2y
LemS i 15,28 ooy || B (@4 — Q) L2 @r (N
T IS e B — Bl
as well as
(S5 By — D,) < (1Sl osee |05 — Dol o120y = ISl 17 195 — Dl

So far, we thus have proved
||(I)+ — ®*||V S ||h:1/22||L2(F) + ||E||H1/2(F)
< 1B V2(f = VeIl z2er (ranm + ISl a2

Next, we use [FGP15, Lemma 3.4], [FGHP15, Lemma 4.5], and [Opp.| =~ |w.(2)]7* to
estimate

(5.11)

[FGP15]

D2 VRS Z |22 ) T 1h 28] T2y
ZEN*
[FGHP15] 12 ) 12w
S Z 17 20r B T2, o)) + 10272y
ZEN*
S ||hi/23rz\|%2(r) + ”h*_l/ZEHZE(r)
2 2
< wraa—ve) e, e ve) e, 410 Sl
ZE./\~/’* ZEK/’*
1/2 1/2
5 ||h a (f Vo )||L2( p+1 (T[T + ”h (f Vo )||L2( P+1 (TNTED) (512)

It remains to consider the term ||hy "/*(f — V@*)||L2(wp+l([7;]\[7'+])) of (5.11) and (5.12). It
holds

IEY2F = VO iy = 2o I = V@Il (5:13)

TeTx
TCP T (TN TR
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For any T € 7T, there is a function ¥y € X, with connected support, 7' C supp(¢r) C
wP?Y(T) and ||1 — Urll72upp(ury < €15uPP(¥r)| with some ¢ € (0,1) which depends
only on Fmax, ¥, Py Wiin, and Wpay; see [FGP15, (A1)—(A2), Theorem 4.4]. We use some
Poincaré inequality (see, e.g., [Fae00, Lemma 2.5]) to see

||f - V(I)*H%Q

(supptpr)

1 2

|supp(¢r)? 2
< B 00 (f — V&) 22 supp(on) + Isupp(¢r)|

2

/‘ (f - V&,)(x) de
supp(¥r)
(5.14)

The Galerkin orthogonality proves

/ (f =Vo,)(x)dx
supp(¢T)

2 2

/’ (f = V&.)(@)(1 — br(x)) da
supp(¢r)

< Hf - V(I)*H%Q(supp(zj;qw))q |Supp(¢T)|

Using (5.14), we therefore get

||f - V(I)*“%Q f Vo )HL2 (supp(¥r)) + q ||f V(I) ||L2 (supp(¥r))°?

|supp(¥r)/[?
(uppwr) S 5 19r(
which implies
1f = Veullizer) S W2 rl|0n(f = VR Z(ummi -

Hence, we are led to

1A 2(F = VO T2 iy S 102200 (f = VO wrormon @rapm)-
With
Ru(T3) = {T € T, : T ST\ [TL])},
we therefore conclude the proof. Il

Since we use a different mesh-refinement strategy, we cannot directly cite the follow-
ing lemma from [CFPP14]. However, we may essentially follow the proof of [CFPP14,
Proposition 4.12] verbatim. Details are left to the reader.

Lemma 5.4 (optimality of Dorfler marking). Define

Oopt == (1 +C2,,C2) 71 (5.15)

For all 0 < 0 < éopt there is some 0 < @opt < 1 such that for all refinements [T.] €
ref([Ty]) of [Ti] € [T] the following implication holds true

pi— < %ptpg — gﬂz < Z p*(T)2. (5'16)
TeER(T+)

The constant qope depends only on 0, and the constants Csap and Cig of Lemma 5.1
and 5.2. O

The next lemma reads similarly as [CFPP14, Lemma 3.4]. Since we use a different
mesh-refinement strategy and our estimator p does not satisfy the reduction axiom (A2),
we cannot directly cite the result. However, the idea of the proof is the same. Indeed,

one only needs a weaker version of the mentioned axiom.
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Lemma 5.5 (quasi-monotonicity of p). For all refinements [T,] € ref([T.]) of [T.] € [T],
there holds

Pi S Cmonp?u (517)

where Chon > 0 depends only on the parametrisation v and the constants Ci,, of Propo-
sition 4.1 and Cye of Lemma 5.2.

Proof. We split the estimator as follows

Yoo @+ Y p(T)

TeT\Tx TeT.NT;

For the first sum, we use (5.4), (75 \ T2) = U(T: \ T+), and h, < h, to estimate

71/2
S o (1) = 10 Poe(f = VO yrary
TeT\T«

. 2
N <||¢’+ — Dl sy + 182200 (f — V@*)Hm(um\m))
<oty — By 42 S D)
TeT\T+
For the second sum, we use Lemma 5.1 to see
Z p-l—(T)z <2 Z p*( + 2C tab“q) q)+||H 1/2(1)
TeT,NT+ TeT,NT+
We end up with
LS Ps - 2%

H 1/2(F + Pz

Lemma 5.2 concludes the proof. U

The optimality in Theorem 3.2 essentially follows from the following lemma. It was
inspired by an analogous version from [CFPP14, Lemma 4.14].

Lemma 5.6. Suppose that ¢ € A, for some s > 0. Then, for all 0 < 0 < 50pt there
exist constants Cy,Cy > 0 such that for all meshes [T,] € [T] there exists some refinement
[7:] € ref([T.]) such that the corresponding set R.(T) C T, from Lemma 5.2 satisfies

IRAT)| < CLC|lolli e, (5.18)
and
i< Y pD2 (5.19)

TeR(T+)

With the constants Crel, Cimon, and gope from Lemma 5.2, 5.4 and 5.5, it holds Cy = 2C\q
and Oy = (C’monqo_plt)l/2.

Proof. We set a := C;
62 1= ap?.
Step 1: There exists [T5] € [T] with

L Gopt With the constants of Lemma 5.4 and Lemma 5.5, and

ps < IG5 — Kol < [lolly/ 26712
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Let N € Ny be minimal with (N +1)7*||¢]|a, <. If N =0, then py < ||¢||a, < 0 and we
can choose [T5] = [To]. If N > 0, minimality of N implies N~*||¢||4, > I or equivalently

N+1< |\q§||11§/556_1/5. Now we choose [Ts] € [Ty] such that

= min p,
P = metta”

and see
ps S (N+1)7"|¢la, < 6.
Step 2: We consider the overlay [7.] := [Ti] @ [T5] of (M2). Quasi-monotonicity shows
Pt < Coony < Crnond” = Gopt - (5.20)

Step 3: Finally, the assumptions on the refinement strategy are used. The overlay
estimate and Step 1 give

(K| = K] < (I |+ K| = [Ko|) = K| = |KCs| = [Ko| < ¢
Lemma 5.2 and (M3) show
Ro(T)| < Coal [T\ [T2]] < 2Cca(IK4 | — KL
Combining the last two estimates, we end up with

IRA(T1)] < 2Csallgl) SV p e,

*

This proves (5.18) with ) = 2C, and Cy = a~'/2. By (5.20) we can apply Lemma 5.4
and see (5.19). O

1/sc—1/s
Vegm1/s,

So far, we have only considered the auxiliary estimator p, In particualar, we did not
use Algorithm 3.1, but only the refinement strategy ref itself. For the proof of optimal
convergence (3.7), we proceed similarly as in [CFPP14, Theorem 8.4 (ii)].

Proof of (3.7). Due to (5.2), there is a constant C' > 1 which depends only on Fp.x with
p? < Cp? for all [T;] € [T]. We set 0oy := opi/C and 6 := C @ and suppose that 0 is
sufficiently small, namely, 6 < 6,, and hence 0 < gopt. Let ¢/ € Ny and 7 < £. Choose a
refinement [7. ] of [7;] as in Lemma 5.6. In particular, the set R;(7..) satisfies the Dorfler
marking (5.20). According to (5.2), this implies

<O < Y p@P< Y wen
TeR,;(T1) zeN;NUR;(T)

i.e., the set N; N|JR,;(T;) satisfies the Dérfler marking (3.3) from Algorithm 3.1. Since
the chosen set M, of Algorithm 3.1 has essentially minimal cardinality, we see with (5.18)
that

(M| < ConandhN; VRS T2 < 2GRS (T)] < 2Canc iy 61110 p °
With the mesh-closure estimate of (M2), we get
/—1 /-1
Kol = 1Kol < Crnestr D [M;| < 2CranCrnesn C1C5° 1 0111° >~ 1
j=0 s
/—1
< 2C,a1Conesn C1 Oy *CY2 01/ i1

=0
Linear convergence (3.5) shows
fe < C'han;;juj forall j =0,...,7¢.
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Hence,

-1
IKe| = 1Kol < 2CumanCunenC1CY C S 37
§=0
-1
< 2CrmankCones O (CoCC) 16111 S (i)
§=0
SzcmarkaeshC s —1/s
< (CaOO) = o
~ Ylin
This concludes the proof. Il
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